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Preface to the Fifth Edition 


This new edition addresses such modern topics of continuum mechanics as electro- 
and magnetoelasticity. In particular, we derive the electrostatic and magnetic 
Maxwell stresses as additional examples for the application of the momentum 
balance. Some classical topics of continuum mechanics as the mass transport and 
mass balance equation are treated as well. Motivated by my students, I again added 
many new problems with solutions. For example, one of these problems deals with 
the kinematics of the picture frame test. Finally, I would like to thank Dr. Dieter 
Merkle from the Springer-Verlag for his support in getting this edition published. 


Aachen, Germany Mikhail Itskov 
June 2018 


Preface to the Fourth Edition 


In this edition, some new examples dealing with the inertia tensor and with the 
propagation of compression and shear waves in an isotropic linear-elastic medium 
are incorporated. Section 3.3 is completely revised and enriched by an example of 
thin membranes under hydrostatic pressure. The so-derived Laplace law is illus- 
trated there by a thin wall vessel of a torus form under internal pressure. In Chapter 
8, I introduced a section concerned with the deformation of a line, area, and volume 
element and some accompanying kinematic identities. Similar to the previous 
edition, some new exercises and solutions are added. 


Aachen, Germany Mikhail Itskov 
December 2014 


Preface to the Third Edition 


This edition is enriched by some new examples, problems, and solutions in par- 
ticular concerned with simple shear. I also added an example with the derivation of 
constitutive relations and tangent moduli for hyperelastic materials with the iso- 
choric—volumetric split of the strain energy function. Besides, Chapter 2 is com- 
pleted by some new figures for instance illustrating spherical coordinates. These 
figures have again been prepared by Uwe Navrath. I also gratefully acknowledge 
Khiém Ngoc Vu for a careful proofreading of the manuscript. At this opportunity, I 
would also like to thank the Springer-Verlag and, in particular, Jan-Philip Schmidt 
for the fast and friendly support in getting this edition published. 


Aachen, Germany Mikhail Itskov 
February 2012 


xi 


Preface to the Second Edition 


This second edition is completed by a number of additional examples and exercises. 
In response to comments and questions of students using this book, solutions of 
many exercises have been improved for a better understanding. Some changes and 
enhancements are concerned with the treatment of skew-symmetric and rotation 
tensors in the first chapter. Besides, the text and formulae have thoroughly been 
reexamined and improved where necessary. 


Aachen, Germany Mikhail Itskov 
January 2009 
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Preface to the First Edition 


Like many other textbooks, the present one is based on a lecture course given by the 
author for master students of the RWTH Aachen University. In spite of a somewhat 
difficult matter, those students were able to endure and, as far as I know, are still 
fine. I wish the same for the reader of the book. 

Although the present book can be referred to as a textbook, one finds only little 
plaintext inside. I tried to explain the matter in a brief way, nevertheless going into 
detail where necessary. I also avoided tedious introductions and lengthy remarks 
about the significance of one topic or another. A reader interested in tensor algebra 
and tensor analysis but preferring, however, words instead of equations can close 
this book immediately after having read the preface. 

The reader is assumed to be familiar with the basics of matrix algebra and 
continuum mechanics and is encouraged to solve at least some of numerous 
exercises accompanying every chapter. Having read many other texts on mathe- 
matics and mechanics I was always upset vainly looking for solutions to the 
exercises which seemed to be most interesting for me. For this reason, all the 
exercises here are supplied with solutions amounting a substantial part of the book. 
Without doubt, this part facilitates a deeper understanding of the subject. 

As a research work, this book is open for discussion which will certainly con- 
tribute to improving the text for further editions. In this sense, I am very grateful for 
comments, suggestions, and constructive criticism from the reader. I already expect 
such criticism, for example, with respect to the list of references which might be far 
from being complete. Indeed, throughout the book, I only quote the indispensable 
sources to follow the exposition and notation. For this reason, I apologize to col- 
leagues whose valuable contributions to the matter are not cited. 

Finally, a word of acknowledgment is appropriate. I would like to thank Uwe 
Navrath for having prepared most of the figures for the book. Further, I am grateful 
to Alexander Ehret who taught me the first steps as well as some “dirty” tricks in 
L4TgX, which were absolutely necessary to bring the manuscript to a printable form. 
He and Tran Dinh Tuyen are also acknowledged for careful proofreading and 
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xvi Preface to the First Edition 


critical comments to an earlier version of the book. My special thanks go to the 
Springer-Verlag and in particular to Eva Hestermann-Beyerle and Monika Lempe 
for their friendly support in getting this book published. 


Aachen, Germany Mikhail Itskov 
November 2006 
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Chapter 1 ®) 
Vectors and Tensors in a sieci 
Finite-Dimensional Space 


1.1 Notion of the Vector Space 


We start with the definition of the vector space over the field of real numbers R. 


Definition 1.1. A vector space is a set V of elements called vectors satisfying the 
following axioms. 


A. To every pair, x and y of vectors in V there corresponds a vector x + y, called 
the sum of x and y, such that 


(A.1) x + y = y+ x (addition is commutative), 

(A.2) (x+y) +z=x+(y + Z) (addition is associative), 

(A.3) there exists in V a unique vector zero 0, such that 0+ x = x, Vx € V, 

(A.4) to every vector x in V there corresponds a unique vector —x such that 
x+(—-x) =0. 


B. To every pair a and x, where a is a scalar real number and x is a vector in V, 
there corresponds a vector ax, called the product of a and x, such that 


(B.1) a (8x) = (a) x (multiplication by scalars is associative), 

(B.2) lx =x, 

(B.3) a(x + y) = ax + ay (multiplication by scalars is distributive with respect 
to vector addition), 

(B.4) (a+ B)x = ax + Gx (multiplication by scalars is distributive with respect 
to scalar addition), 
Va,8eER,Vx,y eV. 


Examples of Vector Spaces. 


(1) The set of all real numbers R. 

(2) The set of all directional arrows in two or three dimensions. Applying the usual 
definitions for summation, multiplication by a scalar, the negative and zero vector 
(Fig. 1.1) one can easily see that the above axioms hold for directional arrows. 
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y 
vector addition negative vector 


2.52 


£ 
[o) 
zero vector 


multiplication by a real scalar 


Fig. 1.1 Geometric illustration of vector axioms in two dimensions 


(3) The set of all n-tuples of real numbers R: 


Indeed, the axioms (A) and (B) apply to the n-tuples if one defines addition, 
multiplication by a scalar and finally the zero tuple, respectively, by 


ath ada, 0 

ay + by aay 0 
a + b = + > aa = 3 ; 0 = 

An + by Adn 0 


(4) The set of all real-valued functions defined on a real line. 
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1.2 Basis and Dimension of the Vector Space 


Definition 1.2. A set of vectors x;,x2,...,X, 1s called linearly dependent if there 
exists a set of corresponding scalars a), Q2,..., @, € R, not all zero, such that 


n 
Yo ajx; = 0. (1.1) 
i=l 
Otherwise, the vectors x1, X2,...,X, are called linearly independent. In this case, 


none of the vectors x; is the zero vector (Exercise 1.2). 


Definition 1.3. The vector 
x=) a,x; (1.2) 
i=l 


is called linear combination of the vectors ¥;,X2,...,X,, where a; ER (i = 
1,2,...,n). 
Theorem 1.1. The set of n non-zero vectors X1,X2,...,Xn is linearly dependent if 


and only if some vector Xx (2 < k <n) is alinear combination of the preceding ones 
x,@=1,...,k—1). 


Proof. If the vectors x;,X2,...,%X, are linearly dependent, then 


n 
) Qajx; = 0, 
i=1 


where not all a; are zero. Let a, (2 < k <n) be the last non-zero number, so that 
qa, =O@ =k+1,...,n). Then, 


Thereby, the case k = 1 is avoided because a,|x; = 0 implies that x; = 0 (Exercise 
1.1e) ). Thus, the sufficiency is proved. The necessity is evident. 


Definition 1.4. A basis in a vector space V is a set G C V of linearly independent 
vectors such that every vector in V is a linear combination of elements of G. A vector 
space V is finite-dimensional if it has a finite basis. 


Within this book, we restrict our attention to finite-dimensional vector spaces. 
Although one can find for a finite-dimensional vector space an infinite number of 
bases, they all have the same number of vectors. 


4 1 Vectors and Tensors in a Finite-Dimensional Space 


Theorem 1.2. All the bases of a finite-dimensional vector space V contain the same 
number of vectors. 


Proof. LetG = {o1. 9o,---, Gn} and F = {fi Pastors ee be two arbitrary bases 
of V with different numbers of elements, say m > n. Then, every vector in V is a 
linear combination of the following vectors: 


Fits Gt> G2s++++Gn- (1.3) 


These vectors are non-zero and linearly dependent. Thus, according to Theorem 1.1 
we can find such a vector g,, which is a linear combination of the preceding ones. 
Excluding this vector we obtain the set G’ by 


Si 9i>G2,--+>Gk-1> Gk+1> seta Gn 


again with the property that every vector in V is a linear combination of the elements 
of G’. Now, we consider the following vectors 


Fits fas G11 Gos +++) Deis Depts ++ Gn 


and repeat the excluding procedure just as before. We see that none of the vectors 
J can be eliminated in this way because they are linearly independent. As soon as 
allg; (i = 1,2,...,m) are removed we conclude that the vectors 


Sis fares fav 


are linearly dependent. This contradicts, however, the previous assumption that they 
belong to the basis F. 


Definition 1.5. The dimension of a finite-dimensional vector space V is the number 
of elements in a basis of V. 


Theorem 1.3. Every set F = eae Faneess re) of linearly independent vectors in 
an n-dimensional vectors space V forms a basis of V. Every set of more than n 
vectors is linearly dependent. 


Proof. The proof of this theorem is similar to the preceding one. Let G = 
{go 92,-+-5 Gn} be a basis of V. Then, the vectors (1.3) are linearly dependent 
and non-zero. Excluding a vector g; we obtain a set of vectors, say G’, with the prop- 
erty that every vector in V is a linear combination of the elements of G’. Repeating 
this procedure we finally end up with the set F with the same property. Since the 
vectors f; (i = 1,2,...,m) are linearly independent they form a basis of V. Any 
further vectors in V, say f,.1, fn42,--. are thus linear combinations of F. Hence, 
any set of more than n vectors is linearly dependent. 
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Theorem 1.4. Every set F = fae Poses Fia\ of linearly independent vectors in 
an n-dimensional vector space V can be extended to a basis. 


Proof. If m =n, then F is already a basis according to Theorem 1.3. If m <n, 
then we try to find n — m vectors finii, fim42.---» fn, Such that all the vectors f;, 
that is, f;, fo,---5 Sims fm4i> +++» fn are linearly independent and consequently 
form a basis. Let us assume, on the contrary, that only k < n — m such vectors can 
be found. In this case, for all x € V there exist scalars a, a1, @2,..., Am+x, not all 
zero, such that 

OX +r af; Te arf apa Omsk t mek = 0, 


where a # 0 since otherwise the vectors f; (i = 1,2,...,m-+k) would be lin- 
early dependent. Thus, all the vectors x of V are linear combinations of f; (i = 
1,2,...,m-+k). Then, the dimension of V is m+ k <n, which contradicts the 
assumption of this theorem. 


1.3. Components of a Vector, Summation Convention 


Let G = { G1: Gaseees Gn} be a basis of an n-dimensional vector space V. Then, 


x=) x'g, vee. (1.4) 


i=1 


Theorem 1.5. The representation (1.4) with respect to a given basis G is unique. 


Proof. Let 


n n 
oy aa and x=) y'g; 
i=1 i=l 


be two different representations of a vector x, where not all scalar coefficients x! and 
yi (i = 1,2,...,) are pairwise identical. Then, 


n 


O=x+(-x)=x4+(-Dx=)ox'g + Do (-y')o =o ('- y/o. 


i=1 i=1 i=l 


where we use the identity —x = (—1) x (Exercise 1.1d) ). Thus, either the numbers 
x! and y’ are pairwise equal x! = y' (i = 1,2,...,7) or the vectors g; are linearly 
dependent. The latter one is likewise impossible because these vectors form a basis 
of V. 


The scalar numbers x! (i = 1, 2,..., 7) inthe representation (1.4) are called com- 
ponents of the vector x with respect to the basis G = { 91> G25++-59n I: 
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The summation of the form (1.4) is often used in tensor algebra. For this reason 
it is usually represented without the summation symbol in a short form by 


x= Dix g) = 3°95 (1.5) 
i=l 


referred to as Einstein’s summation convention. Accordingly, the summation is 
implied if an index appears twice in a multiplicative term, once as a superscript 
and once as a subscript. Such a repeated index (called dummy index) takes the val- 
ues from 1 to n (the dimension of the vector space in consideration). The sense of 
the index changes (from superscript to subscript or vice versa) if it appears under the 
fraction bar. 


1.4 Scalar Product, Euclidean Space, Orthonormal Basis 


The scalar product plays an important role in vector and tensor algebra. The properties 
of the vector space essentially depend on whether and how the scalar product is 
defined in this space. 


Definition 1.6. The scalar (inner) product is a real-valued function x - y of two 
vectors x and y in a vector space V, satisfying the following conditions. 


C.(C.1) x-y=y-x (commutative rule), 
(C.2) x-(y+z)=x-y+-x-Z (distributive rule), 


(C.3) a(x- y) = (ax): y =x- (ay) (associative rule for the multiplication by 
a scalar), Va € R, Vx, y,z EV, 


(C.4) x-x >0 Vx EV, x-x=0 ifandonlyif x =0. 


An n-dimensional vector space furnished by the scalar product with properties (C. 1— 
C.4) is called Euclidean space E”. On the basis of this scalar product one defines the 
Euclidean length (also called norm) of a vector x by 


|x || = /x-x. (1.6) 


A vector whose length is equal to 1 is referred to as unit vector. 


Definition 1.7. Two non-zero vectors x and y are called orthogonal (perpendicular), 
denoted by x Ly, if 
x-y=0. (1.7) 


Of special interest is the so-called orthonormal basis of the Euclidean space. 
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Definition 1.8. A basis € = {e,, e2,..., e,} of an n-dimensional Euclidean space 
I” is called orthonormal if 


e)-e; =O, 1,7 =1,2,...,n, (1.8) 
where 
. : 1 fori = j, 
bj =O =O = . . (1.9) 
v Ofori ~ j 


denotes the Kronecker delta. 


Thus, the elements of an orthonormal basis represent pairwise orthogonal unit 
vectors. Of particular interest is the question of the existence of an orthonormal 
basis. Now, we are going to demonstrate that every set of m <n linearly inde- 
pendent vectors in E” can be orthogonalized and normalized by means of a lin- 
ear transformation (Gram-Schmidt procedure). In other words, starting from lin- 


early independent vectors x1, ¥2,..., X one can always construct their linear com- 
binations €1, @2,...,@m such that e; -e; = 6;; (i, j = 1,2,...,m). Indeed, since 
the vectors x; (i = 1,2,...,m) are linearly independent they are all non-zero (see 


Exercise 1.2). Thus, we can define the first unit vector by 


Xv) 
ep= , (1.10) 
I< 1 | 
Next, we consider the vector 
€, = X2 — (2-1) (1.11) 


orthogonal to e;. This holds for the unit vector e2 = e4/ lle’ | as well. It is also 
seen that ||e,|]| = ,/e) - e5 4 0 because otherwise e', = 0 according to (C.4) and 
thus x. = (x2 - 1) e, = (x2 - e1) ||x; ||"! x1. However, the latter result contradicts 
the fact that the vectors x; and x2 are linearly independent. 

Further, we proceed to construct the vectors 


es = X3 — (x3-€2)e2 —(%3-e1) 1, €3 = (1.12) 


orthogonal to e; and e2. Repeating this procedure we finally obtain the set of orthonor- 
mal vectors €;, €2,..., @m. Since these vectors are non-zero and mutually orthogonal, 
they are linearly independent (see Exercise 1.6). Inthe casem = n, this set represents, 
according to Theorem 1.3, the orthonormal basis (1.8) in E”. 

With tpeet to an orthonormal basis the scalar product of two vectors x = x'e; 
and y = ye; in E” takes the form 


eepeay tay te ctey, (1.13) 
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For the length of the vector x (1.6) we thus obtain the Pythagoras formula 


lx l] = Vala! tx2x2 4.0.07", x CEM (1.14) 


1.5 Dual Bases 


Definition 1.9. LetG = { D1 Gos-ees In} be a basis in the n-dimensional Euclidean 
space E”. Then, a basis G’ = {g! : g’, biaaes g"} of E” is called dual to G, if 


gg = 6, iy fH, Qoeccg tt. (1.15) 


In the following we show that a set of vectors G’ = { a) gree g"} satisfying the 
conditions (1.15) always exists, is unique and forms a basis in E”. 

Let € = {e), @2,..., €n} be an orthonormal basis in E”. Since G also represents 
a basis, we can write 


e:=alg,, g)=Bie;, i=1,2,...,7, (1.16) 


where a! and gi (i = 1,2,...,) denote the components of e; and g;, respectively. 
Inserting the first relation (1.16) into the second one yields 


9: =Blakg,, = 0=(Slak—dt)q,, i=1,2,....0. (1.17) 


Since the vectors g; are linearly independent we obtain 


Bae SO, TS 1,2 eccum: (1.18) 

Let further _ 
g =aje’, i=1,2,...,n, (1.19) 
where and henceforth we set e/ = e; (j = 1, 2,..., 7) inorder to take the advantage 


of Einstein’s summation convention. By virtue of (1.8), (1.16) and (1.18) one finally 
finds 


9; -9/ = (Sex) - (aje!) = Aker of = Ako] = of, i, 7 =1,2,....m. (1.20) 


Next, we show that the vectors g' (i = 1,2,..., 7) (1.19) are linearly independent 
and for this reason form a basis of E”. Assume on the contrary that 


aig' = 90, 
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where not all scalars a; (i = 1,2,...,) are zero. Multiplying both sides of this 
relation scalarly by the vectors g; (j = 1, 2,...,) leads to a contradiction. Indeed, 
using (1.173) (see Exercise 1.5) we obtain 


0 = aig! - gj =4i5, = aj, PH Ij Quawen. 
The next important question is whether the dual basis is unique. Let G’ = 


{g', g,..-, g"} and H! = {h', h?,..., h"} be two arbitrary non-coinciding bases 
in E”, both dual to G = {go Gajancs In}. Then, 


h' =hig!, i — a ee eee OF 


Forming the scalar product with the vectors g; (j = 1, 2,...,) we can conclude 
that the bases G’ and H’ coincide: 


6 =h' -g, = (hig')-9, =h j=, => hag’, i=1,2,...,n. 


Thus, we have proved the following theorem. 


Theorem 1.6. To every basis in an Euclidean space E” there exists a unique dual 
basis. 


Relation (1.19) enables to determine the dual basis. However, it can also be obtained 
without any orthonormal basis. Indeed, let gi be a basis dual to g; GG = 1, 2,...,7). 
Then 


9g = 995. G—G79') T=), 2.44n, (1.21) 
Inserting the second relation (1.21) into the first one yields 
g = ggng*, i=1,2,...,n. (1.22) 
Multiplying scalarly with the vectors g; we have by virtue of (1.15) 
=o ox, =F ag. IH 12st, (1.23) 
Thus, we see that the matrices [9% i and [g' | are inverse to each other such that 
[9] = [ou } (1.24) 
Now, multiplying scalarly the first and second relation (1.21) by the vectors g/ and 
9g; (J =1,2,...,m), respectively, we obtain with the aid of (1.15) the following 


important identities: 


gi =gi=qg'-g', Gij = Ii = Gi G;> i,j =1,2,...,n. (1.25) 
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By definition (1.8) the orthonormal basis in E” is self-dual, so that 


if HA, 2300.,7s (1.26) 


With the aid of the dual bases one can represent an arbitrary vector in E” by 


x=x'g,=xg', Vx cE’, (1.27) 


where 
xi=x-g, x, =x-g, i=1,2,...,n. (1.28) 


Indeed, using (1.15) we can write 


i 


x-g' =(x/g))-g' = x5, = 2", 


Oo = (69) aa =e, PS 1,2,2.4m, 
The components of a vector with respect to the dual bases are suitable for calculating 
the scalar product. For example, for two arbitrary vectors x = x'g; = x;gi and y = 
y'g; = yigi we obtain 
x-y=x'yl oy = xyjgi =x'y, = xy. (1.29) 


The length of the vector x can thus be written by 


|x || = mixig — xix gij = Vx;x!. (1.30) 


Example 1.1. Dual basis in E3. Let G = {go 92,93} be a basis of the three- 
dimensional Euclidean space and 


9 = [919293]. (1.31) 
where [e e e] denotes the mixed product of vectors. It is defined by 
[abc] = (ax b)-c=(bxc)-a=(cxa):-b, (1.32) 


where “x” denotes the vector (also called cross or outer) product of vectors. Consider 
the following set of vectors: 


9 =9'2x9, GF =T'BX 9, P=T'9 XG. (1.33) 
It is seen that the vectors (1.33) satisfy conditions (1.15), are linearly independent 


(Exercise 1.11) and consequently form the basis dual to g; (i = 1, 2, 3). Further, it 
can be shown that 
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g = \gij|, (1.34) 


where |e| denotes the determinant of the matrix [e]. Indeed, with the aid of (1.16) 
we obtain 


g= [919293] = [sieiBle Ae | 


= 33 3% [ere jex| = 31! Beije = |G 


; (1.35) 


where e;;, denotes the permutation symbol (also called Levi-Civita symbol). It is 
defined by 


Cijk = eldk = [ere jex | 


1 ifijk is an even permutation of 123, 
= 4-1 ifijk is an odd permutation of 123, (1.36) 


0 otherwise, 
where the orthonormal vectors e;, e2 and e3 are numerated in such a way that they 


form a right-handed system. In this case, [e;e2e3] = 1. 
On the other hand, we can write again using (1.16) 


3 
k ak 
93 = 91-9; = >, BEG. 
k=1 
The latter sum can be represented as a product of two matrices so that 


[oi] =[o/][a/] (1.37) 


Since the determinant of the matrix product is equal to the product of the matrix 
determinants we finally have 


a ae: 
\ai;| = |G/| = 9. (1.38) 


With the aid of the permutation symbol (1.36) one can write 


logo] =ejeg, i5,k =1,2,3, (1.39) 


which by (1.28)2 yields an alternative representation of the identities (1.33) as 


GX gr—engg . 1. 7=1,2,3. (1.40) 
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Similarly to (1.35) one can also show that (see Exercise 1.12) 


[y'oo]=9"' (1.41) 
and 
lg/|=9°. (1.42) 
Thus, 
— ijk 
[g'g’g‘] = = 2 esis. 8. (1.43) 


which yields by analogy with (1.40) 


ag. if =1,2,3. (1.44) 


Relations (1.40) and (1 A4) permit a useful representation of the vector produces 
Indeed, let a = a'g; = ajg' and b= b/g, j=j ig! be two arbitrary vectors in E? 
Then, in view of (1.32) 


a! a ao 


a x b = (a'gi) x (b’g;) = a'bleiugg’ =| b' b* b*), 
gag 


; A a; a2 a3 
a x b = (aig') x (bjg’) = ajbje"*g-'g, = —| bi bo bs |. (1.45) 
91 G2 93 


For the orthonormal basis in E? relations (1.40) and (1.44) reduce to 


exe, =epe’ =e*e,, i, j =1,2,3, (1.46) 
so that the vector product (1.45) can be written by 
a, a2 a3 

axb=|b, bz b3)\, (1.47) 


e) 2 &3 


where a = aje' and b = bje!. 


1.6 Second-Order Tensor as a Linear Mapping 


Let us consider a set Lin” of all linear mappings of one vector into another one within 
””. Such a mapping can be written as 
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y=Ax, yeE”", Vx eE", VAe Lin’. (1.48) 


Elements of the set Lin” are called second-order tensors or simply tensors. Linearity 
of the mapping (1.48) is expressed by the following relations: 


A(wt+ty)=Ax+Ay, Vx,yeE”", VA€Lin", (1.49) 


A(ax)=a(Ax), Vx €E", VaeR, VAe Lin’. (1.50) 


Further, we define the product of a tensor by a scalar number a € R as 


(aA) x =a(Ax)=A(ax), Vx € E” (1.51) 


and the sum of two tensors A and B as 


(A+B)x =Ax+Bx, Vx €E". (1.52) 


Thus, properties (A.1), (A.2) and (B.1—B.4) apply to the set Lin”. Setting in (1.51) 
a = —1 we obtain the negative tensor by 


—-A=(-1)A. (1.53) 


Further, we define a zero tensor 0 in the following manner 


0x =0, Vx cE’, (1.54) 


so that the elements of the set Lin” also fulfill conditions (A.3) and (A.4) and accord- 
ingly form a vector space. 
The properties of second-order tensors can thus be summarized by 


A+B=B+A, (addition is commutative), (1.55) 
A+ (B+ C) = (A+B)+C, (addition is associative), (1.56) 
0+A=A, (1.57) 
A+ (—A) =0, (1.58) 
a (GA) = (a8) A, (multiplication by scalars is associative), (1.59) 
1A=A, (1.60) 
a(A+B) =aA+aB, (multiplication by scalars is distributive 

with respect to tensor addition), (1.61) 
(a+ B)A=aA+ (GA, (multiplication by scalars is distributive 

with respect to scalar addition), WA, B,C e€ Lin”, Va, GER. (1.62) 


Example 1.2. Vector product in E>. The vector product of two vectors in E? repre- 
sents again a vector in E? 
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z=wxx, zeE, Vw,xeE. (1.63) 


According to (1.45) the mapping x — z is linear (Exercise 1.16) so that 


w x (ax) =a(w xx), 


wx(xty=wxxtwxy, Vu,x,ye 3) VWaeR. (1.64) 


Thus, it can be described by means of a tensor of the second order by 


wxx=Wx, WeLin’, Vx cE’. (1.65) 


The tensor which forms the vector product by a vector w according to (1.65) will be 
denoted in the following by w. Thus, we write 


wxx= wx. (1.66) 


Clearly . 
0=0. (1.67) 


Example 1.3. Representation of a rotation by a second-order tensor. A rotation of a 
vector a in E> about an axis yields another vector r in E>. It can be shown that the 
mapping a — r (a) is linear such that 


r (aa) =ar (a), r(a+b)=r(a)+r(b), VaER, Va,beE*. (1.68) 


Thus, it can again be described by a second-order tensor as 


r(a)=Ra, VacE, ReLir. (1.69) 


This tensor R is referred to as rotation tensor. 

Let us construct the rotation tensor which rotates an arbitrary vector a € E? about 
an axis specified by a unit vector e € E? (see Fig. 1.2). Decomposing the vector a by 
a = a* + x in two vectors along and perpendicular to the rotation axis we can write 


r (a) =a* +x cosw+ ysinw = a* + (a—a*)cosw + ysinw, (1.70) 
where w denotes the rotation angle. By virtue of the geometric identities 
a*“=(a-eje=(e@ea, y=exx=ex (a—a*) =exa=éa, (1.71) 
where “®” denotes the so-called tensor product (1.83) (see Sect. 1.7), we obtain 


r (a) = coswa + sinwéa + (1 — cosw) (e @ e)a. (1.72) 
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Fig. 1.2 Finite rotation of a | 
vector in E3 ; 


Thus the rotation tensor can be given by 
R =cosuwlI + sinwé + (1 —cosw)e Qe, (1.73) 
where I denotes the so-called identity tensor (1.92) (see Sect. 1.7). 
Another useful representation for the rotation tensor can be obtained utilizing the 
fact thatx = y x e = —e x y. Indeed, rewriting (1.70) by 
r (a) =a+x(cosw—1)+ ysinw (1.74) 
and keeping (1.71)2 in mind we receive 
r (a) =a + sinwea + (1 — cosw) (@)’ a. (1.75) 
This leads to the expression for the rotation tensor 
R =I + sinwé + (1 — cosw) (é)” (1.76) 


known as the Euler—Rodrigues formula (see, e.g., [9]). 


Example 1.4. The Cauchy stress tensor as a linear mapping of the unit surface 
normal into the Cauchy stress vector. Let us consider a body B in the current config- 
uration at a time f. In order to define the stress in some point P let us further imagine 
a smooth surface going through P and separating B into two parts (Fig. 1.3). Then, 
one can define a force A p and a couple Am resulting from the forces exerted by the 
(hidden) material on one side of the surface AA and acting on the material on the 
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Fig. 1.3. Cauchy stress 
vector 


other side of this surface. Let the area AA tend to zero keeping P as inner point. A 
basic postulate of continuum mechanics is that the limit 


t= lm Ap 

AA>0 AA 
exists and is final. The so-defined vector ¢ is called Cauchy stress vector. Cauchy’s 
fundamental postulate states that the vector ¢ depends on the surface only through 
the outward unit normal n. In other words, the Cauchy stress vector is the same 
for all surfaces through P which have n as the normal in P. Further, according to 
Cauchy’s theorem the mapping n — tf is linear provided ¢ is a continuous function 
of the position vector x at P. Hence, this mapping can be described by a second-order 
tensor o called the Cauchy stress tensor so that 


t=on. (1.77) 
Example 1.5. Moment of inertia tensor. Let us consider a material particle with a 
mass dm and velocity vector v. The rotational momentum (moment of momentum) 
of this particle is defined with respect to some origin O by 

dl=rx p=rx (vdm), 
where r denotes the position vector of this particle with respect to O and p = vdm 
represents its linear momentum. Let further v, be a projection of v to the plane 
orthogonal to r (see Fig. 1.4). Then, one can write 
di =dm(r x v,) =dm[r x (wx nr)], 

where w denotes the angular velocity vector. Using identity (1.174) we further obtain 


dl=dm[(r-r)w-—(r-w)rl=dm[(r-r)I-r@r]w. (1.78) 


All material particles within a rigid body (of the mass M) are characterized by 
the same angular velocity w. Thus, 
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Fig. 1.4 Rotation of a rigid 
body 


t= [e-nt-rerlame =e, (1.79) 
M 


where 


J= flr-nt-reriam (1.80) 
M 
denotes the moment of inertia tensor. According to (1.79), it represents a linear 
mapping of the angular velocity vector w of a body to its rotational momentum /. 


On the basis of the “right” mapping (1.48) we can also define the “left” one by 
the following condition 


(yA)-x=y-(Ax), Vx eE”, AeLin’. (1.81) 


First, it should be shown that for all y € E” there exists a unique vector yA € E” 


satisfying the condition (1.81) for all x € E”. Let G = {go Jos ---5 Gn} and G’ = 
{ g',g’,..., g"} be dual bases in E”. Then, we can represent two arbitrary vectors 
x, y © E”, byx = x;g' and y = yg’. Now, consider the vector 


yA = yi[g' - (Ag’)]g;. 


It holds: (yA) - x = y;x;[g' - (Ag/)]. On the other hand, we obtain the same result 
also by 


y- (Ax) = y-(xjAg’) = yx; [g' - (Ag’)]. 
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Further, we show that the vector yA, satisfying condition (1.81) for all x € E”, is 
unique. Conversely, let a, b € E” be two such vectors. Then, we have 


a-x=b-x => (a—b)-x =0, Vx €E” => (a—b)- (a—b) =0, 


which by axiom (C.4) implies that a = b. 
Since the order of mappings in (1.81) is irrelevant we can write them without 
brackets and dots as follows 


y- (Ax) = (yA)-x = yAx. (1.82) 


1.7. Tensor Product, Representation of a Tensor 
with Respect to a Basis 


The tensor product plays an important role since it enables to construct a second- 
order tensor from two vectors. In order to define the tensor product we consider two 
vectors a, b € E”. An arbitrary vector x € E” can be mapped into another vector 
a(b-x) € E”. This mapping is denoted by symbol “®” as a @ b. Thus, 


(a®b)x =a(b-x), a,becE", Vx cE’. (1.83) 


It can be shown that the mapping (1.83) fulfills the conditions (1.49)—(1.51) and for 
this reason is linear. Indeed, by virtue of (B.1), (B.4), (C.2) and (C.3) we can write 


(a@b)(x+y)=a[b-(x+y)]=a(b-x+b-y) 
=(a@b)x+(a@b)y, (1.84) 


(a ®@ b) (ax) =a[b-(ax)]=a(b-x)a 
=a(a@b)x, a,bek", Vx,yeE”", VaeR. (1.85) 


Thus, the tensor product of two vectors represents a second-order tensor. Further, it 
holds 


c@(at+bb=c@Qat+c@b, (a+b) @c=a®Gc+b&e, (1.86) 


(aa) ® (3b) =aG(a®b), a,b,c EE", Va, GER. (1.87) 


Indeed, mapping an arbitrary vector x € E” by both sides of these relations and using 
(1.52) and (1.83) we obtain 


c@(a+b)x=cl(a-x+b-x)=c(a-x)+c(b-x) 
=(c@a)x+(c@b)x=(c@at+c@b)x, 
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(a+b) @c]x =(a+b)(c-x)=ale-x)+b(c-x) 
=(a@c)x+(b@c)x=(a®c+hb@ec)x, 


(aa) ® (Gb) x = (aa) (Gb - x) 


aBa(b-x)=aB(a®b)x, Vx €E”. 


For the “left” mapping by the tensor a © b we obtain from (1.81) (see Exercise 1.21) 
y(a®b)=(y-a)b, VyeE". (1.88) 


We have already seen that the set of all second-order tensors Lin” represents a 
vector space. In the following, we show that a basis of Lin” can be constructed with 
the aid of the tensor product (1.83). 


Theorem 1.7. Let F={f, fo,...,f,} and G = {g,,92.---.g,} be two arbi- 
trary bases of E". Then, the tensors f; ®gj; (i, j =1,2,...,) represent a basis 
of Lin". The dimension of the vector space Lin" is thus n?. 


Proof. First, we prove that every tensor in Lin” represents a linear combination of the 
tensors f; ® g; @, j =1,2,...,m). Indeed, let A € Lin” be an arbitrary second- 
order tensor. Consider the following linear combination 


A’ = (f'Ag’) f; @g;. 


where the vectors - and gi (i =1,2,...,n) form the bases dual to F and G, 
respectively. The tensors A and A’ coincide if and only if 


A’x = Ax, Vx €E". (1.89) 
Let x = x;g/. Then 
A'x = (f'Ag’) f; 9; (xeg") = (f'Ag’) Fixd4 = x; (f'Ag’) fi- 
On the other hand, Ax = xj; Ag/. By virtue of (1.27)-(1.28) we can represent the vec- 
tors Ag/ (j = 1,2,...,) with respect to the basis F by Ag/ = [ f' - (Ag’)] f; = 
(f'Ag’) f; G =1,2,...,n). Hence, 


Ax =x) (fiAg!) fi. 


Thus, it is seen that condition (1.89) is satisfied for all x € E”. Finally, we show that 
the tensors f; ® g r (i, j = 1,2,...,) are linearly independent. Otherwise, there 
would exist scalars a‘/ (i, j = 1,2,...,7), not all zero, such that 


a’! f, @g; =0. 
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Let a!* be one of the non-zero scalars. The right mapping of g* by both sides of the 
above tensor equality yields: a/* f; = 0. This contradicts, however, the fact that the 
vectors f; (i = 1,2,...,m) form a basis and are therefore linearly independent. 


For the representation of second-order tensors we will in the following use primarily 


the bases g; ® g;,g' @g/,g' @g; org; @g! (i, j = 1,2,...,n). With respect to 
these bases a tensor A € Lin” is written as 


A=A4g, @g) =Aygi @gi =A',g,@g/ =Alg' @g, (1.90) 
with the components (see Exercise 1.22) 
Av =g'Ag’, Ajj =g9;Ag;. 
Ai, =giAg;, Ai.=gjAg’, i,j =1,2,...,n. (1.91) 
Note that the dot in the subscript indicates the position of the above index. For 
example, for the components A’ j | is the first index while for the components A a 


i is the second index. 
Of special importance is the so-called identity tensor I. It is defined by 


Ix =x, Vx €E”’. (1.92) 


With the aid of (1.25), (1.90) and (1.91) the components of the identity tensor can 
be expressed by 


I =g'lg’ =g'-g' =9", Iiy = 919) = 91-9) = Gi. 


I, =¥ =I =9'lg; =9lg! =9' 9; =9;-9' = 5, (1.93) 
where i, 7 = 1,2,...,n. Thus, 
I= gijg' ®g/ =9'9, 89; =9 9G, =G: BG. (1.94) 


It is seen that the components (1.93). of the identity tensor are given by relation 
(1.25). In view of (1.30) they characterize metric properties of the Euclidean space 
and are referred to as metric coefficients. For this reason, the identity tensor is fre- 
quently called metric tensor. With respect to an orthonormal basis relation (1.94) 
reduces to 


T=) ee. (1.95) 
i=1 
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1.8 Change of the Basis, Transformation Rules 


Now, we are going to clarify how the vector and tensor components transform with 
the change of the basis. Let x be a vector and A a second-order tensor. According to 
(1.27) and (1.90) 
X= x'g; = x19", (1.96) 
A=Aig,@ 9g; = Ajjg' ®g! = Ali @gi= Alg' ® gj. (1.97) 
With the aid of (1.21) and (1.28) we can write 
xi=x-gi=x- (9'9;) a0") aS Sa (gii9’) =x/gji, (1.98) 
where i = 1, 2,...,. Similarly we obtain by virtue of (1.91) 
AY = g'Ag! = g'A(9/“gx) 
= (9'9))A(9" 9%) = Arg! = 9" Ang, (1.99) 
Aij = giAg; = giA (9;49') 
= (gig!) A (9in9") = Al. gn; = Git A'“gu3, (1-100) 


where i, 7 = 1,2,...,. The transformation rules (1.98)—(1.100) hold not only for 


n 


dual bases. Indeed, let g; and g; (i = 1, 2,...,) be two arbitrary bases in E”, so 
that 

x = x'g; = x'Gg;, (1.101) 

A= Ag, @g; = A"G; @5;. (1.102) 


By means of the relations 
gi = aig), i=1,2,...,0 (1.103) 
one thus obtains 
coeg=aieg = Paes, Sl lacuii (1.104) 


A=A"%g,@9; = AY (a/Gx) ® (491) = AV afal.G, @ 51 


= AY = Avakal, k,l=1,2,...,n. (1.105) 
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1.9 Special Operations with Second-Order Tensors 


In Sect. 1.6 we have seen that the set Lin” represents a finite-dimensional vector 
space. Its elements are second-order tensors that can be treated as vectors in al 
with all the operations specific for vectors such as summation, multiplication by a 
scalar or a scalar product (the latter one will be defined for second-order tensors 
in Sect. 1.10). However, in contrast to conventional vectors in the Euclidean space, 
for second-order tensors one can additionally define some special operations as for 
example composition, transposition or inversion. 

Composition (simple contraction). Let A, B € Lin” be two second-order ten- 
sors. The tensor C = AB is called composition of A and B if 


Cx = A(Bx), Vx cE”. (1.106) 


For the left mapping (1.81) one can write 


y (AB) = (yA)B, Vy €E”. (1.107) 
In order to prove the last relation we use again (1.81) and (1.106): 


y (AB) x = y- [(AB) x] = y - [A (Bx)] 
= (yA) - (Bx) = [(yA)B]-x, Vx €E”. 


The composition of tensors (1.106) is generally not commutative so that AB ~ BA. 
Two tensors A and B are called commutative if on the contrary AB = BA. Besides, 
the composition of tensors is characterized by the following properties (see Exercise 
1.28): 


A0O=0A=0, AI=IA=A, (1.108) 
A(B+C)=AB+AC, (B+C)A=BA+CA, (1.109) 
A (BC) = (AB) C. (1.110) 


For example, the distributive rule (1.109); can be proved as follows 


[A (B+ C)]x = A[(B+ C) x] =A (Bx + Cx) = A (Bx) + A (Cx) 
= (AB) x + (AC) x = (AB+ AC) x, Vx € E’. 


For the tensor product (1.83) the composition (1.106) yields 


(a®b)(c®d)=(b-cha®@d, a,b,c,decE". (1.111) 


Indeed, by virtue of (1.83), (1.85) and (1.106) 
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(a®b)(c@d)x =(a@b)[(c@d)x]=(d-x)(a@b)c 
=(d-x)(b-c)a=(b-c)(a@d)x 
=[(b-c)a@d|x, Vx cE". 


Similarly, we can easily prove that 
A(c@d)= (Ac) @d, (c@d)A=c®@ (dA). (1.112) 
Thus, we can write 


AB = A"B,'g; @ 9; = Au BY g' @ 9; 
= A'.Big, @g/ =AiByg' @gi, (1.113) 


where A and B are given in the form (1.90). 
Powers, polynomials and functions of second-order tensors. On the basis of 
the composition (1.106) one defines by 


A” =AA...A, m=1,2,3..., A°=I (1.114) 
—-— 


m times 


powers (monomials) of second-order tensors characterized by the following evident 
properties 

AKA = AKH, (a*)! = AM, (1.115) 

(aA) = ak AF, k,l =0,1,2... (1.116) 


With the aid of the tensor powers a polynomial of A can be defined by 
g (A) = aol + ajA + aA? +... +, A" = D> aK A‘. (1.117) 
k=0 


g (A): Lin” +» Lin” represents a tensor function mapping one second-order tensor 
into another one within Lin”. By this means one can define various tensor functions. 
Of special interest is the exponential one 


exp(A)= ). — (1.118) 


given by the infinite power series. 
Transposition. The transposed tensor A! is defined by: 


A'x =xA, Vx cE’, (1.119) 
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so that one can also write 


Ay=yA', xAy=yA'x, Vx,yeE”. (1.120) 


Indeed, 


x: (Ay) = (xA)-y=y- (Ax) = yA'x =x-(yA'), Vx, y € E”. 


Consequently, 
(AT) =A. (1.121) 


Transposition represents a linear operation over a second-order tensor since 
(A+ B)' =A™+B" (1.122) 


and 
(aA)' =aA', VaeR. (1.123) 


The composition of second-order tensors is transposed by 
(AB)! = BTA’. (1.124) 


Indeed, in view of (1.107) and (1.119) 


(AB)! x = x (AB) = (xA) B= B! (xA) = B'A'x, Vx € E”. 


For the tensor product of two vectors a, b € E” we further obtain by use of (1.83) 
and (1.88) 


(a@b)' =b@a. (1.125) 


This ensures the existence and uniqueness of the transposed tensor. Indeed, every 
tensor A in Lin” can be represented with respect to the tensor product of the basis 
vectors in E” in the form (1.90). Hence, considering (1.125) we have 


A’=A"g, @g = Aijgi @g' =A'jg' @g, = Aig, @9', (1.126) 


or 
A’=A"g, Sg = Ajig' ®g! = Aig’ Sgj= Aj.9i @g!. (1.127) 


Comparing the latter result with the original representation (1.90) one observes that 
the components of the transposed tensor can be expressed by 


(AT), = Aji, (AT)’ =A¥, (1.128) 


i 


(A")/ =a) = g/*Agou, (A) 


: = Aj =g,A‘g". (1.129) 
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For example, the last relation results from (1.91) and (1.120) within the following 
steps 


(AT)! =9'A"g; =9/Ag' =9; (Aig, @9') 9! = 9 Akg" 


According to (1.128) the homogeneous (covariant or contravariant) components of 
the transposed tensor can simply be obtained by reflecting the matrix of the origi- 
nal components from the main diagonal. It does not, however, hold for the mixed 
components (1.129). 

The transposition operation (1.119) gives rise to the definition of symmetric M? = 
M and skew-symmetric second-order tensors W' = —W. 

Obviously, the identity tensor is symmetric 


Pet (1.130) 


Indeed, 


xly=x-y=y-x=ylx=xI'y, Vx,yeE 


One can easily show that the tensor w (1.66) is skew-symmetric so that 
w' =-w. (1.131) 
Indeed, by virtue of (1.32) and (1.120) on can write 


xw'y =ywx=y-wxx)= [ywx | = [xwy] 


1G 


=—-x-(wx y)=x(-w)y, Yr, ye 


Inversion. Let 
y=Ax. (1.132) 


A tensor A € Lin” is referred to as invertible if there exists a tensor A~! € Lin” 
satisfying the condition 


x=A ly, Vx €E”. (1.133) 


The tensor A~! is called inverse of A. The set of all invertible tensors Inv” = 
{A € Lin’: dA7'} forms a subset of all second-order tensors Lin”. 
Inserting (1.132) into (1.133) yields 


x=A7'y=A™!'(Ax)=(A7'A)x, Vx €E" 


and consequently 
ATA=L (1.134) 
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Theorem 1.8. A tensor A is invertible if and only if Ax = 0 implies that x = 0. 


Proof. First we prove the sufficiency. To this end, we map the vector equation Ax = 0 
by A~!. According to (1.134) it yields:0 = A~'Ax = Ix = x. To prove the necessity 


we consider a basis G = { G1>Go5+++5 Gn} in E”. It can be shown that the vectors 
h; = Ag; Gi = 1,2,..., 7) form likewise a basis of E”. Conversely, let these vectors 
be linearly dependent so that a‘h; = 0, where not all scalars a! (i = 1,2,...,n) 


are zero. Then, 0 = a‘h; = a'Ag; = Aa, where a = a‘g; 4 0, which contradicts 
the assumption of the theorem. Now, consider the tensor A’ = g; ® h', where the 
vectors h! are dual to h; (i = 1, 2,...,). One can show that this tensor is inverse 
to A, such that A’ = A~!. Indeed, let x = x! g; be an arbitrary vector in E”. Then, 
y = Ax = x'Ag; = x'h; and therefore A’y = g; @h' (x/hj) = gix!d, =x'g;= 
x. 


Conversely, it can be shown that an invertible tensor A is inverse to A7! and conse- 
quently 
AA =I. (1.135) 


For the proof we again consider the bases g; and Ag; (i = 1,2,...,n). Let y= 
y' Ag; be an arbitrary vector in E”. Let further x = A~!y = y'g; in view of (1.134). 
Then, Ax = y'Ag; = y which implies that the tensor A is inverse to A7!. 


Relation (1.135) implies the uniqueness of the inverse. Indeed, if A~! and A~! are 
two distinct tensors both inverse to A then there exists at least one vector y € E” such 


that AT! y £ Aly, Mapping both sides of this vector inequality by A and taking 
(1.135) into account we immediately come to the contradiction. 
By means of (1.124), (1.130) and (1.135) we can write (see Exercise 1.41) 


(A“')' = (AT) = ATT. (1.136) 
The composition of two arbitrary invertible tensors A and B is inverted by 
(AB)! = BAT! (1.137) 


Indeed, let 
y = ABx. 


Mapping both sides of this vector identity by A~! and then by B~!, we obtain with 
the aid of (1.134) 


x=B'A'y, VxeE". 


On the basis of transposition and inversion one defines the so-called orthogonal 
tensors. They do not change after consecutive transposition and inversion and form 
the following subset of Lin”: 


Orth” = {Qe Lin": Q=Q"}. (1.138) 
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For orthogonal tensors we can write in view of (1.134) and (1.135) 
QQT=Q'Q=I, VQe Orth’. (1.139) 

For example, one can show that the rotation tensor (1.73) is orthogonal. To this end, 


we complete the vector e defining the rotation axis (Fig. 1.2) to an orthonormal basis 
{e, q, p} such that e = q x p. Then, using the vector identity (see Exercise 1.15) 


p(q-x)—q(p-x)=(qx p)xx, Wx eE? (1.140) 


we can write 
€=pOq-—q@p. (1.141) 


The rotation tensor (1.73) takes thus the form 
R=coswl+ sinw(p®q—q® p)+ (1 —cosw) (e@e). (1.142) 
Hence, 


RR! = [coswI + sinw(p@®q-—q@p)+(1 — cos w) (e @e)| 
[coswI — sinw (p@q-—q@p)+(1 — cos w) (e @e)| 
= cos’ wl + sin? w (e @ e) + sin?w(p @ p+q@q) =I. 


Alternatively one can express the transposed rotation tensor (1.73) by 


R™ = coswI + sinwé!’ + (1 —cosw)e @e 


= cos (—w) I + sin (—w) é + [1 — cos (—w)]e @e (1.143) 


taking (1.125), (1.130) and (1.131) into account. Thus, R™ (1.143) describes the 
rotation about the same axis e by the angle —w, which likewise implies that R'Rx = 
x, Vx € E?. 

It is interesting that the exponential function (1.118) of a skew-symmetric ten- 
sor represents an orthogonal tensor. Indeed, keeping in mind that a skew-symmetric 
tensor W commutes with its transposed counterpart W' = —W and using the iden- 


tities exp (A + B) = exp (A) exp (B) for commutative tensors (Exercise 1.31) and 
(A‘)" — (aT)‘ for integer k (Exercise 1.39) we can write 


I = exp (0) = exp (W — W) = exp(W+ W’) 
= exp (W) exp (W') = exp (W) [exp (w)]" : (1.144) 


where W denotes an arbitrary skew-symmetric tensor. 
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1.10 Scalar Product of Second-Order Tensors 


Consider two second-order tensors a © b and c @d given in terms of the tensor 
product (1.83). Their scalar product can be defined in the following manner: 


(a@b):(e®d)=(a-c)(b-d), a,b,c,decE’. (1.145) 


It leads to the following identity (Exercise 1.43): 
c@d:A=cAd =dA'c. (1.146) 
For two arbitrary tensors A and B given in the form (1.90) we thus obtain 
A: B= A,B! = AB, = AiB/ = A/B',. (1.147) 


Similar to vectors the scalar product of tensors is a real function characterized by the 
following properties (see Exercise 1.44) 


D.(D.1) A: B =B: A (commutative rule), 
(D.2) A: (B+C)=A:B+A: C (distributive rule), 


(D.3) a(A: B) = (aA): B=A: (QB) (associative rule for multiplication by 
ascalar), WA,Be€ Lin”, VaeR, 


(D.4) A:A>0 VAeLin", A:A=0 ifandonlyif A=0. 


We prove for example the property (D.4). To this end, we represent an arbitrary 
tensor A with respect to an orthonormal basis of Lin” as: A = Ave, @e = Ai e® 
e/, where AY = Ajj, (i, j = 1,2,...,n), since e' =e; (i = 1,2,...,) form an 
orthonormal basis of E” (1.8). Keeping (1.147) in mind we then obtain: 


A: A=AUA, = 3 AU AU = s (Au)” > 0. 
i,j=l i,j=l 
Using this important property one can define the norm of a second-order tensor by: 
All = (A: A)?, Ae Lin’. (1.148) 
For the scalar product of tensors one of which is given by a composition we can write 


A: (BC) = (B'A) :C =(AC’) :B. (1.149) 


We prove this identity first for the tensor products: 
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(a@b): [(c@d)(e® f)|=(d-e)[(a@b): (c@f)| 
=(d-e)(a-c)(b: f), 


[(c@d)' (a@b)| : (@®@ f) =(d@c)(a@b)|: (e@ f) 
=(a-c)[(d@b): (e®f)] 
=(d-e)(a-c)(b-f), 


[(a@b)(e@ f)'] : (€c@d) =[(a@b)(f Be] : (c@d) 
=(b- f)[(a@e) : (c@d)] 
=(d-e)(a-c)(b- f). 


For three arbitrary tensors A, B and C given in the form (1.90) we can write in view 
of (1.113), (1.129) and (1.147) 


A (ee) = (Bia) Cf = [(By' Ai) a. 
Ai, (Bic?) = (a,c) BF = [Ai (C"); [Bi (1.150) 


Similarly we can prove that 
A:B=A’':B’. (1.151) 


On the basis of the scalar product one defines the trace of second-order tensors by: 
trA=A:I. (1.152) 
For the tensor product (1.83) the trace (1.152) yields in view of (1.146) 
tr(a®b)=a-b. (1.153) 
With the aid of the relation (1.149) we further write 
tr(AB) = A:B'=A’:B. (1.154) 
In view of (D.1) this also implies that 


tr (AB) = tr(BA). (1.155) 
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1.11 Decompositions of Second-Order Tensors 


Additive decomposition into a symmetric and a skew-symmetric part. Every 
second-order tensor can be decomposed additively into a symmetric and a skew- 
symmetric part by 

A = symA + skewA, (1.156) 


where 


symA = ~(A+A"‘), skewA=—=(A-—A‘). (1.157) 


1 
2 


Nie 


Symmetric and skew-symmetric tensors form subsets of Lin” defined 
respectively by 
Sym" = {M Lin": M=M'}, (1.158) 


Skew" = {W € Lin": W=—W'}. (1.159) 


One can easily show that these subsets represent vector spaces and can be referred 
to as subspaces of Lin”. Indeed, the axioms (A.1—A.4) and (B.1-B.4) including 
operations with the zero tensor are valid both for symmetric and skew-symmetric 
tensors. The zero tensor is the only linear mapping that is both symmetric and skew- 
symmetric such that Sym” Skew” = 0. 

For every symmetric tensor M = Mg; @ g ; it follows from (1.128) that Md = 
M/ G@ Aj, i,j =1,2,...,n). Thus, we can write 


M= >oM"9; git >: M! (9; @g; +9; @gi). Me Sym". (1.160) 
i=l i,j=l 
i>j 


Similarly we can write for a skew-symmetric tensor 


W= >) W! (g,;@9;—9;@9:). W Skew" (1.161) 
i,j=l 
i>j 


taking into account that W' =0 and WY = —W!t G@Aj, i,j =1,2,...,n). 
Therefore, the basis of Sym” is formed by n tensors g; ® g; and 5n (n — 1) ten- 
sors g; ® g; +g; ®gj, while the basis of Skew" consists of $n (n — 1) tensors 
9; ®9; — 9; ®g;, where i > j = 1,2,...,n. Thus, the dimensions of Sym” and 
Skew” are $n (n + 1) and in (n — 1), respectively. It follows from (1.156) that any 
basis of Skew” complements any basis of Sym” to a basis of Lin”. 

Taking (1.40) and (1.175) into account a skew symmetric tensor (1.161) can be 
represented in three-dimensional space by 
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3 
W= >) W! (g, ®9; - 9; 891) 


ij=l 
i>j 
3 
= )0 Wg, xg; =, We Skew’, (1.162) 
ij=l 
i>j 


where 


3 
- - Ti ose 1 
wa DL Wa a= Wie a= 5a; * Wa) 
i,j=l 
i>j 


iene 
= sWiejngg' =9(W'g' + Wig + Wg’). (1.163) 


Thus, every skew-symmetric tensor in three-dimensional space describes a cross 
product by a vector w (1.163) called axial vector. One immediately observes that 


Ww =0, We Skew’. (1.164) 


The operator reproducing the axial vector of the skew-symmetric part of a second- 
order tensor is denoted further by *. Accordingly, 


~ 


A=skewA or Axx= (skewA)x, Vx € E. (1.165) 


In view of (1.163) this operator can be expressed for an arbitrary second-order tensor 
and the tensor product of two vectors by (see Exercise 1.48) 


~~ 1 ; eae ee 1 
A= 59; x (Ag’), a®b==bxa. (1.166) 


Obviously, symmetric and skew-symmetric tensors are mutually orthogonal such 
that (see Exercise 1.50) 


M:W=0, VMe Sym”, VW é Skew”. (1.167) 
Spaces characterized by this property are called orthogonal. 
Additive decomposition into a spherical and a deviatoric part. For every 


second-order tensor A we can write 


A = sphA + devA, (1.168) 
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where 1 1 
sphA = -tr(A)I, devA = A — -tr(A)I (1.169) 
n n 


denote its spherical and deviatoric part, respectively. Thus, every spherical tensor S 
can be represented by S = al, where a is a scalar number. In turn, every deviatoric 
tensor D is characterized by the condition trD = 0. Just like symmetric and skew- 
symmetric tensors, spherical and deviatoric tensors form orthogonal subspaces of 
Lin’. 


1.12 Tensors of Higher Orders 


Similarly to second-order tensors we can define tensors of higher orders. For example, 
a third-order tensor can be defined as a linear mapping from E” to Lin”. Thus, we 
can write 


Y=Ax, YeLin", Vx cE", VAcLin’, (1.170) 


where Lin” denotes the set of all linear mappings of vectors in E” into second-order 
tensors in Lin”. The tensors of the third order can likewise be represented with respect 
to a basis in Lin” e.g. by 
A=A""g, 89,89. =Aing' @g' Og" 
= Ani ® g! ® g* = Aig! ®g;® gi. (1.171) 


For the components of the tensor A (1.171) we can thus write by analogy with (1.150) 
Atk = Ail go _— Aig igh = Avsigigi gi : 


Aj = Alp Sri = AGIs} = A Wri G5 Itk- (1.172) 


Exercises 


1.1. Prove thatifx € Visa vector anda € Risascalar, then the following identities 
hold. 

(a) -0 = 0, (b) ad =0, (c)Ox = 0, (d) —x = (—1)x, (ec) if ax = 0, then either 
a = 0orx = 0 or both. 


1.2. Prove that x; 40(@ =1,2,...,m) for linearly independent vectors x, x2, 
...,X,. In other words, linearly independent vectors are all non-zero. 


1.3. Prove that any non-empty subset of linearly independent vectors x1, ¥2,...,Xn 
is also linearly independent. 
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1.4. Write out in full the following expressions for n = 3: (a) dial, (b) 6;jx'x/, (c) 


oe 
oO, (d) PO ie 


1.5. Prove that 


0-x =0, Vx € E”. (1.173) 


1.6. Prove that a set of mutually orthogonal non-zero vectors is always linearly 
independent. 


1.7. Prove the so-called parallelogram law: ||x + yl? = |x|? + 2x - yt Ily|I?. 


1.8. Let G = {91.92 ae Gn} be a basis in E” and a € E” be a vector. Prove that 
a-g,;=0@=1,2,...,n) ifand only ifa = 0. 


yi 


1.9. Prove that a = b if and only ifa-x =b-x, Vx € 


1.10. (a) Construct an orthonormal set of vectors orthogonalizing and normalizing 
(with the aid of the procedure described in Sect. 1.4) the following linearly indepen- 
dent vectors: 


4 
9N=j,1f, HE= 1 » $= \27, 
0 —2 1 


where the components are given with respect to an orthonormal basis. 

(b) Construct a basis in E? dual to the given above utilizing relations (1.16)2, (1.18) 
and (1.19). 

(c) As an alternative, construct a basis in E* dual to the given above by means of 
(1.21);, (1.24) and (1.25)o. 

(d) Calculate again the vectors g' dual to g; (i = 1, 2, 3) by using relations (1.33) 
and (1.35). Compare the result with the solution of problem (b). 


1.11. Verify that the vectors (1.33) are linearly independent. 


1.12. Prove identities (1.41) and (1.42) by means of (1.18), (1.19) and (1.24), respec- 
tively. 


1.13. Prove relations (1.40) and (1.44) by using (1.39) and (1.43), respectively. 


1.14. Verify the following identities involving the permutation symbol (1.36) for 
n = 3: (a) OF ej = 0, (b) etkM eo oem = 26%, (c) eke: ig = 6, (d) "Chim = 516) _ 
51. 

1.15. Prove the following identities 


(ax b)xc=(a-c)b—(b-c)a, (1.174) 


_—__ 


axb=b@a-a®b, Va,b,ceE FE’. (1.175) 
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1.16. Prove relations (1.64) using (1.45). 

1.17. Prove that AO = 0A = 0, VA € Lin”. 

1.18. Prove that 0A = 0, VA € Lin’. 

1.19. Prove formula (1.58), where the negative tensor —A is defined by (1.53). 


1.20. Prove that not every second order tensor in Lin”, where n > 1, can be repre- 
sented as a tensor product of two vectors a,b € E” asa @ b. 


1.21. Prove relation (1.88). 
1.22. Prove (1.91) using (1.90) and (1.15). 
1.23. Evaluate the tensor W = w = wx, where w = w' g;- 


1.24. Evaluate components of the tensor describing a rotation about the axis e3 by 
the angle a. 


1.25. Represent a tensor rotating by the angle w = 7/4 about an axis specified by a 


vector d = —é2 + e3. Calculate the vector obtained from a vector a = e, — 2e2 by 


this rotation, where e; (¢ = 1, 2, 3) represent an orthonormal basis in 13, 


1.26. Express components of the moment of inertia tensor J = ji e; ® e; (1.80), 


where r = x'e; is represented with respect to the orthonormal basis e; (i = 1, 2, 3) 


in E?. 


1.27. Let A = Ag; @ g; » where 


0-1 
[Av] =] 0 0 
10 


ooo 


and the vectors g; (i = 1, 2, 3) are given in Exercise 1.10. Evaluate the components 
Aij, A‘, and Aj. 

1.28. Prove identities (1.108) and (1.110). 

1.29. Let A = A‘g; @ g/, B= B'jg; @ gi, C=C'jg; @g/ andD=D' jg; @g’, 
where 


. 020 . 000 . 123 
[AL l=] 000 |s [Be)=) 000. (Ca) | 000 |, 
000 001 010 
10 0 
[Di,] =] 01/2 0 
0 0 10 


Find commutative pairs of tensors. 
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1.30. Let A and B be two commutative tensors. Write out in full (A + B)*, where 
KS 23 ins 


1.31. Prove that 
exp (A + B) = exp (A) exp (B), (1.176) 


where A and B commute. 

1.32. Evaluate exp (0) and exp (I). 

1.33. Prove that exp (—A) exp (A) = exp (A) exp (—A) = I. 

1.34. Prove that exp (kA) = [exp (Ay)! for all integer k. 

1.35. Prove that exp (A + B) = exp (A) + exp (B) — Lif AB = BA = 0. 
1.36. Prove that exp (QAQ") = Qexp(A)Q', VQ € Orth”. 


1.37. Compute the exponential of the tensors D = D/ j9iB gi, E=E! j9i @ gi and 
F= Fg; ® gi, where 


200 010 020 
[D']=| 030], [e.J=| 000], [F,]=| 000 
001 000 001 


1.38. Prove that (ABCD)' = D'C'BTA™. 
1.39. Verify that (A*‘)' = (AT)“, where k = 1,2,3,... 


1.40. Evaluate the components BB; iG Bi j and B 7 of the tensor B = A‘, where A 
is defined in Exercise 1.27. 


1.41. Prove relation (1.136). 
1.42. Verify that (A~!)* = (A‘)' = A~*, where k = 1, 2,3,... 
1.43. Prove identity (1.146) using (1.90) and (1.145). 


1.44. Prove by means of (1.145)-(1.147) the properties of the scalar product 
(D.1-D.3). 


1.45. Verify that [((a @ b) (c ®d)] :1=(a-d)(b-c). 


1.46. Express trA in terms of the components Al pe Aij, Au, 
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1.47. LetW = Wg; ® g; » where 


0-1-3 
[we]=|1 0 
3-1 


and the vectors g; (i = 1, 2, 3) are given in Exercise 1.10. Calculate the axial vector 
of W. 


1.48. Prove relations (1.166). 


1.49. Calculate A, where A is given in Exercise 1.27. 


1.50. Prove that M: W=0, where M is a symmetric tensor and W a skew- 
symmetric tensor. 


1.51. Evaluate trW*, where W is a skew-symmetric tensor and k = 1,3,5,... 
1.52. Verify that sym (skewA) = skew (symA) = 0, VA € Lin”. 


1.53. Prove that sph (devA) = dev (sphA) = 0, VA € Lin”. 


Chapter 2 M®) 
Vector and Tensor Analysis in Euclidean ony 
Space 


2.1 Vector- and Tensor-Valued Functions, Differential 
Calculus 


In the following we consider a vector-valued function x (tf) and a tensor-valued 
function A (t) of a real variable t. Henceforth, we assume that these functions are 
continuous such that 


lim [x (t) — x (o)] = 9, lim [A (t) — A (to)] = 0 (2.1) 
— lo mai) 

for all to within the definition domain. The functions x (t) and A (f) are called dif- 
ferentiable if the following limits 


dx . x(t+s)—x(t) dA . A(t+s)—A(t) 
= lim , = lim —HH—_ 


dt s>0 Ss dt s>0 s 


(2.2) 


exist and are finite. They are referred to as the derivatives of the vector- and tensor- 
valued functions x (t) and A (f), respectively. 

For differentiable vector- and tensor-valued functions the usual rules of differen- 
tiation hold. 


(1) Product of a scalar function with a vector- or tensor-valued function: 


: [u (t)x ()] = si (t) + u(t) (2.3) 

FT aie Ma Aida 

d du dA 

—[u(t)A(t)] = —ACt t)—. 2.4 

qe ee (2.4) 
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(2) Mapping of a vector-valued function by a tensor-valued function: 
d dA dx 
—[A = — A(t) —. 2: 
a (t) x (¢)] ae Ot (t) di (2.5) 
(3) Scalar product of two vector- or tensor-valued functions: 
“lx ()- yO] = —-yO+x@- (2.6) 
lennon tenes (2.7) 
dt ~ dt | dt’ 
(4) Tensor product of two vector-valued functions: 
“kWeyo]=Zeyvntxne® (2.8) 
di pnd age dt 


(5) Composition of two tensor-valued functions: 


d dA dB 
en [A (¢) B(t)] = a (t)+ A(t) ae’ (2.9) 
(6) Chain rule: 
= pa ee Ss A [u Cee (2.10) 
ae aa ae du dt’ 


(7) Chain rule for functions of several arguments: 


d Ox du Ox dv 

go el =— a (2.11) 
OAdu OAdv 

“Alu (1) v@)] = ade | Be (2.12) 


where 0/Qu denotes the partial derivative. It is defined for vector and tensor 
valued functions in the standard manner by 


Ox (u,v) . xX(u+s,v) —x (u,v) 
= lim F 
Ou s>0 S 


(2.13) 


OA (u,v) . A(Cuts,v) —A (u,v) 
———— = lim ; 
Ou s>0 Ss 


(2.14) 


The above differentiation rules can be verified with the aid of elementary differential 
calculus. For example, for the derivative of the composition of two second-order 
tensors (2.9) we proceed as follows. Let us define two tensor-valued functions by 
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A _AQ) dA B _B(t) @B 
01 (s) = re 2) =. O2(5) = eee 2) = 215) 


Bearing the definition of the derivative (2.2) in mind we have 


lim Oj (s) = 0, lim Op (s) = 0. 


Then, 
<A BOI= fim ACF IBEE IT AOBO 
1 dA dB 
re Hfaco. +s +801 | io +5—— +50, | 
—A (1) B(X)} 


= Him {|S +0, |B +a@ E +0 || 


dA dB dA dB 
+ lim s E +0, | E +0, |= = BOTAO ZT. 


2.2 Coordinates in Euclidean Space, Tangent Vectors 


Definition 2.1. A coordinate system is a one to one correspondence be nveen vectors 
in the n-dimensional Euclidean space E” and a set of n real numbers (x!, x? x"), 
These numbers are called coordinates of the corresponding vectors. 


Thus, we can write 


Sa se ere cig (2.16) 


where r € E” andx' ER (i = 1,2,...,n). Henceforth, we assume that the func- 


tions x! = x! (r) andr =r (x', x?,..., x”) are sufficiently differentiable. 


Example 2.1. Cylindrical coordinates in E>. The cylindrical coordinates (Fig. 2.1) 
are defined by 


r=r(y,z,r) =rcos ye; +r sin yer + ze3 (2.17) 


and 


r=V@-e)+(r-e), Z=r-es, 


r-e, F 
arccos ifr-e. > 0, 
Q= r r-e : (2.18) 
27 — arccos ifr -e, <0, 


40 2 Vector and Tensor Analysis in Euclidean Space 


Fig. 2.1 Cylindrical 
coordinates in 
three-dimensional space 


where e; (i = 1, 2, 3) form an orthonormal basis in E?. 


The vector components with respect to a fixed basis, say H = {h), ho,..., hn}, 
obviously represent its coordinates. Indeed, according to Theorem 1.5 of the previous 
chapter the following correspondence is one to one 


r=xh © x'=r-h', i=1,2,...,n, (2.19) 


where r € E” and H’ = {h', h?,..., h"| is the basis dual to H. The components x! 
(2.19). are referred to as the linear coordinates of the vector r. 

The Cartesian coordinates result as a special case of the linear coordinates (2.19) 
where h; = e; (i = 1,2,...,7) so that 


r=x'e ©& x'=r-e, i=1,2,...,n. (2.20) 


Let x! = x! (r) andy! = y' (r) (i = 1,2,...,n) be two arbitrary coordinate sys- 
tems in E”. Since their correspondences are one to one, the functions 


Ca Se) cs VST i i=1,2,...,n (2.21) 


are invertible. These functions describe the transformation of the coordinate systems. 
Inserting one relation (2.21) into another one yields 
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K? Coe ere e ee ca ("ar sceeu))s (2.22) 


= 5; = ay AS, ieee (2.23) 


The determinant of the matrix (2.23) takes the form 


Ox* 
Oy 


Oy! Ox* 
Ox* Oys 


Oy! 
Oxk 


[6] =1= = , (2.24) 


The determinant |dy’ /Ox* | on the right hand side of (2.24) is referred to as Jacobian 
determinant of the coordinate transformation y! = §! (x!,x?,...,x") @=1,2, 


..., 7”). Thus, we have proved the following theorem. 

Theorem 2.1. Jf the transformation of the coordinates y' = 9! (Ra, aie a) 
admits an inverse form x' = x! (y, lke y") (i = 1,2,...,n) and if J and K 
are the Jacobians of these transformations then J K = 1. 


One of the important consequences of this theorem is that 


Oy! 
Oxk 


J= | # 0. (2.25) 


Now, we consider an arbitrary curvilinear coordinate system 


=O (r) & r=r(6',0,...,6"), (2.26) 
where r € E” and 6! ¢ R (i = 1,2,...,). The equations 
6’ = const, i=1,2,...,k-—1,k41,...,n (2.27) 


define a curve in E” called @*-coordinate line. The vectors (see Fig. 2.2) 


jk k 

9, = tim 2? = sa ees a ee (2.28) 
are called the tangent vectors to the corresponding 6*-coordinate lines (2.27). 

One can verify that the tangent vectors are linearly independent and form thus 
a basis of E”. Conversely, let the vectors (2.28) be linearly dependent. Then, there 
are scalars a’ € R (i = 1,2,...,n), not all zero, such that alg; = 0. Let further 
xi =x! (r) @=1,2,...,n) be linear coordinates in E” with respect to a basis 
H = {h, ho, ..., h,}. Then, 
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Fig. 2.2 Illustration of the 
tangent vectors 


a : ; or ; Or Oxi _ ; Ox! 
OG OG ORT BBE ~ O BBENT” 
Since the basis vectors h; (j = 1,2,...,m) are linearly independent 
Oxi 
7__ =0, j=1,2,...,n. 
- 06! : = 


This is a homogeneous linear equation system with a non-trivial solution 
a @ = 1,2,...,n). Hence, |Ox//06! | = 0, which obviously contradicts relation 
(225). 


Example 2.2. Tangent vectors and metric coefficients of cylindrical coordinates in 
ae By means of (2.17) and (2.28) we obtain 


Or . 
9, = > =r sin ye; +1 cos ye, 
Op 
Or 
— ie os 7 
92 Oz : 
Or . 
93 = 5 = cos pes + sin yer. (2.29) 
r 


The metric coefficients take by virtue of (1.24) and (1.25), the form 


r700 - ; r-?00 
[9] =[9:-9,J=] 910), [9%]=[s])> =] 9 10). (2.30) 
001 001 


The dual basis results from (1.21); by 


1 1. 1 

g9 = 39I1 = —— SIN Yel + — COS Yer, 
r r r 

G9 =92.= 83, 

g 93 = Cos ye; + Sin Yeo. (2.31) 
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2.3 Coordinate Transformation. Co-, Contra- and Mixed 
Variant Components 


Let 0’ = 6! (r) and! = 6' (r) (i = 1,2,..., n) be two arbitrary coordinate systems 
in E”. It holds 


Or Or 00! Oo! 


i=—= -—=—- =g,—, — on ea aa Je 2.32 
91 agi B07 ap 8 AB es 
If gi is the dual basis tog; (i = 1, 2,..., 7), then we can write 
Ob! 
ale hae] oe 
g 761" i=1,2,...,n. (2.33) 


Indeed, 


— , 00! a6! P a6! ae! 
9 °‘°9j)= T 56k , ey =9 -J OOF Obi 


Ai / Ai k Ai 
=a (% =| a0' ao’ ~—sa0 


i 


agi 


~ A0k abi i,j =1,2,...,n. (2.34) 


00" O6i 

One can observe the difference in the transformation of the dual vectors (2.32) and 
(2.33) which results from the change of the coordinate system. The transformation 
rules of the form (2.32) and (2.33) and the corresponding variables are referred to as 
covariant and contravariant, respectively. Covariant and contravariant variables are 
denoted by lower and upper indices, respectively. 

The co- and contravariant rules can also be recognized in the transformation of 
the components of vectors and tensors if they are related to tangent vectors. Indeed, 
let 


x=xg'i =x'g, = xg' = x'g,, (2.35) 
A = Ajg' @g! = A"g, 8g; =A'j9; 89! 
= Aig @g/ = A"G, ©9, =A,G, @G'. (2.36) 


Then, by means of (1.28), (1.91), (2.32) and (2.33) we obtain 


00s 00/ 
X; = 7 gj = . ei = = : = 2.37 
Xj =xX-g,;=x (« ) er (2.37) 


fama ann. (| aa (2.38) 
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2 Ook ao! 00k ae! 
Ai; =9;Ag; =|(9,——)A ai re 2.39 
7 = 949; (0) (9 on) Db! Dbl kl (2.39) 
Le ee 06! aos 06! 06i 
A’ = giAgi = | gt — | A[ g' — ] = — — A", 2.4 
i ( | (. | Ok ae! oo 
06! ae! a6’ ae! 
tb _ sia _ k ee es ae Ak 
Aj; =9 Ag; ( mm) A (a: om) D6" DBI A’. (2.41) 


Accordingly, the vector and tensor components x;, Aj; and x', A are called covariant 
and contravariant, respectively. The tensor components A! ; are referred to as mixed 
variant. The transformation rules (2.37)-(2.41) can similarly be written for tensors 
of higher orders as well. For example, one obtains for third-order tensors 


= = _ zy . tk 06 06) a eee 
a6! abi abe” = a6 3B OO” 


= Ov” 08 06" = 
Aix = A (2.42) 
From the very beginning we have supplied coordinates with upper indices which 
imply the contravariant transformation rule. Indeed, let us consider the transformation 
of a coordinate system 0! = 0 (0', 67, ..., 6”) (i =1,2, ...,n). It holds: 


a6 
Ook 


doi = i=1,2,...,n. (2.43) 
Thus, the differentials of the coordinates really transform according to the contravari- 
ant law (2.33). 


Example 2.3. Transformation of linear coordinates into cylindrical ones (2.17). Let 
x’ = x' (r) be linear coordinates with respect to an orthonormal basis e; (i = 1, 2, 3) 
+ 173. 
in E’: 


x=r-e & r=x'e;. (2.44) 
By means of (2.17) one can write 
1 2g 3. 
x =rcosy, x°=rsiny, x =Z (2.45) 


and consequently 
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Ox! . ‘ Ox! 0 Ox! x! 
—=-rsing=—x*, —=+=0, — =cosy=—, 

Oy ae js Oz Or as 

Ox? i Ox? Ox? x? 

—_ = = , —_ = 0, —_ =sj — 2.46 
De rcosp=x Dz ar sin yp ( ) 
eG Ox? _, oe 9, 

Op Oz Or 


The reciprocal derivatives can easily be obtained from (2.23) by inverting the matrix 
[ Ox axl Oxi i This yields: 


Op Oz Or 

Oy 1. x? Oy ot Oy 0 
—=--sng=-—, — ~=-cosy=—, —=0, 

Ox! r ¥ r2 Ox? or 2 r2 Ox3 

Oz Oz Oz 

oa = 0, x2 = 0, Dad = 1, (2.47) 
Or _ ee Or. ae Or =, 

oo ig tes eee ai 


It is seen that these derivatives coincide with the components of the dual vectors 
(2.31) with respect to the orthonormal basis. This is in view of (2.33) and due to 
the fact that the coordinate transformation is applied to the Cartesian coordinates 
= 1.2,5). 


2.4 Gradient, Covariant and Contravariant Derivatives 


Lt Oa O18 0.020) 8 =e OL «4, 0") and Aa A (0400, .0590") be, 
respectively, a scalar-, a vector- and a tensor-valued differentiable function of the 
coordinates 6! € R (i = 1,2,...,n). Such functions of coordinates are generally 
referred to as fields, as for example, the scalar field, the vector field or the tensor 
field. Due to the one to one correspondence (2.26) these fields can alternatively be 
represented by 

@=Pi(r), x=x(r), A=A(P). (2.48) 


In the following we assume that the so-called directional derivatives of the functions 
(2.48) 


d @ _@ 
egies! a ee 
ds s<o. 529 Ss 
d = 
Stig! <tige eo 
ds s<o 70 s 
d A —A 
PhGpae| ig ee (2.49) 
ds s<o 579 S 


46 2 Vector and Tensor Analysis in Euclidean Space 


exist for alla ¢ E”. Further, one can show that the mappings a > é P(r+ sa)| 


s=0’ 
a> ox (r+ sa) hg anda —> A (r+ sa) Lg are linear with respect to the vec- 
tor a. For example, we can write for the directional derivative of the scalar function 
@ = Pir) 


£ Pesan 


d 
= —@[r+sja+ sb] F (2.50) 
ds RY 


s=0 d s=0 


where s; and s2 are assumed to be functions of s such that 5s} = s and sx = s. With 
the aid of the chain rule this delivers 


d 
—@([r+s\a+ sob] 


ds <0 
0 0 ds 
a <0 [r+ sat sb) + So [r + sja + sb] — 
Os S] Os SQ ds 5=0 
0 0 
= —@P(r+s\a+ 5b) ee 
Os) 5,=0,92= Os 52 5;=0,s2=0 
d d 
= —@(r+sa) + —@(r+sb) 
ds s=0 ds s=0 
and finally 
d d d 
—@([r+s(a+b)] = —@(r+sa) + —@(r-+sb) (2.51) 
ds s=0 ds s=0 ds s=0 
for all a, b € E”. Ina similar fashion we can write 
d Se ) d aes ) d(as) 
—@(r+saa = ——@(r-+saa 
ds s=0 ~ dla Ss) ds s=0 
d n 
=a 7 P(r + sa) , VaeE", VaeR. (2.52) 
S s=0 


Representing a with respect to a basis as a = a'g; and by (1.28),, (2.51) we thus 
obtain 


{Seda = a, (r+sa'g,)| =a' a (r +sg;) 
ds s=0 ds , 5=0 ds : s=0 
d i 
= a7 (r + 5gi) of a, (2.53) 


where g' form the basis dual to g; (i = 1,2,...,7). This result can finally be 
expressed by 


d 
—@(r+sa) 


=grad@-a, VacE", (2.54) 
ds 


s=0 
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where the vector denoted by grad@® ¢€ E” is referred to as gradient of the function 
@® = @ (r). According to (2.53) and (2.54) it can be represented by 


gi. (2.55) 


db = t 5( + sgj) 
gra > ae r SGi a 


Example 2.4. Gradient of the scalar-valued function ||r||. Using the definition of 
the directional derivative (2.49) we can write 


d d 
— ||\r+ sal —,/(r+sa)-(r+sa) 
ds ds 


s=0 s=0 


d 
- avr rt 2s(r-a) +s? (a-a) 
S 


s=0 
_ il 2(r-a)+2s(a-a) _r-a 
2 /r-r+2s(r-a) +s? (a-a) ee IIr ll 
Comparing this result with (2.54) delivers 
r 
grad ||r|| = —. (2.56) 
IIr || 


Similarly to (2.54) one defines the gradient of the vector function x = x (r) and the 
gradient of the tensor function A = A (r): 


=(gradx)a, VaeE", (2.57) 


¢ (r + sa) 
qt P+ 94 


s=0 


d 
ag (r+ sa) = (gradA)a, VaeE". (2.58) 
s 


s=0 


Herein, gradx and gradA represent tensors of second and third order, respectively. 


Example 2.5. Derivative of the composite vector function. We prove the following 
chain rule of differentiation for a scalar-valued function @ (r) of a vector r (t) which 
in turn is a function of a scalar variable t (like for example time) 


¢ oir] eas (2.59) 
a r = ora are . 
di : di 


To this end, we can write in analogy to (2.15) 


’ 


d d 
—@([r(t)]= ae [r (t+5)] 
s=0 


dt 


_ d @ dr 
F lr (t) +e ae + so | 


s=0 s 


where lim o(s) = 0. By applying (2.51) and (2.54) we thus obtain 
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a3 {or (t) + so(s)] 


tpi dr 
de ae [rots ds 


s=0 


dr 0 ds; 
= grad® - — + —@[r (t) + 510 (S2)] — 


dt Os, 5,=0,50=0 
0 ds» 
+ ——®@[r (t) + 510 (s2)] — 
Osa OF | eueey 


dr dr 
= grad® - — + grad@ - 0 (52)|,,-9 + 0 = grad® - —, 
dt : dt 
where again s; = s ands, =s. 
In order to evaluate the above gradients (2.54), (2.57) and (2.58) we represent the 
vectors r and a with respect to the linear coordinates (2.19) as 


r=x'h;, a=a'h;. (2.60) 


With the aid of the chain rule we can further write for the directional derivative of 
the function @ = @ (r): 


© @[(x! + sa!) hi] 


d 
—@® 
ds eee) s=0 ds 


s=0 
O®@ d (x! + sa‘) 
0 (a + sa') ds lnm 


OP |, O® 
i). (ain,) =(<—n'). a 
(Ss) (a/hj) (Ss) a, Vae 


Comparing this result with (2.54) and bearing in mind that it holds for all vectors a 
we obtain 


@.. 
grad® = d -h'. (2.61) 
Oxi 


The representation (2.61) can be rewritten in terms of arbitrary curvilinear coordi- 


natesr=r (0', er 6”) and the corresponding tangent vectors (2.28). Indeed, 
in view of (2.33) and (2.61) 


©. @ OO. @ 
aie? gp OP OF 8 


Oxi ~~ BOK Ax BOT” en 


Comparison of the last result with (2.55) yields 


d 7 
—@® (r +5g;) =—, i=1,2,...,n. (2.63) 
ds =0 
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According to the definition (2.54) the gradient is independent of the choice of 
the coordinate system. This can also be seen from relation (2.62). Indeed, tak- 
ing (2.33) into account we can write for an arbitrary coordinate system 6’ = 
OE Onl ALS a ht 


©, Ooi , Qo... 
Oe ke p22 (2.64) 


d®@ = -g = — ; 
gra ao? ~ agi ooo ~ api 


Similarly to relation (2.62) one can express the gradients of the vector-valued function 
x = x (r) and the tensor-valued function A = A (r) by 


Ox 


a @gi. (2.65) 


: OA 

radx = ‘ gradA = — 

_ nore 06! 

Example 2.6. Deformation gradient and its representation in the case of simple 

shear. Let x and X be the position vectors of a material point in the current and 

reference configuration of a material body, respectively. The deformation gradient 
F € Lin’ is defined as the gradient of the function x (X) as 


F = gradx. (2.66) 


For the Cartesian coordinates in E? where x = x'e; and X = X'e; we can write by 
using (2.65); 


Ox s jax ; 
= = i Fle. j 
F= ay7 8° = ax O* = Fe @e’, (2.67) 
where the matrix [F’ il is given by 
Ox. 0%" Ox" 
OX! Ox? Ax3 
; 2 2 2 
(22 ee (2.68) 
OX! OX? Ox3 
Ox? Oe? On" 
OX! OX? Ax3 


In the case of simple shear it holds (see Fig. 2.3) 
xt=X!4yx?, x =X?, P= xX}, (2.69) 
where yy = tan y denotes the amount of shear. Insertion into (2.68) yields 
170 


[F,] = ee : (2.70) 
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X?, 9? X*tany an - 


xX? 


Fig. 2.3 Simple shear of a rectangular sheet 


Example 2.7. Transport equation. Let us consider a scalar field ¢ in the current 
configuration of a material body. Thus, the value of ¢ explicitly depends on time ¢ 
and the current position vector x (t) of a material particle: 


o=¢(t,x(t)). (2.71) 


A total derivative of @ with respect to t is referred in continuum mechanics to as 
material time derivative (also called substantial, particle or convective derivative) 
and denoted in the following by superposed dot. By the chain rule of differentiation 
and using (2.59) we obtain 

. oO 

o= ay + v- grad¢, (2.72) 

Ot 
where v = x denotes the velocity vector of the particle. By using (2.57) and (2.58) 
one can similarly express material time derivatives of a vector f and a tensor S field 
as 
of 


: . OS 
f=Z + eradf)v, S= 5 + (gradS) v. (2.73) 


Equations (2.72) and (2.73) are referred to as the Reynolds transport equations. 


Henceforth, the derivatives of the functions @ = @ (0'" 67, ..., 0”), x=x 
(0!, 07, ..., g”) andA=A (a!, 67, ..., g”) with respect to curvilinear coordinates 
6! will be denoted shortly by 


O® Ox OA 


a= =, i "Ane Ay; = —. 
tS Bg EBB a0 


(2.74) 


They obey the covariant transformation rule (2.32) with respect to the index i since 
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db Od Ax — Ax OOK AA OA OO 
00! ~ abk AB? AB ~~ ABE BO!” BB! BOK OB! 


(2.75) 


and represent again a scalar, a vector and a second-order tensor, respectively. The 
latter ones can be represented with respect to a basis as 


tear |e, — Fe’ 
— Akl —s k 1 _ ak 1 
A,j=A™|i 9g, @g,=Aulig ®g =A Ng. Og, (2.76) 


where (e)|; denotes some differential operator on the components of the vector x 
or the tensor A. In view of (2.75) and (2.76) this operator transforms with respect 
to the index 7 according to the covariant rule and is called covariant derivative. The 
covariant type of the derivative is accentuated by the lower position of the coordinate 
index. 

On the basis of the covariant derivative we can also define the contravariant one. 
To this end, we formally apply the rule of component transformation (1.98); as 
(e)|'= g'/ (e)|;. Accordingly, 


aa ik j : ik 
xi|i= g' x! I, al=e xj lk, 

AK! i__ im Akl A i im a AK i__ im ak 2.77 

'=g9 las kl =9 kilm> l= 9 le ( . ) 


For scalar functions the covariant derivative is defined to be equal to the partial one, 
while the contravariant derivative is expressed by (2.77) so that: 


O|;= 6, Of= gO, . (2.78) 


In view of (2.64)-(2.74), (2.76) and (2.78) the gradients of the functions @ = 
@ (6', 62, ..., Q”),x =x (0, 67, ..., 0”) and A = A (6', 02, ..., 0”) take the form 


grad® = ®|; g' = | g;, 
gradx = x/|; g, @g' = xj|i g/ @g' =x'|' g, ®g; =x;\' g/ @gj, 


gradA = A*|; g, ®g, @ gi = Auli g* @g' @gi =A* |i g, OG! Og! 
= A") g, @ g, @ g; = Aul! gX @g' @g; = A*)|' g, @g' @Gi. 
(2.79) 
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2.5 Christoffel Symbols, Representation of the Covariant 
Derivative 


In the previous section we have introduced the notion of the covariant derivative but 
have not so far discussed how it can be taken. Now, we are going to formulate a 
procedure constructing the differential operator of the covariant derivative. In other 
words, we would like to express the covariant derivative in terms of the vector or 
tensor components. To this end, the partial derivatives of the tangent vectors (2.28) 
with respect to the coordinates are first needed. Since these derivatives again represent 
vectors in E”, they can be expressed in terms of the tangent vectors g; or dual vectors 


g' G@ =1,2,...,n) both forming bases of E”. Thus, one can write 
G¢= Teo = oe SIH 12h (2.80) 
where the components I’;;, and ry, (i, j,k =1,2,...,n) are referred to as the 


Christoffel symbols of the first and second kind, respectively. In view of the relation 
g = gg, (k = 1,2,...,) (1.21) these symbols are connected with each other by 


rs = g"T iz, i,j,k= Vy 2. inny Me (2.81) 
Keeping the definition of tangent vectors (2.28) in mind we further obtain 
Gi jfFlsijFlrji=GDjri> i,j =1,2,...,n. (2.82) 


With the aid of (1.28) the Christoffel symbols can thus be expressed by 


Vij = Pjik = G55 Ge = Giri Gk (2.83) 
ri = re Sono =o BGR aL 2st: (2.84) 
For the dual basis g' (i = 1, 2, ..., 2) one further gets by differentiating the identities 


g' +g; = 5; (1.15): 
0 = (51) «= (9'-9)) K=G sk -9) +9! jx 
= g' sk 9; +g’: (ie91) = Gk Gj + Vins i,j,k =1,2,...,n. 
Hence, 
Ti, = Tj = 9 e-9; = —G9' 5D i,j,k =1,2,...,n (2.85) 
and consequently 


gf c= Tyg) =—-Tig!, ik =1,2,...,0. (2.86) 
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By means of the identities following from (2.83) 


Gijok = (91° 9j) k= Girk Gi +91 ° GD joke =Vizg + Vina, (2.87) 
where i, j,k = 1, 2,...,n and in view of (2.81) we finally obtain 
1 
Dijx = 5 (Gti; +9kjsi —Gij>k) > (2.88) 
rt = 2g! (g4:,; + i —Gijt), i, j,k = 1,2 n (2.89) 
ij ~ 59 Qlisj TYljsi —Gijol) > »J,K=1,24,...,0N. : 


It is seen from (2.88) and (2.89) that all Christoffel symbols identically vanish in the 
Cartesian coordinates (2.20). Indeed, in this case 


gij =@i-e; = 5, i,j =1,2,...,n (2.90) 


and hence 
Pgelpa Os 4.76 2c (2.91) 


Example 2.8. Christoffel symbols for cylindrical coordinates in E> (2.17). By 
virtue of relation (2.30); we realize that g,,;,3= 2r, while all other derivatives 
Giksj G, j,k = 1, 2, 3) (2.87) are zero. Thus, Eq. (2.88) delivers 


My31=P3n =r, Pi3=-r, (2.92) 


while all other Christoffel symbols of the first kind T;;, (i, j,k = 1, 2, 3) are likewise 
zero. With the aid of (2.81) and (2.30). we further obtain 


1 u -2 2 22 
Pyv=aH og Tin sr Tin, i= 9 Vij2 = Vij, 


Tr, = g Vij3 => ij3, i, j = 1, 2, 3. (2.93) 
By virtue of (2.92) we can further write 
1 1 1 3 
P3=13) = a Py= rr, (2.94) 
while all remaining Christoffel symbols of the second kind T° p (i, j,k = 1,2, 3) 


(2.89) vanish. 


Now, we are in a position to express the covariant derivative in terms of the vector 
or tensor components by means of the Christoffel symbols. For the vector-valued 
function x = x (6', 6,..., 6") we can write using (2.80) 


54 2 Vector and Tensor Analysis in Euclidean Space 
X4,j= (x'g;) j= x' 79: +x'9),; 
=x',,g,+x'Thg, = (x',; +2°Ti,) 97, (2.95) 
or alternatively using (2.86) 
_ i) i i 
x,j= (xig') .j =Xi,j9 XG; 
= x59 — xT yg* = (x.j — i) 9" (2.96) 
Comparing these results with (2.76) yields 


: 


Mae gta ata Sel. = Lt (2.97) 


Similarly, we treat the tensor-valued function A = A (0', 02, ..., OP ye 


A,x = (Ag; 9). 
= AY g; ®g) + ANG). @G; + ANG; @ Qj 
=A ,.g;® gjt+ Ne (Ci) Sgt A"g; ® (Ving) 
= (AY. +ANTi + ATi) 9: ® 9}. (2.98) 
AUy= AU, +tAUTL +A, i,7,4=1,2,....0. (2.99) 
By analogy, we further obtain 


I 1 
Aijle= Aijnk —Ay Tig — Al jx, 


Able Ale FAT AUT bik = 1,2,...,0. (2.100) 


Similar expressions for the covariant derivative can also be formulated for tensors of 
higher orders. 

From (2.91), (2.97), (2.99) and (2.100) it is seen that the covariant derivative taken 
in Cartesian coordinates (2.20) coincides with the partial derivative: 


ate Xl j= Xi; 
AM AYe, Ale= Aye, A= Ape, EGk=1,2,...,0. (2.101) 
Formal application of the covariant derivative (2.97) and (2.99)—(2.100) to the tangent 
vectors (2.28) and metric coefficients (1.93), ,2 yields by virtue of (2.80), (2.81), (2.86) 


and (2.88) the following identities referred to as Ricci’s Theorem: 


9F=9.i-9Ti; =9, g'lj=G'.;+9'T) = 9, (2.102) 
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Gij k= Gij ok —91T', _ GT 5 = gijsk —Vikggj — UV jn: = 9, (2.103) 


P= ge tol), + g!Th = o!o"™ (—Gimie tl met + Trem) = 0, (2.104) 


where i, j,k = 1,2,...,n. The latter two identities can alternatively be proved by 
taking (1.25) into account and using the product rules of differentiation for the covari- 
ant derivative which can be written as (Exercise 2.7) 


Aaj lk= aj\k bj + adj |e for Aij = ajbj, (2.105) 
AY |= a' |p bi +a'b/|, for AY =a'b/, (2.106) 


Able =a'|, bj ta'bj|, for Aj=a'b;, i,j,k=1,2,...,n. (2.107) 


2.6 Applications in Three-Dimensional Space: Divergence 
and Curl 


Divergence of a tensor field. One defines the divergence of a tensor field S (r) by 


1 
divS = lim yf Sada. (2.108) 
v>0 V 
A 


where the integration is carried out over a closed surface area A with the volume V 
and the outer unit normal vector n illustrated in Fig. 2.4. 

For the integration we consider a curvilinear parallelepiped with the edges formed 
by the coordinate lines 6!, 67, 6° and 6! + A@!, 67 + A@?, 63 + AO (Fig. 2.5). The 
infinitesimal surface elements of the parallelepiped can be defined in a vector form 
by 


Fig. 2.4 Definition of the 
divergence: a closed surface 
with the area A, volume V 
and the outer unit normal 
vector n 


dA 
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s'(6! + Ad?) 
62 


dA (91 + AG?) 


AG) 


a 


Fig. 2.5 Derivation of the divergence in three-dimensional space 


dA” = + (d0’g;) x (d0"g,) =+99'd0/d0*, i =1,2,3, (2.109) 
where g = [919293] (1.31) and i, j,k is an even permutation of 1, 2, 3. The 
corresponding infinitesimal volume element can thus be given by (no summation 


over 1) 


dV = dA” - (d6'g;) = [d0'g, d0°g, d0°g3| 
= [919293] d0'd0"d0° = gdo'd6°de*. (2.110) 


We also need the identities 


gk = [919293] x = Th [919293] + V4 [919193] + V5 [919291] 
=T% [919293] = Tig. (2.111) 


(99') i= 9,19! +99'.1=T'99' —Tigg' = 90, (2.112) 


following from (1.39), (2.80) and (2.86). With these results in hand, one can express 
the divergence (2.108) as follows 
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divS lim vy | Sma 


ly i i i i i i @ (gi 
mod | [S (0' + Ad") dA” (6' + AG’) + 8 (6!) dA® (6')]. 
Keeping (2.109)-(2.110) in mind and using the abbreviation 

(7) =S(@)¢(@)g' (7), 1 =1,2,3 (2.113) 
we can thus write 


it O+A0* 6) +A0/ 
divS = lim | Ss / / [s' (0! + Ad‘) — s' (6')] do/ aa" 
=] ok 6i 
3 F+AK +A! O+A0 


Osi 
— d6' d6/dok 
| oe? 


: Ok 6i 6i 


3 ; 
ly Si 
= lim — d 2.114 
im | g Ys ( ) 


II 
T= 
cE 
<l- 

uy: 


where i, j,k is again an even permutation of 1,2,3. Assuming continuity of the 
integrand in (2.114) and applying (2.112) and (2.113) we obtain 


. i 1 i 1 i i i 
divS = -s',; = — [Sog | i= [S.: gg +8 (99 ) rl =S,i9', (2.115) 
g g g 
which finally yields by virtue of (2.76) 
divS = S,;g' = S/|i 9’ = S""|i g;. (2.116) 


Example 2.9. The momentum balance in Cartesian and cylindrical coordinates. Let 
us consider a material body or a part of it with a mass M, volume V and outer 
surface A. According to the first Euler law of motion the vector sum of external 
volume forces fdV and surface tractions tdA results in the vector sum of inertia 
forces xdm, where x stands for the position vector of a material element dm and the 
superposed dot denotes the material time derivative. Hence, 


[sam = fraa+ | sav. (2.117) 
V 


M A 
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Applying the Cauchy theorem (1.77) to the first integral on the right hand side and 
using the identity dm = pdV it further delivers 


[vxav = f onaa+ [ sav. (2.118) 
V 


4 A 


where p denotes the density of the material. Dividing this equation by V and con- 
sidering the limit case V > 0 we obtain by virtue of (2.108) 


pk = diva + f. (2.119) 


This vector equation is referred to as the linear momentum balance. 
Representing vector and tensor variables with respect to the tangent vectors 
g; (@ = 1, 2, 3) of an arbitrary curvilinear coordinate system as 


x =a'g;, a =0'9g, @9;. f= fig: 


and expressing the divergence of the Cauchy stress tensor by (2.116) we obtain the 
component form of the momentum balance (2.119) by 


pa =o" |; Af", t= 1,°2.3. (2.120) 


With the aid of (2.99) the covariant derivative of the Cauchy stress tensor can further 
be written by o - _ s: 
cio toT  t+o"T), i,f,k=1,2,3 (2.121) 


and thus, 


giao toll ee lL, £2 12,3; (2.122) 
By virtue of the expressions for the Christoffel symbols (2.94) and keeping in mind 
the symmetry of the Cauchy stress tensors o/ = o/' (i £ j = 1,2, 3) we thus obtain 


for cylindrical coordinates: 


o2 
2] 21 22, 23 
oO! |) =O 59 +052 +0 5p +—, 

r 


33 
A (on 
3 31 32 33 11 
o al = 7 s0 +o°°,, +O», -1ro + a (2.123) 
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The balance equations finally take the form 


1 ll 12 13 30°! 1 
pa =o ,y+a°,,+a0 rt—— +f, 


32 
Oo 

2 21 22 23 2 
pa? = Opto eto ar t— + fo 


33 
oO 
pa =o", t+o”,,+0%,,—ra' + as f (2.124) 


In Cartesian coordinates, where g; = e; (i = 1, 2, 3), the covariant derivative coin- 
cides with the partial one, so that 


oi j= 0; = 044). (2.125) 
Thus, the balance equations reduce to 
PX) = 11,1 +0122 +0133 +fi, 


pX2 = 021,1 +022,2 +023,3 + fr, 
pxX3 = 031,1 +032,2 +033,3 + fs, (2.126) 


where Xx; = a; (i = 1, 2, 3). 


Example 2.10. The rotational momentum balance. According to the second Euler 
law of motion the material time derivative of the rotational momentum is equal to 
the resultant moment of external forces with respect to the same origin as 


d 
© [xxiam= fxxtaas [xx sav. (2.127) 
M A Vv 


Applying the mass conservation law to the left hand side of this equation and sub- 
stituting there (2.119) we obtain: 


[ox x X¥dV = iE x divoav + f x x fdV, (2.128) 
Vv V V 


which by comparison with (2.127) leads to 


[> x divodV = ie x tdA. (2.129) 
Vv A 


Applying the Cauchy theorem (1.77) to the traction vector on the right hand side 
and the operator lim + (e) to both sides of this equation we can write by (1.66) and 


(2.108) 
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kdivo = div (¥o). (2.130) 


By (2.224) it yields 
o=0 (2.131) 


and consequently skewo = 0 in view of (1.165). This implies that the Cauchy stress 
tensor is symmetric. 


Divergence, curl and gradient of a vector field. Now, we consider a differen- 
tiable vector field t (0', 6, 63). One defines the divergence and curl of t (0', 6, 63) 
respectively by 


1 
divt = lim cf (t-n)dA, (2.132) 
vo-0 V 
A 
ee A 1 
curlt = lim — | (n x t)dA = — lim — | (t x n)dA, (2.133) 
v>0 V v>0 V 
A A 


where the integration is again carried out over a closed surface area A with the volume 
V and the outer unit normal vector n (see Fig. 2.4). Considering (1.66) and (2.108), 
the curl can also be represented by 


>0 


1 P p 
curlt = — lim V i tndA = —divt. (2.134) 


A 


Treating the vector field in the same manner as the tensor field we can write 
divt =t,;-g' =1'|; (2.135) 
and in view of (2.79) (see also Exercise 1.46) 
divt = tr (gradf) . (2.136) 
The same procedure applied to the curl (2.133) leads to 
curlt = g' x t,;. (2.137) 


By virtue of (1.36), (2.76), (2.84), (2.97). and (1.44) we further obtain (see also 
Exercise 2.8) 


; ; . 1 oa 
curlt = t|; g’ x g' =ti,;9/ xg = ee hls n= en tes Dk: (2.138) 


With respect to the Cartesian coordinates (2.20) with g; = e; (i = 1, 2,3) the 
divergence (2.135) and curl (2.138) simplify to 
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divt = ',, = 2',, +17, +03 = 1,1 +h,2 +h,3, (2.139) 


curlt = elite ex 
= (13,2 —t2,3) 1 + (1,3 —,1) €2 + (fs1 —h2) e3.- (2.140) 


Similarly to the proof of relation (2.116) and applying (2.65) one can express 
gradient of a vector field in three-dimensional space by 


1 
dt = lim — / t dA 2.141 
gra Bus V / @ nda, ( ) 


A 


Now, we are going to discuss some combined operations with a gradient, diver- 
gence, curl, tensor mapping and products of various types (see also Exercise 2.12). 


(1) Curl of a gradient: 


curl grad} = 0. (2.142) 
(2) Divergence of a curl: 
div curlt = 0. (2.143) 
(3) Gradient of a scalar product: 
grad (u - v) = ugradv + vgradu. (2.144) 


(4) Divergence of a vector product: 
div (u x v) = v- curlu —u-curlv. (2.145) 
(5) Gradient of a divergence: 
grad divt = div (gradt)' ‘ (2.146) 
grad divt = curl curlt + div grad¢ = curlcurlt + At, (2.147) 
where the combined operator 
At = div gradt (2.148) 


is known as the Laplacian. 


(6) Laplacian of a gradient, a curl and a divergence 


A grad®@ = gradA®, Acurlt=curlAt, Adivt = div At. (2.149) 
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(7) Skew-symmetric part of a gradient 


is ———_ 
skew (gradt) = aes or curlt = 2gradt. (2.150) 
(8) Divergence of a (left) mapping 
div (tA) = A: gradt + ¢ - divA. (2.151) 


(9) Divergence of a product of a scalar-valued and a vector-valued function 
div (®t) =¢t- gradd + dive. (2.152) 
(10) Divergence of a product of a scalar-valued and a tensor-valued function 
div (®A) = Agrad@ + ddivA. (2.153) 
(11) Divergence of the tensor product 
div (u ® v) = (gradu) v + udivv. (2.154) 
(12) Gradient of a product of a scalar-valued and a vector-valued function 
grad (@t) = t ® grad@ + Pegradt. (2.155) 
(13) Curl of a product of a scalar-valued and a vector-valued function 
curl (@t) = —itgrad® + @curlt = grad® x t+ Gcurlt. (2.156) 


We prove, for example, identity (2.142). To this end, we apply (2.79), (2.86) and 
(2.137). Thus, we write 


curl grad® = g/ x (P|; g') j= Piij gi xgit+ jg! x a 
= 0,9! x g' — ©; Tig! x gi =0 (2.157) 


taking into account that %,;;= 9, jj, ri, = Pi and gi x gi =—gi xg 
G@ Aj, i,j = 1,2,3). 


Example 2.11. Mass transport equation and mass balance. Let us consider in the 
current configuration of a body a fixed (control) closed surface A (which does not 
depend on time). The outflux of mass through this surface can be calculated by 
da pu-ndA, where p = p(t, x (t)) denotes the mass density of the material. An 
increase of the mass per unit of time in an infinitesimal volume dV around some 
fixed point x (t) = const can be expressed by 24V. The mass conservation law 


Ot 
applied to the volume V of the body can thus be formulated as 
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[ fav + [ov .ndA = 0. (2.158) 
Vv A 


Applying the operator lim + (e) to both integrals we obtain by (2.132) and by 


assuming that all integrands are continuous functions of x: 


Op 


ay + div (pv) = 0. (2.159) 


This relation is referred to as the mass transport equation. Applying further (2.72) to 
the mass density yields 


. Op 
p= Or + v- gradp. (2.160) 


Combining this relation with (2.159) and by using (2.152) we obtain the equation 
p+ pdivy = 0 (2.161) 


referred to as the mass balance or continuity equation. An incompressible material 
is characterized by the condition » = 0, which implies that 


divv = 0. (2.162) 
Example 2.12. Balance of mechanical energy as an integral form of the momentum 
balance. Using the above identities we are now able to formulate the balance of 
mechanical energy on the basis of the momentum balance (2.119). To this end, we 
multiply this vector relation scalarly by the velocity vector v = x 
v-(pX) =v-diva +0. f. 
Using (2.151) we can further write 


v-(pX) +o: gradv = div(va) + 0: f. 


Integrating this relation over the volume of the body V yields 


d 1 
ae (Se-v)am+ fo: gradvav = f aivwarav + f v- fav. 
M V Vv V 


where again dm = pdV and m denotes the mass of the body. Keeping in mind 
the definition of the divergence (2.132) and applying the Cauchy theorem (1.77) 
according to which the Cauchy stress vector is given by t = on, we finally obtain 
the relation 
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d 1 
a (5»-») im + [ o:grdvdv = [vedas fv fav (2.163) 
M Vv A Vv 


expressing the balance of mechanical energy. Indeed, the first and the second integrals 
on the left hand side of (2.163) represent the time rate of the kinetic energy and the 
stress power, respectively. The right hand side of (2.163) expresses the power of 
external forces i.e. external tractions t on the boundary of the body A and external 
volume forces f inside of it. 


Example 2.13. Axial vector of the spin tensor. The spin tensor is defined as a skew- 
symmetric part of the velocity gradient by 


w = skew (gradv) . (2.164) 
By virtue of (1.162) we can represent it in terms of the axial vector 
w= Ww, (2.165) 


which in view of (2.150) takes the form: 
1 
w= Te (2.166) 


Example 2.14. Navier-Stokes equations for a linear-viscous fluid in Cartesian and 
cylindrical coordinates. A linear-viscous fluid (also called Newton fluid or Navier- 
Poisson fluid) is defined by a constitutive equation 


o = —pl+2nd +X (trd) I, (2.167) 


where 


d = sym (gradv) = [ gradv + (gradv)* | (2.168) 


1 
2 
denotes the rate of deformation tensor, p is the hydrostatic pressure while 7 and 
represent material constants referred to as shear viscosity and second viscosity coef- 
ficient, respectively. Inserting (2.168) into (2.167) and taking (2.136) into account 
delivers 

o=-plI+7n [ gradv + (gradv)"] + A (divv) I. (2.169) 


Substituting this expression into the momentum balance (2.119) and using (2.146) 
and (2.153) we obtain the relation 


pv = —gradp + ndiv gradv + (7 + A) graddivo + f (2.170) 


referred to as the Navier-Stokes equation. By means of (2.147) it can be rewritten as 
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pv = —gradp + (27 + A) grad divy — ncurl curly + f. (2.171) 


For an incompressible fluid characterized by the kinematic condition trd = divv = 0 
(2.162), the latter two equations simplify to 


pv = —gradp + nAv+ f, (2.172) 
pv = —gradp — ncurlcurly + f. (2.173) 
With the aid of the identity Av = v,;|' (see Exercise 2.19) we thus can write 
pv = —gradp + nv,i|' +f. (2.174) 
In Cartesian coordinates this relation is thus written out as 
pv; = —Pyi tN (Vin +Ui,22+0;,33)+ fi, i= 1,2,3. (2.175) 


For arbitrary curvilinear coordinates we use the following representation for the 
vector Laplacian (see Exercise 2.21) 


Av = gf (vt, +20 ju; Pv am +0 ij UE +E ul — PPT inv’) ge. 
(2.176) 
For the cylindrical coordinates it takes by virtue of (2.30) and (2.94) the following 
form 


=o 1 1 -1,1 -3,3 
Av = (r770' 11 +0" 122 +0",33 +3971 u",3 +277", ) 
-2,.2 2 2 =122 
ar (r U',11 FU 422 FU 433 +r U 3) 92 
-2,3 3 3 -1)1 -1,3 -2,3 
+ (r Vu +0" ,22 +0" 433 —2r vy +r 3 rv ) 93. 


Inserting this result into (2.172) and using the representations » = v'g; and f = f'g; 
we finally obtain 


jhe fl Op 1 Fe Ot OY OW a 2 dv 
pi Op TN 72 Oy? Oz? Or? rr Or POp)’ 
Op 10@v2 @v? Av? 1 dv? 
2_ 2 
p= f Oz aget grt arty): 
pap Op 1 Pv : Ov? a Ov? 2 du! ‘ 103 vw 
aia Or 7 r? Oy? Oz? Or2 r 0p r Or r2)- 


(2.177) 


Example 2.15. Electrostatic and magnetic Maxwell stresses. We consider first an 
electrically charged and electrically polarizable body in its current configuration. An 
electric field E applied to the body causes an electric displacement D. These vectors 
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satisfy the well-known Maxwell equations 
culk =0, divD= py, (2.178) 


where py denotes the electric free charge density. In a non-polarizable medium as 
for example vacuum the electric displacement is related to the electric field vector by 
D = ©oE, where €p denotes the permittivity of free space. In a polarizable medium 
one defines the polarization vector by 


P=D-6E. (2.179) 

The electric field generates in the body an additional electric volume force py E + 

(gradE) P which should be taken into account in the momentum balance (2.119). 
Accordingly, 

px =divo + f+ p,E + (gradE) P. (2.180) 

This balance equation can be written in the original form of (2.119) by (see e.g. [11]) 


pk = divr + f, (2.181) 


where 
T=04+T- (2.182) 


denotes the so-called total Cauchy stress. The additional stress 7, in (2.182) is 
referred to as the electrostatic Maxwell stress. According to (2.180) and (2.181) it 
satisfies the condition 


divt. = prE + (gradE) P (2.183) 


and can be represented by 
1 
Te = E@D— 7 (E- E/T. (2.184) 


Indeed, applying (2.154) and (2.178)s to the first term on the right hand side of 
(2.184) we obtain 


div (E @ D) = (gradE) D + EdivD = (gradE) D + p;E. (2.185) 

For the second term on the right hand side of (2.184) we can write by (2.144) and 
(2.153) 

div[(E - E)I] = grad (£ - E) I = 2EgradE. (2.186) 


In view of (2.150) and (2.178), gradE represents a symmetric second-order tensor. 
Thus, 
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_ [1 
div | eo (E- B)1| = e9 (grad) E. (2.187) 


Combining this result with (2.185) according to (2.184) and (2.179) we immediately 
get (2.183). Note that the Maxwell stress tensor (2.184) is in general nonsymmetric. 
One can, however, show that the total Cauchy stress (2.182) is symmetric. In the 
case of electroelastic interactions the rotational momentum balance (2.130) should 
be completed by the electric volumetric couple P x E = D x E, which by (2.224) 
leads to the equation 

26+ Dx E=0. (2.188) 


On the other hand we can write by (1.166)2 and (2.184) 
27,=Dx E, (2.189) 
which inserted into (2.188) yields by (2.182) 
T=0. (2.190) 
Now, we consider a magnetizable material in its current configuration. A magnetic 
field vector H applied to the body causes a magnetic induction B. These vectors 
satisfy the Maxwell equations written by 
culH = J;, divB =0, (2.191) 
where J denotes the free current density. In a non-magnetizable medium as for 
example vacuum the magnetic field vector is related to the magnetic induction by 
B = woH, where po denotes the magnetic permittivity of free space. It is related to 
the electric permittivity by 9/49 = c~?, where c denotes the speed of light in vacuum. 
In a magnetizable material one defines the magnetization density vector by 


M=p,'B-H. (2.192) 


The additional volume force due to the magnetic field can be expressed by (see, e.g. 


[11]) 

fm = Jf x B+ woMegradH. (2.193) 
The first and second term on the right hand side of this equation represent the magnetic 
Lorentz force and the magnetization force densities, respectively. The latter one is due 
magnetic dipoles distributed in the magnetizable material. The momentum balance 


(2.181) can be satisfied for such a material whenever 


divtm = fms (2.194) 
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where T = 0 + T,, and T,, represents the magnetic Maxwell stress. It can be rep- 
resented by 


1 
Tm = H® B— 5) (H- HL (2.195) 


Indeed, with the aid of (2.154), (2.191), (2.221) and by analogy with (2.186) the first 
and second term on the right hand side of (2.195) inserted into (2.194) become 


div (H ® B) = (gradH) B+ HdivB = Jy x B+ B (gradH), (2.196) 
_ {1 1 
div Ez (H - A) i = 5 Hograd (H . A)I= pwoHgradH, (2.197) 


which in view of (2.192) leads to (2.193). 

For a magnetizable material the rotational momentum balance (2.130) should 
be completed by the magnetic volumetric couple M x B which by (2.192) can 
alternatively be expressed as M x B = (up |B - H) x B= B x H. By means of 
(2.224) it leads to the rotational momentum balance 


20+BxH=0. (2.198) 
Taking further (1.166)2 and (2.195) into account we obtain 
Mm =BxH (2.199) 


and consequently 7 = 0. This implies again the symmetry of the total Cauchy stress 
7; 


Example 2.16. Compression and shear waves in an isotropic linear-elastic medium. 
The isotropic linear-elastic medium is described by the generalized Hooke’s law 
written by (see also (5.92) 

o = 2Ge+ Atr(e) I, (2.200) 


where G and 4 denote the so-called Lamé constants while € represents the Cauchy 
strain tensor. It is defined in terms of the displacement vector u similarly to (2.168) 
by 


1 
€ = sym (gradu) = 5 [ gradu + (gradu) "| ‘ (2.201) 
Substitution of this expression into (2.200) yields in analogy to (2.169) 
o=G [ gradu + (gradu)" | + A (divu) I. (2.202) 


Inserting this result into the momentum balance (2.119) and assuming no volume 
forces we further obtain 
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G G+. 
uw = —Au+ = 
p 


grad divu (2.203) 


taking (2.146), (2.148) and (2.153) into account. 
We look for solutions of this equation in the form 


u=f(n-x—vt)m, (2.204) 


where nm and m denote constant unit vectors which define the directions of wave 
propagation and polarization, respectively. f is a twice differentiable scalar valued 
function of the argument n - x — vt, where v represents the wave speed and f denotes 
time. First, we express the directional derivative of f (n- x — vt) as 


d d 
—f [n-(x+sa) —vt] = —f[n-x+sn-a—vrt] = f'n-a, 
ds s<o. ds 5=0 
(2.205) 
which by (2.54) and (2.57) leads to the identities 
gradf = f'n, gradu = f'm@n. (2.206) 


By means of (2.152) and (2.153) one can also write 
Au = div grad (fm) = div (f'’m @ n) 
= (m @n) grad f’ = (m @n) f"n = f"m, (2.207) 
divu = div(fm) =m. gradf =(m-n) f', (2.208) 
grad divu = grad(m-n f’) = (m-n) gradf’ = f" (m-n)n. (2.209) 
Utilizing these equalities by inserting (2.204) into (2.203) we obtain: 


Fil pig, a eae rays: (2.210) 
p p 


We consider non-trivial solutions of this equation if f” 4 0. These solutions are 
possible if m is either parallel or orthogonal to n. Inserting into (2.210) either m = n 
for the first case or m - n = 0 for the second one yields the speeds 


IG+ G 
y= . ee (2.211) 
p p 


of the compression and shear waves, respectively. One can show that the compression 
waves do not propagate in an incompressible material characterized by the condition 
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divu = 0. (2.212) 


Indeed, in this case (2.203) reduces to 
.  G 
u= —Au, (2.213) 
p 


resulting in (2.211)». Inserting further (2.204) into the incompressibility condition 
(2.212) yields in view of (2.208) also m-n = 0. 

Alternatively, equation (2.203) can be satisfied by means of the following repre- 
sentation for the displacement field 


u = grad@ + curl, (2.214) 


where = (r) and W = w (r) are a scalar and a vector field, respectively. 


Inserting this representation into (2.203) and using (2.211) we can write by virtue of 
(2.143) and (2.149) 


vigradA® + v3curlAW = grad® + curl, (2.215) 
Keeping in mind that @ and W are independent of each other we obtain the equations 
of the form 7 
Ab—v,?b=0, AW—v>-w=0, (2.216) 
which yield a nontrivial solution of (2.203) and thus describe propagation of compres- 
sion and shear waves in a linear elastic medium. The coefficients of these equations 
represent the corresponding wave speeds. Finally, one can show that the solution of 
these differential equations in the form 


S=g(n-x—vt), W=h(n-x—wt)l (2.217) 


lead to the same representation (2.204). Indeed, inserting (2.217) into (2.214) yields 
by virtue of (2.156)2 and (2.206); 


u=g (n-x—Mt)n—h' (n-x —it)l xn. (2.218) 


Exercises 


2.1. Evaluate tangent vectors, metric coefficients and the dual basis of spherical 
coordinates in E? defined by (Fig. 2.6) 


r (y, ¢,r) =rsinysin de; +rcos de. +r cos y sin ge3. (2.219) 
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Fig. 2.6 Spherical 
coordinates in 
three-dimensional space 


a6 
2.2. Evaluate the coefficients ok (2.43) for the transformation of linear coordinates 
in the spherical ones and vice versa. 


2.3. Evaluate gradients of the following functions of r: 


1 
(a) rl (b)r-w, (c)rAr, (d) Ar, (e)w xr, 
r 
where w and A are some vector and tensor, respectively. 


2.4. Evaluate the Christoffel symbols of the first and second kind for spherical 
coordinates (2.219). 


2.5. Verify relations (2.100). 
2.6. Prove identities (2.103)—(2.104) by using (1.94). 


2.7. Prove the product rules of differentiation for the covariant derivative (2.105)— 
(2.107). 


2.8. Verify relation (2.138) applying (2.116), (2.134) and using the results of Exer- 
cise 1.23. 


2.9. Write out the balance equations (2.120) in spherical coordinates (2.219). 
2.10. Evaluate tangent vectors, metric coefficients, the dual basis and Christoffel 


symbols for cylindrical surface coordinates defined by 


r (r, 8, Z) =rcos ay +rsin en + ze3. (2.220) 
r r 
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2.11. Write out the balance equations (2.120) in cylindrical surface coordinates 
(2.220). 


2.12. Prove identities (2.143)-(2.156). 


2.13. Prove the following identities: 


(curlu) x v = (gradu) v — v (gradu) , (2.221) 
grad (u x v) = agradv — veradu, (2.222) 
curl (u x v) = (gradu) v — (gradv) u + (divv) u — (diva) v. (2.223) 


2.14. Prove the following identity for a tensor field A (r): 
div (FA) = PdivA + 2A. (2.224) 


2.15. Calculate divA (r), grad divA (r) and curl divA (r), where A (r)= r @ r (for 
n = 3). 


2.16. Write out the gradient, divergence and curl of a vector field ¢ (r) in cylindrical 
and spherical coordinates (2.17) and (2.219), respectively. 


2.17. Consider a vector field in E? given by ¢ (r) = e3 x r. Make a sketch of t (r) 
and calculate curlt and divt. 


2.18. A coordinate system r (, 6, a) in E> is defined by r=6le,+ 
(9)? #e, + 6! sin 6e3. For the point 6! = 1,6? = 0,07 = 5 (a) calculate the vec- 
tors g; (@ = 1, 2, 3) tangent to the coordinate lines, (b) calculate the basis g' dual to 
g; G = 1, 2, 3), (c) calculate the Christoffel symbols of the first and second kind I’; jx 
and ry, (i, j,k = 1,2, 3), respectively, d) write out the balance equations (2.120) 
with respect to the given coordinate system, e) represent divt, curlt and gradt, where 
t=g9, (0'" 6, 6°). 


2.19. Prove that the Laplacian of a vector-valued function ¢ (r) can be given by 
At = t,;|'. Specify this identity for Cartesian coordinates. 


2.20. Write out the Laplacian A@ ofa scalar field ® (r) in cylindrical and spherical 
coordinates (2.17) and (2.219), respectively. 


2.21. Write out the Laplacian of a vector field ¢ (r) in component form in an arbitrary 
curvilinear coordinate system. Specify the result for spherical coordinates (2.219). 


Chapter 3 ®) 
Curves and Surfaces ectics 
in Three-Dimensional Euclidean Space 


3.1 Curves in Three-Dimensional Euclidean Space 


A curve in three-dimensional space is defined by a vector function 


r=r(t), reE’, (3.1) 


where the real variable t belongs to some interval: t; < t < t2. Henceforth, we assume 
that the function r (f) is sufficiently differentiable and 


— £0 (3.2) 
over the whole definition domain. Specifying an arbitrary coordinate system (2.16) 
7 CaO, t= 12,3, (3.3) 
the curve (3.1) can alternatively be defined by 


=O (t), i=1,2,3. (3.4) 


Example 3.1. Straight line. A straight line can be defined by 


r(t)=a+bt, a,beE. (3.5) 


With respect to linear coordinates related to a basis H = {h,, hz, hz} it is equivalent 
to 
ri(t)=a'+b't, i=1,2,3, (3.6) 


where r = r'h;, a = ah; and b = bih;. 
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Fig. 3.1 Circular helix 


Example 3.2. Circular helix. The circular helix (Fig. 3.1) is defined by 


r (t) = Roos (t)e; + Rsin(t)e2 + ctez3, c #0, (3.7) 


where e; (i = 1,2,3) form an orthonormal basis in E?. For the definition of the 
circular helix the cylindrical coordinates (2.17) appear to be very suitable. Indeed, 
alternatively to (3.7) we can write 


r=R, p=t, z=ct. (3.8) 


In the previous chapter we defined tangent vectors to the coordinate lines. By 
analogy one can also define a vector tangent to the curve (3.1) as 


_ dr 


=—, 3.9 
9; dt (3.9) 


It is advantageous to parametrize the curve (3.1) in terms of the so-called arc length. 
To this end, we first calculate the length of a curve segment between the points 
corresponding to parameters f; and f as 


r(t) 
s(t)= / Vdr-dr. (3.10) 


r(t)) 


With the aid of (3.9) we can write dr = g,dt and consequently 
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t t t 
si= f varaiat = | \91I a= f gu (#)dé. (3.11) 
q 


ty t 


Using this equation and keeping in mind assumption (3.2) we have 


d 
S = Jon © £0. (3.12) 


dt 


This implies that the function s = s (ft) is invertible and 


S nae RY dg 
t(s)= | 9: || a= f i (3.13) 
s(t) sin) V It (8) 


Thus, the curve (3.1) can be redefined in terms of the arc length s as 
r=r(t(s))=r(s). (3.14) 
In analogy with (3.9) one defines the vector tangent to the curve r (s) (3.14) as 


dr drdt I; 


a= = = 3.15 
= as — aids ~ Ja] ae 
being a unit vector: ||a,|| = 1. Differentiation of this vector with respect to s further 
yields 
da, a r 
a4,,;= —=—. 3.16 
rs "ds ds? ae 


It can be shown that the tangent vector a; is orthogonal to a;,,; provided the latter 
one is not zero. Indeed, differentiating the identity a, - a, = 1 with respect to s we 
have 

a,-a,,,= 0. (3.17) 


The length of the vector a1,; 
x (S) = |la1,5 || (3.18) 


plays an important role in the theory of curves and is called curvature. The inverse 
value 
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is referred to as the radius of curvature of the curve at the point r (s). Henceforth, 
we focus on curves with non-zero curvature. The case of zero curvature corresponds 
to a straight line (see Exercise 3.1) and is trivial. 

Next, we define the unit vector in the direction of a,,, 


Qiss ie Q\,5 


ay (3.20) 


Ilai.s || (8) 


called the principal normal vector to the curve. The orthogonal vectors a; and az can 
further be completed to an orthonormal basis in E* by the vector 


a3, =a, X a (3.21) 
called the unit binormal vector. The triplet of vectors a), az and az is referred to as 
the moving trihedron of the curve. 

In order to study the rotation of the trihedron along the curve we again consider 
the arc length s as a coordinate. In this case, we can write similarly to (2.80) 


Gj,;=Tea,, i=1,2,3, (3.22) 


where ihe = Q;,5 ax (i,k = 1, 2,3). From (3.17), (3.20) and (3.21) we immediately 
observe that T° Fe = xandT}, = re. = 0. Further, differentiating the identities 


a3-a3,= 1, a,:-a3=0 (3.23) 
with respect to s yields 
a3 + A3,5 = 0, Q1,5:°A3 + a -a3,5= 0. (3.24) 
Taking into account (3.20) this results in the following identity 
) - 3,5 = —,, -€3 = —xa,- a3, =0. (3.25) 


Relations (3.24) and (3.25) suggest that 


43,5 = —T (8) a2, (3.26) 
where the function 

T (S) = —43,5 Az (3.27) 
is called torsion of the curve at the point r(s). Thus, [ e = —7 and i = re. = 0. 
The sign of the torsion (3.27) has a geometric meaning and remains unaffected by 
the change of the positive sense of the curve, i.e. by the transformation s = —s’ (see 


Exercise 3.2). Accordingly, one distinguishes right-handed curves with a positive 
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torsion and left-handed curves with a negative torsion. In the case of zero torsion the 
curve is referred to as a plane curve. 

Finally, differentiating the identities 


a.-a,=0, @):a.=1, a.:a,=0 


with respect to s and using (3.20) and (3.27) we get 


2,5 °A| = —A2 + A),5 = —HA2 + a2 = —H, (3.28) 
@2-A7,;=0, 2,5 -€3 = —A2 + 43,5 =T, (3.29) 
so that}. = —x,T a = Oand re = T. Summarizing the above results we can write 
0 «0 
[ri] =|-x Or (3.30) 
0 —T 0 
and 
Ai,5= a2, 
a2,5 = —Ha, +743, (3.31) 
43,5 > —Ta2. 


Relations (3.31) are known as the Frenet formulas. 


A useful illustration of the Frenet formulas can be gained with the aid of a skew- 
symmetric tensor. To this end, we consider the rotation of the moving trihedron from 
some initial position at so to the actual state at s. This rotation can be described by 
an orthogonal tensor Q (s) as (Fig. 3.2) 


a; (s) = Q(s)a; (so), i= 1,2,3. (3.32) 


Fig. 3.2. Rotation of the 
moving trihedron 
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Differentiating this relation with respect to s yields 
Qiss (s) =Q,, (8) a; (So) ; i = 1,2,3. (3.33) 


Mapping both sides of (3.32) by QT (s) and inserting the result into (3.33) we further 
obtain 


Aj,s (8) =Qys (s)Q™ (sai (s), i= 1,2,3. (3.34) 
Differentiating the identity (1.139) Q(s)Q™(s) =I with respect to s we have 
Q,, (s) QT (s) + Q(s) Q',, (s) =0, which implies that the tensor W 
(s) = Q,; (s) QT (s) is skew-symmetric. Hence, Eq. (3.34) can be rewritten as (see 
also [3]) 
a;,;(s) = W(s)a;(s), WeSkew’, i =1,2,3, (3.35) 
where according to (3.31) 


W (s) = 7 (5) (€3 ® Az — Ap © A3) + %(S) (€2 @ a, — | Oy). (3.36) 


By virtue of (1.140) and (1.141) or alternatively by (1.163) we further obtain 


W = 74, + a3 (3.37) 
and consequently 
4j,;=daxa;=da;, i=1,2,3, (3.38) 
where 
d=Ta,+ xa; (3.39) 


is referred to as the Darboux vector. 


Example 3.3. Curvature, torsion, moving trihedron and Darboux vector for a cir- 
cular helix. Inserting (3.7) into (3.9) delivers 


dr 
Q= 7 = —Rsin(t)e, + Rcos(t) eo + ces, (3.40) 
so that 
G1 =59,° = R? +c? =const. (3.41) 


Thus, using (3.13) we may set 


AY 


(3.42) 
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Using this result, the circular helix (3.7) can be parametrized in terms of the arc 
length s by 


r(s) = Rcos ( e3. (3.43) 


S AY cs 
————. Je, + Rsin | —— ] 2. + —— 
aed) Ga R? +? 


With the aid of (3.15) we further write 


dr 1 
R sin 
ds jee (Ta 


ay= = ) al 
+ Rcos (= :) @o+ ce : (3.44) 
JR? + c2 

val (sara)t(Fepa)e]| oH 

a1,; = —~— | cos | ———— } e; + sin | ———— _ Jeo]. : 

R42 VR +c) VR +c)" 
According to (3.18) the curvature of the helix is thus 

= z (3.46) 

R24 2" , 


By virtue of (3.20), (3.21) and (3.27) we have 


Qi,s Ss : Ss 
ay = = — cos e sin e2, (3.47) 
a (ex3) ae ° 


1 ; Ss 
JRE +2 sin (aexs) i 


a3 =a, Xan = 


S 
Cc COSs (=) eo + Re : (3.48) 
Cc Ss a KY (3.49) 
5= = | cos | ———— sin | ———— Je], : 
S98 RE Gt Vee VP pe)” 
= (3.50) 
R240?" 


It is seen that the circular helix is right-handed for c > 0, left-handed for c < 0 and 
becomes a circle for c = 0. For the Darboux vector (3.39) we finally obtain 


1 
d= Ta, + a3 = jae (3.51) 
Cc 
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3.2 Surfaces in Three-Dimensional Euclidean Space 


A surface in three-dimensional Euclidean space is defined by a vector function 


r=r(t',?), reek’, (3.52) 


of two real variables t! and t? referred to as Gauss coordinates. With the aid of the 
coordinate system (3.3) one can alternatively write 


Pete). 1212.4 (3.53) 


In the following, we assume that the function r Ce", i) is sufficiently differentiable 
with respect to both arguments and 


dr 
dr@ 


#0, a=1,2 (3.54) 


over the whole definition domain. 


Example 3.4. Plane. Let us consider three linearly independent vectors x; (i = 0, 
1, 2) specifying three points in three-dimensional space. The plane going through 
these points can be defined by 


r(t',t?) =xo +t! (x1 — x0) +P (42 — Xo). (3.55) 
Example 3.5. Cylinder. A cylinder of radius R with the axis parallel to e3 is defined 


by 
ref) = Rcost'e; + Rsint!e + tes, (3.56) 


where e; (i = 1, 2,3) again form an orthonormal basis in E*. With the aid of the 
cylindrical coordinates (2.17) we can alternatively write 


g=t', z=, r=R. (3.57) 


Example 3.6. Sphere. A sphere of radius R with the center at r = 0 is defined by 
r (e*; rt”) = Rsint! sin te, + Roos ter + Roost! sin tes, (3.58) 


or by means of spherical coordinates (2.219) as 


GaP. Gar, Fak, (3.59) 
Using a parametric representation (see, e.g., [29]) 


fear@O, f="@ (3.60) 
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Fig. 3.3. Coordinate lines on 
the surface, normal section 
and tangent vectors 


normal 
section 


normal plane 


one defines a curve on the surface (3.52). In particular, the curves t! = const and 
t? = const are called t* and t! coordinate lines, respectively (Fig. 3.3). The vector 
tangent to the curve (3.60) can be expressed by 


dr Ordt! Or dt? dt! dt? 


ae aigee = 3.61 
oa oa ea a Oa oe) 
where 
OF 1,2 (3.62) 
= 77, =P .a: = 1, . 
Ga Ore ’ a 


represent tangent vectors to the coordinate lines. For the length of an infinitesimal 
element of the curve (3.60) we thus write 


(ds)* = dr - dr = (g,dt) - (g,dt) = (g,dt' + godt) - (g,dt' + godt”). (3.63) 
With the aid of the abbreviation 
Jo3 = Iba = Go G3, % 8 =1,2, (3.64) 
it delivers the quadratic form 
(ds)? = gui (dt!)° + 2giadt!de? + goo (dt?)” (3.65) 
referred to as the first fundamental form of the surface. The latter result can briefly 
be written as 
(ds)* = gagdt“dt”, (3.66) 
where and henceforth within this chapter the summation convention is implied for 


repeated Greek indices taking the values from | to 2. Similarly to the metric coeffi- 
cients (1.93), > in n-dimensional Euclidean space g,g (3.64) describe the metric on 
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a surface. Generally, the metric described by a differential quadratic form like (3.66) 
is referred to as Riemannian metric. 
The tangent vectors (3.62) can be completed to a basis in E> by the unit vector 


91 X G2 


3 = (3.67) 
lo xX G2 | 


g 


called principal normal vector to the surface. 

In the following, we focus on a special class of surface curves called normal sec- 
tions. These are curves passing through a point of the surface r ae 1”) and obtained 
by intersection of this surface with a plane involving the principal normal vector. 
Such a plane is referred to as the normal plane. 

In order to study curvature properties of normal sections we first express the 
derivatives of the basis vectors g; (i = 1, 2, 3) with respect to the surface coordinates. 
Using the formalism of Christoffel symbols we can write 


Og: 
Gira = an “Tag alge. P2125, (3.68) 
where 
lee =Grade. TL =tewd, t= 12,3... a= 1,2 (3.69) 


Taking into account the identity g, = g* resulting from (3.67) we immediately ob- 
serve that 
Pees. ¢=1,2:3, aai,%. (3.70) 


1a? 


Differentiating the relations 


9o°93=9, 93°93=1 (3.71) 
with respect to the Gauss coordinates we further obtain 
GaB°93 = —Ga’G3>8> YJ3,a g = 0, Qa, B = 1; 2 (3.72) 


and consequently 


r3,=-Dsg, 13,=0, a,f8=1,2. (3.73) 
Using in (3.68) the abbreviation 


bag = bea S ee = —T3a8 = Ga-8°93 = —Ga’' G38, B = i 2; (3.74) 
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we atrive at the relations 
Iup= 4 49 p +bosg3, a,8=1,2 (3.75) 
called the Gauss formulas. 
Similarly to a coordinate system one can notionally define the covariant derivative 


also on the surface. To this end, relations (2.97), (2.99) and (2.100) are specified to 
the two-dimensional space in a straight forward manner as 


f"\a= fsa sey Tes fals= fa»s — fol op: (3.76) 
FS |= FF, +P Te + FMLE , Fagly= Fopsy —Fopl2, — FaplS,, 
Fo y= Fog. +Ple, —FArs,, 0, 8,7 = 1,2. (3.77) 


Thereby, with the aid of (3.76)2 the Gauss formulas (3.75) can alternatively be given 
by (cf. (2.102)) 
Gals= bogg3, a, 8 = 1,2. (3.78) 


Further, we can write 
b? = Dayg” = —Vropg? =F 3,, a, 8 = 1,2. (3.79) 
Inserting the latter relation into (3.68) and considering (3.73), this yields the identities 


93:0 = 93la= —bapg® = —bog,, a=1,2 (3.80) 


referred to as the Weingarten formulas. Keeping (2.65); in mind we conclude 
that b* (p, a = 1, 2) represent components of a second order tensor in the two- 
dimensional space 

b = —gradg, (3.81) 


called curvature tensor. 

Now, we are in a position to express the curvature of a normal section. It is called 
normal curvature and denoted in the following by x,. At first, we observe that the 
principal normals of the surface and of the normal section coincide in the sense 
that az = +q3. Using (3.13), (3.28), (3.61), (3.72); and (3.74) and assuming for the 
moment that a2 = g3 we get 


_ _ Ge ( =) 9 91 
My = —42,5°A, = 935s - = 93st d e = 9351 7 
I. s} |g. al 


dr“ dr! =) dedi? pe 
= (930) -(965) bol? = bas oS Nl. 
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By virtue of (3.63) and (3.66) this leads to the following result 


bogdt°dt? (3.82) 
An = ——— , é 
Jog dt dt? 
where the quadratic form ; 
bagdt*dt® = —dr - dg, (3.83) 
is referred to as the second fundamental form of the surface. In the case az = —g, 


the sign of the expression for 2, (3.82) must be changed. Instead of that, we assume 
that the normal curvature can, in contrast to the curvature of space curves (3.18), 
be negative. However, the sign of x, (3.82) has no geometrical meaning. Indeed, it 
depends on the orientation of g3 with respect to a2 which is immaterial. For example, 
g3 changes the sign in coordinate transformations like 7! = t*, #7 = t!. 

Of special interest is the dependence of the normal curvature 2, on the direction 
of the normal section. For example, for the normal sections passing through the 
coordinate lines we have 
di br 


Hn| P=const = > Hnltlaconst = 
ful 


(3.84) 
922 


In the following, we are going to find the directions of the maximal and minimal 
curvature. Necessary conditions for the extremum of the normal curvature (3.82) are 
given by 


ei 1,2 (3.85) 
I > az A 3 2 
Ore 
Rewriting (3.82) as 
(bag = Hn Joss) dr“dt? =0 (3.86) 


and differentiating with respect to f° we obtain 
(bop — %ngap) dt? =0, a=1,2 (3.87) 


by keeping (3.85) in mind. Multiplying both sides of this equation system by g°? 
and summing up over a we have with the aid of (3.79) 


(b), — 25%) dt? =0, p= 1,2. (3.88) 
A nontrivial solution of this homogeneous equation system exists if and only if 


1 1 
by — %, b; 


= 0. 3.89 
Baas ey 
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Writing out the above determinant we can also write 
x, — bo x, + |b3| = 0. (3.90) 


The maximal and minimal curvatures x, and x2 resulting from this quadratic equa- 
tion are called the principal curvatures. One can show that directions of principal 
curvatures are mutually orthogonal (see Theorem 4.5, Sect. 4). These directions are 
called principal directions of normal curvature or curvature directions (see also [29]). 

According to the Vieta theorem the product of principal curvatures can be 


expressed by 
b 


K = x2 = |bG| = a? (3.91) 
g 
where 
_ |e Bae) 2 
b = |boa| = = by by — (b12)" (3.92) 
boi ba. 
gu gi2 0 
7 = [919293] =| 921 922 0) = guige — (g12)”- (3.93) 
0 01 
For the arithmetic mean of the principal curvatures we further obtain 
H ; (41 + #2) b? (3.94) 
=~ (4% + 2%) = —D%. . 
ids, 


The values K (3.91) and H (3.94) do not depend on the direction of the normal 
section and are called the Gaussian and mean curvatures, respectively. In terms of K 
and H the solutions of the quadratic equation (3.90) can simply be given by 


wm2=H+VH?-K. (3.95) 


One recognizes that the sign of the Gaussian curvature K (3.91) is defined by the 
sign of b (3.92). For positive b both 2; and 2 are positive or negative so that x, has 
the same sign for all directions of the normal sections at r (', t’). In other words, 
the orientation of az with respect to g3 remains constant. Such a point of the surface 
is called elliptic. 

For b < 0, principal curvatures are of different signs so that different normal 
sections are characterized by different orientations of az with respect to g,. There 
are two directions of the normal sections with zero curvature. Such normal sections 
are referred to as asymptotic directions. The corresponding point of the surface is 
called hyperbolic or saddle point. 

In the intermediate case b = 0, x, does not change sign. There is only one asymp- 
totic direction which coincides with one of the principal directions (of x; or x2). 
The corresponding point of the surface is called parabolic point. 
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Fig. 3.4 Torus 3 


Example 3.7. Torus. A torus is a surface obtained by rotating a circle about a coplanar 
axis (see Fig. 3.4). Additionally we assume that the rotation axis lies outside of the 
circle. Accordingly, the torus can be defined by 

r (¢', t’) = (Ro + Rcos 1°) cos tle; 

+ (Ro + Ros 1’) sin tle, + Rsint’e3, (3.96) 
where R is the radius of the circle and Ro > R is the distance between its center and 
the rotation axis. By means of (3.62) and (3.67) we obtain 

g, = — (Ro + Roost’) sint'e; + (Ro + Rost’) cost'eo, 
92 = —Rcos t' sin te — Rsint! sin te> + Rcos Pex, 


g3 = COs t! cos a + sin t! cos te, + sin 17e3. (3.97) 
Thus, the coefficients (3.64) of the first fundamental form (3.65) are given by 
2 
gi =(Ro+ Roost”), gix=0, goo = R. (3.98) 
In order to express coefficients (3.74) of the second fundamental form (3.83) and 
Christoffel symbols (3.69) we first calculate derivatives of the tangent vectors 


G97)1.2 


Jpn.1=7 (Ro + Rcos 1’) cos tle; - (Ro + Rcos i) sint!e, 
91.2=9..1= Rsin t! sin te; — Roost! sin (eo, 


9.2 = —Reost'cost?e; — Rsint! cost7e) — Rsint’e3. (3.99) 


Inserting these expressions as well as (3.97)3 into (3.74) we obtain 
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by = (Ro + Rcos -) cost?, bi =by =0, bo =—R. (3.100) 


The Christoffel symbols (3.69) result to 


_ 0 —R (Ro + Rost”) sini? 
[Pasi] ~ eg (Ro + Rcos 1’) sin t7 0 
2) cin 72 
[Fon] _ ke (Ro + a ) sint °| (3.101) 


0 —_ Bain eee 
Pale *|.raj=[4 = ) sin a 


Ro+R cos t? 


(3.102) 


In view of (3.79) and (3.98) bt -_ b} = 0. Thus, the solution of the equation system 
(3.89) delivers 


b cos t2 b 
m=bi= = , y= Ba = RI, (3.103) 
gu Ro + Rcos t? 922 


Comparing this result with (3.84) we see that the coordinate lines of the torus (3.96) 
coincide with the principal directions of the normal curvature. Hence, by (3.91) 


cos 1? 


K= = . 
fe R (Ro + Rcos 1?) 


(3.104) 


Thus, points of the torus for which —1/2 < t? < 1/2 are elliptic while points for 
which 1/2 < t? < 37/2 are hyperbolic. Points of the coordinates lines 7 = —71/2 
and t? = 7/2 are parabolic. 


3.3. Application to Shell Theory 


Geometry of the shell continuum. Let us consider a surface in the three-dimensional 
Euclidean space defined by (3.52) as 


r=r(',?), reE (3.105) 


and bounded by a closed curve C (Fig. 3.5). The shell continuum can then be de- 
scribed by a vector function 


Pear (e’.¢.7) =r (ee) +a5F, (3.106) 


88 3 Curves and Surfaces in Three-Dimensional Euclidean Space 


middle surface 


t?-line 


t?-line 


boundary 
curve C' 


Fig. 3.5 Geometry of the shell continuum 


where the unit vector g; is defined by (3.62) and (3.67) whilezz —h/2 < Pp <h /2. 
The surface (3.105) is referred to as the middle surface of the shell. The thickness 
of the shell 4 is assumed to be small in comparison to its other dimensions as for 
example the minimal curvature radius of the middle surface. 

Every fixed value of the thickness coordinate f* defines a surface r* (t!, t7) whose 
geometrical variables are obtained according to (1.39), (3.62), (3.64), (3.79), (3.80), 
(3.91), (3.94) and (3.106) as follows. 


T= =GotPG3.0= (R-— 0b) g,, a=1,2, (3.107) 
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Fig. 3.6 Force variables 
related to the middle surface 
of the shell 


p 


2 GXG _ 
® Toi x 93] 


2 
G3 = 92° G3 = Gas — 20° bag + (0°) 
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f°? + At?) 


m?(t? + At?) 


m}'(t! + At*) 


fi (8 + At) 


r*.3= 93, (3.108) 


Dapbfy, a, 8 = 1,2, (3.109) 


9g = [gi 9393] = [(6f — Pd?) 9, (5 — 7°03) 9,93] 
= (61 — 0b!) (5 — 0353) gens = g |65 — 75 | 


=g[1- 28H +(P)' x]. (3.110) 
The factor in brackets in the latter expression 
_f 3 3)2 
w= —=1-2PH+(0) K (3.111) 
g 


is called the shell shifter. 


Internal force variables. Let us consider an 


element of the shell continuum (see 


Fig. 3.6) bounded by the coordinate lines t° and r* + At® (a = 1, 2). One defines 


the force vector f° and the couple vector m° 


shell, respectively, by 


h/2 

f= / pog dt’, 
—h/2 
h/2 


m* = i 1 (gst*) x (ag**) dt? = gy 
—h/2 


relative to the middle surface of the 


h/2 


x i pu (og*’) Pade’, (3.112) 


—h/2 
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where a = 1, 2 and o denotes the Cauchy stress tensor on the boundary surface A“ 
spanned on the coordinate lines f° and t? (3 4 a). The unit normal to this boundary 
surface is given by 


OL *O 2 


@) _ 9 _ g _ g eee 7 
=e — g°, B6Aa=1,2, (3.113) 
igh Vom [ae 
OQ, ak 


where we keep in mind that g*° - g% = g*° - g, = 0 and (see Exercise 3.10) 


93a 
=>, B#a=1,2. (3.114) 


*UO 


Applying the Cauchy theorem (1.77) and bearing (3.111) in mind we obtain 


h/2 h/2 
fi=g' i Grgtdt?, m° =g"'g; x i opt dr, (3.115) 
—h/2 —h/2 


where again 6 4 a = 1,2 and ¢ denotes the Cauchy stress vector. The force and 
couple resulting on the whole boundary surface can thus be expressed respectively 
by 


+a? h/2 Peat? 
[wae = } J a gat di? = i gf dt’, (3.116) 
A 10 —h/2 18 
t+ Ar? h/2 
| ile | | (r + gst?) x ty/ghydr° ae? 
Ala) 12 —h/2 
t4Ar8 h/2 to4are h/2 
= eS 3440 * 434434,8 
= / rx fit G3gdt dt” + / asx ft Gagt dt dt 
18 —h/2 10 —h/2 
tO4Ar? 
= g(r x f*+m)dt?, B#a=1,2, (3.117) 


13 


where we make use of the relation 
dam apt go edirde = fg, did, GP Aa= 1,2 (3.118) 


following immediately from (2.109) and (3.114). 
The force and couple vectors (3.112) are usually represented with respect to the 
basis related to the middle surface as (see also [1]) 
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f° = f° ga+a°g3, m° = mgs x gg = 9 e36pm"g’. (3.119) 


In shell theory, their components are denoted as follows. 


f ap _ components of the stress resultant tensor, 
q®* -components of the transverse shear stress vector, 


m° - components of the moment tensor. 


External force variables. One defines the load force vector and the load moment 
vector related to a unit area of the middle surface, respectively by 


p=p'g;, c=c’g;xg,. (3.120) 


The load moment vector ¢ is thus assumed to be tangential to the middle surface. 
The resulting force and couple can be expressed respectively by 
?P+Ar tar! P+Ar? t+ar! 
pgat' dr’, - i egdt' dt’, (3.121) 


2 a 2 i 


keeping in mind that in view of (2.109) the area element of the middle surface is 
given by dA® = gdt!di?. 


Equilibrium conditions. Taking (3.116) and (3.121), into account the force equi- 
librium condition of the shell element can be expressed as 


ay thar? 
> / [g (t* + At?) f* (° + At?) — g t%) f° (t°)] de? 
a,p=1 fg 
aXxzB s 


?+Ar t!+Ar! 
+f J pgattar =o. (3.122) 


tl 
Rewriting the first integral in (3.122) we further obtain 


?+Ar? t!+ar! 
[gf . +gp] dt'de? = 0. (3.123) 


f* t! 


Since the latter condition holds for all shell elements we infer that 


(Gf) 0 +9p = 9, (3.124) 
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which leads by virtue of (2.111) and (3.73). to 
fla +p = 9, (3.125) 
where the covariant derivative is formally applied to the vectors f° according to 
(3.76),. 
In a similar fashion we can treat the moment equilibrium. In this case, we utilize 
(3.117) and (3.121) and thus obtain instead of (3.124) the following condition 
[g(m° +r x f%].at+gr x ptgce=0. (3.126) 
With the aid of (3.62) and keeping (3.125) in mind, it finally delivers 
m|,+g, x fi te=0. (3.127) 
In order to rewrite the equilibrium conditions (3.125) and (3.127) in component 
form we further utilize representations (3.119), (3.120) and apply the product rule of 


differentiation for the covariant derivative (see, e.g., (2.105—2.107), Exercise 3.11). 
By virtue of (3.78) and (3.80) it delivers (see also Exercise 3.12) 


(f°? la —bEg" + P°) 9p + (f° bas + 9" la +P*) 93 = 9, oe 
("lq —g" +0") 93 X 9p +9 Cass f°'gs = 0 (3.129) 


with a new variable 7 
FES PE Lem, oy P= 1,2 (3.130) 


called pseudo-stress resultant. Keeping in mind that the vectors g; (i = 1, 2, 3) are 
linearly independent we thus obtain the following scalar force equilibrium conditions 


fo? ly —boq* + p? =0, p=1,2, (3.131) 
bop f+ 94%la +p’ = 0 (3.132) 
and moment equilibrium conditions 
m¥|,—q?+c?=0, p=1,2, (3.133) 
f° = fP , a, B=1,2, aX B. (3.134) 


With the aid of (3.130) one can finally eliminate the components of the stress resultant 
tensor f°” from (3.131) and (3.132). This leads to the following equation system 


fo? lq — (bom) |q —b2q% + p? =0, p=1,2, (3.135) 
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bog f0) — bagb3m™® + q°lq +p? = 0, (3.136) 
m*?|, —q? +c? =0, p=1,2, (3.137) 


where the latter relation is repeated from (3.133) for completeness. 


Example 3.8. Equilibrium equations of plate theory. In this case, the middle surface 
of the shell is a plane (3.55) for which 


bog =b% =0, a, 8 =1,2. (3.138) 


Thus, the equilibrium equations (3.135—3.137) simplify to 


fsa +p? =90, p=1,2, (3.139) 
q*.a+p’ =0, (3.140) 
ma =y be =0;. p= 1,2, (3.141) 


where in view of (3.130) and (3.134) Fiea = F Asta (aA B=1,2). 


Example 3.9. Equilibrium equations of membrane theory. The membrane theory 
assumes that the shell is moment free so that 


m’=0, c®=0, a,8=1,2. (3.142) 


In this case, the equilibrium equations (3.135—3.137) reduce to 


i lete’ =0, p= l,2, (3.143) 
baa fe’ + p? =0, (3.144) 
qg’=0, p=1,2, (3.145) 


where again f°? = f°" (a #6 =1, 2). 


Example 3.10. Thin membranes under hydrostatic pressure: Laplace law. In the 
case of hydrostatic pressure loading p! = p? = 0, p* = p the equilibrium equations 
(3.143) and (3.144) can be simplified by 


f%la=0, p=1,2, be fs + p=. (3.146) 


Choosing further the Gauss coordinates along the principal directions of normal 
curvature such that 


[b3] = ki lF (3.147) 


0 w 
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the last equation (3.146) can be rewritten as 
my fp +omfe +p =0. (3.148) 


For thin membranes the force variables f‘ (a = 1, 2) in (3.148) can simply be ex- 
pressed in terms of the physical stress components o™ = t - n©, To this end, we 
utilize (3.115) and assume that all the shell continuum variables (specified by aster- 
isk) are constant over the membrane thickness and can be calculated at the middle 
surface. Accordingly, (3.115) becomes 


f° =g ht / Gap, BAa= 1,2. 


Multiplying scalarly both sides of this vector equation by n™ (3.113) and taking 
(3.118) into account we further get 


f (foe) =«! g ' /Gaah, BAa=1,2. 


Since g'? = g*! = 0 for the normal curvature coordinates, we can write in view of 


(3.114) 
Qa aa 9Bp 
g9 =9 Ne oe BAa=1,2, 


which further yields 
oh fo, aie 1,2; (3.149) 


where f° = f° -g, (a = 1, 2). Inserting this result into (3.148) we finally obtain 
the equation 


10) + sy9® 4 7 =% (3.150) 
referred to as the Laplace law. In the special case of a spherical surface with x, = 
ny = -4 this equation yields the well-known result 

R 
ag? =p, 3151 
o o Pop, (3.151) 


Example 3.11. Toroidal membrane under internal pressure. We consider a thin wall 
vessel of the torus form subject to the internal pressure p. Due to the rotational 
symmetry of the structure and loading with respect to x°-axis (see Fig. 3.7) f!? = 0 
and all derivatives with respect to t! disappear. Thus, in view of (3.77), and (3.102) 
the first balance equation (3.146) (o = 1) is identically satisfied. The second (p = 2) 
and the third one can be written out by using (3.77);, (3.100) and (3.102) as 
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Ry + Reost? 


Fig. 3.7 Equilibrium of the torus segment under the internal pressure and the wall stresses 


Rsint? Ro 
22 22 Wl 2\ an 42 
+ —+cost* } sint“ = 0, 
a7f Ro + Ros t? f (3 ) 

— f'' (Ro + Roost?) cost? — Rf” + p=0. (3.152) 


Expressing f?? from the last equation (3.152) as 
22 uu ( Ro 2 2, P 
f° =-f RT sost cost +3 (3.153) 
and inserting into the first one we obtain 


R R 
—f3' (+ + cos r) cost? +2 f1! (= + cos?) sin t? 


+2f" sins? cost? — p an | (3.154) 
Ro + Reost? 


Multiplying both side of this equation by —R (Ro + Rcos t*) cos t* and taking the 
identity 
2 
fi =f" gu+ f? ga =f"! (Ro + Roost’) (3.155) 


into account yield 
(fr cos? ae = —pRsint? cos??. (3.156) 


The solution of this differential equation can be represented by 


1 
fi cos? t? = 5PR cos??? +C, (3.157) 
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where C denotes an integration constant. In order to avoid singularity of this solution 
at t? = 1/2 we set C = 0. Thus, by (3.155) 
pR 


: (3.158) 
2 (Ro + Rcos 12)” 


1 
a ga ii 


By virtue of (3.153) and (3.98) it yields 


2 p21 mm _ pR2Ro + Reost? » _ P 2Ro + Rost? 
f= PF gat Fg = 2 Ro+Rcost2’ f= 2R Ro + Rcost? - 
(3.159) 
Thus, in view of (3.149) the physical stress components in the wall of the toroidal 


vessel take the from 


5) =p 4a — PR2Ro + Roos - 
—_ Pp ? Oo — ? 
2h 2h Ro + Rcost? 


(3.160) 


where / denotes the thickness of the vessel wall assumed to be small in comparison 
to R. 

Alternatively, the hoop stress 7) can be expressed on the basis of the equilibrium 
condition (see also [15]) for a part of the vessel cut out by a vertical cylinder of radius 
Ro and a conical surface specified in Fig. 3.7 by a dashed line. The force equilibrium 
condition of this part can be written for the vertical direction by 


Tp [ (Ro + Rcos a _ 5] — oP h2r (Ro + Rcos i) cost? = 0, (3.161) 


which immediately leads to (3.160)2. Applying further the Laplace law (3.150) where 
the principal curvatures are given by (3.103) we finally obtain (3.160). 


Exercises 


3.1. Show that a curve r (s) is a straight line if x (s) = 0 for any s. 


3.2. Show that the curves r (s) and r’ (s) = r (—s) have the same curvature and 
torsion. 


3.3. Show that a curve r (s) characterized by zero torsion T (s) = O for any s lies in 
a plane. 


3.4. Evaluate the Christoffel symbols of the second kind, the coefficients of the first 
and second fundamental forms, the Gaussian and mean curvatures for the cylinder 
(3.56). 
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3.5. Evaluate the Christoffel symbols of the second kind, the coefficients of the first 
and second fundamental forms, the Gaussian and mean curvatures for the sphere 
(3.58). 


3.6. For the so-called hyperbolic paraboloidal surface defined by 


tr? 
r(t!,t?) =t'e; +e, + —e3, c>0, (3.162) 
Cc 


evaluate the tangent vectors to the coordinate lines, the Christoffel symbols of the 
second kind, the coefficients of the first and second fundamental forms, the Gaussian 
and mean curvatures. 


3.7. For a cone of revolution defined by 
r (z', t) = ct’ cost'e, + ct? sint!e: + 17e3, c #0, (3.163) 


evaluate the vectors tangent to the coordinate lines, the Christoffel symbols of the 
second kind, the coefficients of the first and second fundamental forms, the Gaussian 
and mean curvatures. 


3.8. An elliptic torus is obtained by revolution of an ellipse about a coplanar axis. 
The rotation axis is also parallel to one of the ellipse axes the lengths of which are 
denoted by 2a and 2D. The elliptic torus can thus be defined by 


rir, e) = (Rp + acos r) cos t'e; + (Ro +.acos -) sin tle) + bsint’e3. 
(3.164) 
Evaluate the vectors tangent to the coordinate lines, the Christoffel symbols of the 
second kind, the coefficients of the first and second fundamental forms, the Gaussian 
and mean curvatures. 


3.9. Using the results of Exercise 3.8 calculate stresses in a thin wall vessel of the 
elliptic torus form (3.164) subject to the internal pressure p. 


3.10. Verify relation (3.114). 


3.11. Prove the product rule of differentiation for the covariant derivative of the 
vector f® (3.119); by using (3.76) and (3.77). 


3.12. Derive relations (3.128) and (3.129) from (3.125) and (3.127) utilizing (3.78), 
(3.80), (3.119), (3.120) and (2.105—2.107). 


3.13. Write out equilibrium equations (3.143—3.144) of the membrane theory for a 
cylindrical shell and a spherical shell. 


Chapter 4 M®) 
Eigenvalue Problem and Spectral creek 
Decomposition of Second-Order Tensors 


4.1 Complexification 


So far we have considered solely real vectors and real vector spaces. For the purposes 
of this chapter an introduction of complex vectors is, however, necessary. Indeed, in 
the following we will see that the existence of a solution of an eigenvalue problem 
even for real second-order tensors can be guaranteed only within a complex vector 
space. In order to define the complex vector space let us consider ordered pairs (x, y) 
of real vectors x and y € E”. The sum of two such pairs is defined by [18] 


(x1, yy) + (x2, yo) = (x1 + x2, y) + Yo). (4.1) 


Further, we define the product of a pair (x, y) by a complex number a + if by 


(a + if) (x, y) = (ax — By, Bx + ay), (4.2) 


where a, 3 € R and i= /—1. These formulas can easily be recovered assuming 
that 
(x,y) =x-+iy. (4.3) 


The definitions (4.1) and (4.2) enriched by the zero pair (0, 0) are sufficient to ensure 
that the axioms (A.1—A.4) and (B.1—B.4) of Chap. | are valid. Thus, the set of all pairs 
Z = (x, y) characterized by the above properties forms a vector space referred to as 
complex vector space. Every basisG = { G1>Go5---> In | of the underlying Euclidean 
space E” represents simultaneously a basis of the corresponding complexified space. 
Indeed, for every complex vector within this space 


z=x+iy, (4.4) 


where x, y € E” and consequently 
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¥=x'G;, Y=Y'Gi (4.5) 


we can write 
z= (x' +iy') gj. (4.6) 


Thus, the dimension of the complexified space coincides with the dimension of the 
original real vector space. Using this fact we will denote the complex vector space 
based on E” by C”. Clearly, E” represents a subspace of C”. 

For every vector z € C” given by (4.4) one defines a complex conjugate counter- 
part by 


Z=x-ly. (4.7) 


Of special interest is the scalar product of two complex vectors, say z;} = x; + iy, 
and Z2 = X2 + 1yy, which we define by (see also [4]) 


(x1 +iy,) - (2 +iys) =x1-¥2—y,- Yo Fi(K1-Y2 + y)- x2). (4.8) 


This scalar product is commutative (C.1), distributive (C.2) and linear in each factor 
(C.3). Thus, it differs from the classical scalar product of complex vectors given in 
terms of the complex conjugate (see, e.g., [18]). As a result, the axiom (C.4) does 
not generally hold. For instance, one can easily imagine a non-zero complex vector 
(for example e; + ie) whose scalar product with itself is zero. For complex vectors 
with the scalar product (4.8) the notions of length, orthogonality or parallelity can 
hardly be interpreted geometrically. 
However, for complex vectors the axiom (C.4) can be reformulated by 


z-z>0, z-z=0 ifandonlyif z=0. (4.9) 


Indeed, using (4.4), (4.7) and (4.8) we obtain z-Z7=x-x-+ y- y. Bearing in mind 
that the vectors x and y belong to the Euclidean space this immediately implies (4.9). 

As we learned in Chap. 1, the Euclidean space E” is characterized by the existence 
of an orthonormal basis (1.8). This can now be postulated for the complex vector 
space C” as well, because C” includes E” by the very definition. Also Theorem 1.6 
remains valid since it has been proved without making use of the property (C.4). 
Thus, we may state that for every basis in C” there exists a unique dual basis. 

The last step in the complexification of the vector space is a generalization of the 
linear mapping to complex vectors. This can be achieved by setting for every tensor 
A € Lin" 


A(x +iy) = Ax +i(Ay). (4.10) 


In a similar fashion, linear mappings can also be complexified. Complex second- 
order tensors are important for example in the context of complex eigenprojections 
to be discussed in this chapter. Let us consider pairs Z = (X, Y) of real second order 
tensors X, Y € Lin” which map complex vectors as follows 
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(X, Y) (x, y) = (Xx — Yy, Yx + Xy). (4.11) 
Linearity of this mapping requires that 


(X1, Yi) + (Ko, Yo) = (Ki + Xo, ¥i + Yo), (4.12) 
(a + iB) (X, Y) = (aX — BY, aY + BX). (4.13) 


A complex conjugate counterpart of the tensor Z = (X, Y) is defined by 


Z = (X,—-Y). (4.14) 


Accordingly, a real second-order tensor is characterized by the property A = A = 
(A, 0). 


4.2 Eigenvalue Problem, Eigenvalues and Eigenvectors 


Let A € Lin” be a second-order tensor. The equation 
Aa=)a, a#0 (4.15) 


is referred to as the eigenvalue problem of the tensor A. The non-zero vector a € C” 
satisfying this equation is called an eigenvector of A; 4 € C is called an eigenvalue 
of A. It is clear that any product of an eigenvector with any (real or complex) scalar 
is again an eigenvector. 

The eigenvalue problem (4.15) and the corresponding eigenvector a can be 
regarded as the right eigenvalue problem and the right eigenvector, respectively. 
In contrast, one can define the left eigenvalue problem by 


bA= Ab, b#0O, (4.16) 


where b € C” is the left eigenvector. In view of (1.119), every right eigenvector of A 

represents the left eigenvector of A? and vice versa. In the following, unless indicated 

otherwise, we will mean the right eigenvalue problem and the right eigenvector. 
Mapping (4.15) by A several times we obtain 


Aka= a, k=1,2,... (4.17) 


This leads to the following (spectral mapping) theorem. 


Theorem 4.1. Let \ be an eigenvalue of the tensor A and let g (A) = >~y-9 a¢A* 
be a polynomial of A. Then g (A) = jo ak X* is the eigenvalue of g (A). 
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Proof. Let a be an eigenvector of A associated with \. Then, in view of (4.17) 


g(A)a= SP iaktg = Sate = (s a) a=g(A)a. 


k=0 k=0 k=0 


In order to find the eigenvalues of the tensor A we consider the following repre- 
sentations: 
A=A'jg; 8g’, a=a'g;, b=big', (4.18) 


where G = {g1 Qos--+> Gn} and G’ = {g'. g°, Poe g"} are two arbitrary mutually 
dual bases in E” and consequently also in C”. Note that we prefer here the mixed 
variant representation of the tensor A. Inserting (4.18) into (4.15) and (4.16) further 
yields 


Aljalg; =a‘g;, A‘;big! = Abjg’, 


and therefore 
(A‘ja! — Aa") g, = 0, (A‘;bi — Adj) g! = 0. (4.19) 


Since both the vectors g; and g' (i = 1,2, ..., m) are linearly independent the asso- 


ciated scalar coefficients in (4.19) must be zero. This results in the following two 
linear homogeneous equation systems 


(Ai, — Asi) al =0, (ai = é}) by =0, 72 1,2,...50 (4.20) 


with respect to the components of the right eigenvector a and the left eigenvector b, 
respectively. A non-trivial solution of these equation systems exists if and only if 


|A‘, — Ad; | =0, (4.21) 
or equivalently 
AlL-rA AL... Al 
AY AGA 6A 
: : . . = 0, (4.22) 
A’ Ay... ANA 


where |e| denotes the determinant of a matrix. Equation (4.21) is called the charac- 
teristic equation of the tensor A. Writing out the determinant on the left hand side of 
this equation one obtains a polynomial of degree n with respect to the powers of 


pa (ad) =(-D" A" + (-1)""! yey ha. 
SS es (4.23) 
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referred to as the characteristic polynomial of the tensor A. Thereby, it can easily be 
seen that 
=A =trA, IX? = |All. (4.24) 


The characteristic equation (4.21) can briefly be written as 
pa (A) = 0. (4.25) 


According to the fundamental theorem of algebra, a polynomial of degree n 
has n complex roots which may be multiple. These roots are the eigenvalues 
Ai; G = 1,2,...,n) of the tensor A. 

Factorizing the characteristic polynomial (4.23) yields 


pQ)=][O-». (4.26) 
i=l 
Collecting multiple eigenvalues the polynomial (4.26) can further be rewritten as 
pad) =][O-a)", (4.27) 
i=l 


where s (1 < s <n) denotes the number of distinct eigenvalues, while r; is referred 
to as an algebraic multiplicity of the eigenvalue \; (i = 1,2,..., 5). It should for- 
mally be distinguished from the so-called geometric multiplicity t;, which represents 
the number of linearly independent eigenvectors associated with this eigenvalue. 


Example 4.1. Eigenvalues and eigenvectors of the deformation gradient in the case 
of simple shear. In simple shear, the deformation gradient can be given by F = F' jei ® 


e/, where the matrix [F A is represented by (2.70). The characteristic equation (4.21) 
for the tensor F takes thus the form 


1-rA ¥ 0 
0 1-A O |=0. 
0 0 1-A 
Writing out this determinant we obtain 


(1—A)? =0, 


which yields one triple eigenvalue 
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The associated (right) eigenvectors a = a‘e; can be obtained from the equation sys- 
tem (4.20); ie. a 
(i - dd4) a =0, i=1,2,3. 


In view of (2.70) it reduces to the only non-trivial equation 
a’y = 0. 


Hence, all eigenvectors of F can be given by a = a!e, + a°e3. They are linear com- 
binations of the only two linearly independent eigenvectors e; and e3. Accordingly, 
the geometric and algebraic multiplicities of the eigenvalue | are t} = 2 andr; = 3, 
respectively. 


4.3 Characteristic Polynomial 


By the very definition of the eigenvalue problem (4.15) the eigenvalues are inde- 
pendent of the choice of the basis. This is also the case for the coefficients 
ig (i = 1,2,...,n) of the characteristic polynomial (4.23) because they uniquely 
define the eigenvalues and vice versa. These coefficients are called principal invari- 
ants of A. Writing out (4.26) and comparing with (4.23) one obtains the following 
relations between the principal invariants and eigenvalues 


WY Sy $4 ese bw, 
iy = AyA2 + AyA3 + wee Et An Ans 


n 


LS Yo Aktien 


01 <02<...<Ox 


PPS davis Ans (4.28) 


referred to as the Vieta theorem. The principal invariants can also be expressed 
in terms of the so-called principal traces trA* (k = 1,2,...,). Indeed, by use of 
(4.17), (4.24); and (4.28); we first write 

tA‘ = +5 +...+%¥ 


n? 


2 ee eee (4.29) 


Then, we apply Newton’s identities (also referred to as the Newton—Girard formulas) 
relating coefficients of a polynomial to its roots represented by the sum of the powers 
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(see e.g. [10]) in the form of the right hand side of (4.29). Taking (4.29) into account, 
Newton’s identities can thus be written as 


I,’ = trA, 
1 
i = 5 (Q?tra _ tA?) ; 
1 
1 = 3 (i? trA — iin trA? + trA®) : 


1 
1? = 2 ( Cr Hd eA ely tA‘) 


k 
1 ; ; : 
=; YoGeDT tral, 
i=1 
I< ae 
1%? = detA = ’ Sep Pera’, (4.30) 


i=1 


where we set I = 1 and 
detA = |A’,| = |Aj,| (4.31) 


is called the determinant of the tensor A. 


Example 4.2.. Three-dimensional space. For illustration, we consider a second-order 
tensor A in three-dimensional space. In this case, the characteristic polynomial (4.23) 
takes the form 

pa (A) = —? + Ig? — IQA + Wa, (4.32) 


where 


Iy = 10 = trA, 


1 
Ih =I = 5 [way? — ra’), 
g_ 1 3 3 42 ’ 3 
Wk =k = 3 trA° — tA trA + 5 (trA)” | = detA (4.33) 


are the principal invariants (4.30) of the tensor A. They can alternatively be expressed 
by the Vieta theorem (4.28) in terms of the eigenvalues as follows 


Tn = Ay +AQ+A3, Wa = ApAg + A2A3 + AZAL,. Wa = AVA2A3. (4.34) 
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The roots of the cubic polynomial (4.32) can be obtained in a closed form by means 
of the Cardano formula (see, e.g. [5]) as 


1 1 
AK = 3 {ta +2yih LA sees [0 + 27 (k — vi} , k=1,2,3, (4.35) 


where 
213 — lal, + 2714 


2(K — 3M)” 


= arccos , K-3ll, £0. (4.36) 


In the case 64 — 3Il,4 = 0, the eigenvalues of A take another form 
1 1 3\1/3 2 das 2 
a a (271, — IX) “ [cos ($7k) + isin (7k) ], (4.37) 
where k = 1, 2, 3. 


4.4 Spectral Decomposition and Eigenprojections 


The spectral decomposition is a powerful tool for the tensor analysis and tensor 
algebra. It enables to gain a deeper insight into the properties of second-order tensors 
and to represent various useful tensor operations in a relatively simple form. In the 
spectral decomposition, eigenvectors represent one of the most important ingredients. 


Theorem 4.2. The eigenvectors of a second-order tensor corresponding to pairwise 
distinct eigenvalues are linearly independent. 


Proof. Suppose that these eigenvectors are linearly dependent. Among all possible 
nontrivial linear relations connecting them we can choose one involving the mini- 


mal number, say r, of eigenvectors a; 4 0 (i = 1,2,...,7). Obviously, 1 <r <n. 
Thus, 
Y> aia: = 9, (4.38) 
i=l 
where all a; (i = 1,2,..., 7) are non-zero. We can also write 
Aa; = );4a;, | — 1 eS rere (4.39) 


where \; 4 Aj, (i A j = 1,2,..., 7). Mapping both sides of (4.38) by A and taking 
(4.39) into account we obtain 


> a; Aa; = > a; A\;a; = 0. (4.40) 
i=1 i=l 
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Multiplying (4.38) by 4, and subtracting from (4.40) yield 


r r-l 
0= Yo ai (Ai — Ar) ai = Yo ai (Ai — Ar) ai. 
i=l 


i=1 


In the latter linear combination none of the coefficients is zero. Thus, we have a linear 
relation involving only r — | eigenvectors. This contradicts, however, the earlier 
assumption that r is the smallest number of eigenvectors satisfying such a relation. 


Theorem 4.3. Let b; be a left and a; a right eigenvector associated with distinct 
eigenvalues ; # 2; of a tensor A. Then, 


bj -a; = 0. (4.41) 

Proof. With the aid of (1.81) and taking (4.15) into account we can write 

bjAa; = bj - (Aaj) = bj - (Ajaj) = Aj; - aj. 
On the other hand, in view of (4.16) 

b;Aa; = (bj A) - a; = (b)A;) - aj = Ab; - a;. 
Subtracting one equation from another one we obtain 

(i — Xj) Bj -a; =0. 

Since \; ~ A; this immediately implies (4.41). 


Now, we proceed with the spectral decomposition of a second-order tensor A. 
First, we consider the case of n simple eigenvalues. Solving the equation systems 
(4.20) one obtains for every simple eigenvalue ; the components of the right eigen- 
vector a; and the components of the left eigenvector b; (i = 1,2,...,n). n right 
eigenvectors on the one hand and n left eigenvectors on the other hand are linearly 
independent and form bases of C”. Obviously, b; -a; #4 0 (i = 1, 2,...,) because 
otherwise it would contradict (4.41) (see Exercise 4.6). Normalizing the eigenvectors 
we can thus write 

bj -a; = dij, ee a a ere (4.42) 


Accordingly, the bases a; and b; are dual to each other such that a! = b; and 
b' =a; (i = 1,2,...,n). Now, representing A with respect to the basis a; ® b; 
G, j =1,2,...,n) as A= Aa; ® b; we obtain with the aid of (1.91), (4.15) and 
(4.42) 


Au = a' Ab! = b;Aa; = b; (Aa;) = b; (A;a;) = Aj Oij; 


108 4 Eigenvalue Problem and Spectral Decomposition of Second-Order Tensors 


where i, 7 = 1,2,...,. Thus, 


A= ye dja; ® B;. (4.43) 


i=1 


Next, we consider second-order tensors with multiple eigenvalues. We assume, how- 
ever, that the algebraic multiplicity r; of every eigenvalue ; coincides with its 
geometric multiplicity ¢;. In this case we again have n linearly independent right 
eigenvectors forming a basis of C” (Exercise 4.5). We will denote these eigenvectors 
by a” G@=1,2,...,5;k =1,2,...,7;) where s is the number of pairwise distinct 
eigenvalues. Constructing the basis b” dual to a such that 


C2? S08 aN, ite RSet PHL AA) 


we can write similarly to (4.43) 
A=)0rN a ob”. (4.45) 


The representations of the form (4.43) or (4.45) are called spectral decomposition 
in diagonal form or, briefly, spectral decomposition. Note that not every second- 
order tensor A € Lin” permits the spectral decomposition. The tensors which can be 
represented by (4.43) or (4.45) are referred to as diagonalizable tensors. For instance, 
we will show in the next sections that symmetric, skew-symmetric and orthogonal 
tensors are always diagonalizable. If, however, the algebraic multiplicity of at least 
one eigenvalue exceeds its geometric multiplicity, the spectral representation is not 
possible. Such eigenvalues (for which r; > t;) are called defective eigenvalues. A 
tensor that has one or more defective eigenvalues is called defective tensor. In Sect. 
4.2 we have seen, for example, that the deformation gradient F represents in the case 
of simple shear a defective tensor since its triple eigenvalue | is defective. Clearly, 
a simple eigenvalue (r; = 1) cannot be defective. For this reason, a tensor whose all 
eigenvalues are simple is diagonalizable. 

Now, we look again at the spectral decompositions (4.43) and (4.45). With the 
aid of the abbreviation 


PS) a ORs 621.2 p05 (4.46) 
k=1 
they can be given in a unified form by 


A= 3 EP: (4.47) 


i=1 


4.4 Spectral Decomposition and Eigenprojections 109 


The generally complex tensors P; (i = 1, 2,...,5) defined by (4.46) are called 
eigenprojections. It follows from (4.44) and (4.46) that (Exercise 4.7) 


P,P; = 6;;Pi, by fH 2 5 8 (4.48) 

and consequently 
P;A = AP; = );P;, i=1,2,...,s. (4.49) 
Bearing in mind that the eigenvectors a” (@ =1,2,...,s;k =1,2,...,r;) forma 


basis of C” and taking (4.44) into account we also obtain (Exercise 4.8) 
> P, =I. (4.50) 
i=1 


Due to these properties of eigenprojections (4.46) the spectral representation (4.47) is 
very suitable for calculating tensor powers, polynomials and other tensor functions 
defined in terms of power series. Indeed, in view of (4.48) powers of A can be 
expressed by 


A‘ = )° MP; k=0,1,2,... (4.51) 


i=1 


For a tensor polynomial it further yields 
g (A) = Dg (i) Pi. (4.52) 
i=l 
For example, the exponential tensor function (1.118) can thus be represented by 


exp (A) = )/ exp (Ai) Pi. (4.53) 


i=1 


For an invertible second-order tensor we can also write 


At = > 7 'P;, A€ Inv", (4.54) 


i=1 


which implies that A; 4 0 (i = 1, 2,..., 5). The latter property generally character- 
izes all (not necessarily diagonalizable) invertible tensors (see Exercise 4.10). 

With the aid of (4.48) and (4.50) the eigenprojections can be obtained without 
solving the eigenvalue problem in the general form (4.15). To this end, we first 
consider s polynomial functions p; (A) (@ = 1, 2,..., 5) satisfying the following 
conditions 

Di (A;) = 6; ij= 15.254.84.586 (4.55) 
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Thus, by use of (4.52) we obtain 


pi (A) = rn \Pe= SGP = By. FS 1,2 cad, (4.56) 


j=l 


Using Lagrange’s interpolation formula (see, e.g., [5]) and assuming that s 4 1 one 
can represent the functions p; (A) (4.55) by the following polynomials of degree 
s—l: 


ney owe 

po=T]5 a i=1,2,...,s>1. (4.57) 
jal Od 
i#i 


Considering these expressions in (4.56) we obtain the so-called Sylvester formula as 


A-A,Il_ ., 
i=] » PE 1,2, i508 > 1 (4.58) 
"2 Ai — Aj 
j=l 
J#i 


Note that according to (4.50), P; = I in the the case of s = 1. With this result in 
hand the above representation can be generalized by 


A=AjI 
p= ote [Se i=1,2,...,5. (4.59) 


igi 


Writing out the product on the right hand side of (4.59) also delivers (see, e.g., [51]) 


s-l 
1 
Bee hee Gk, FS Lies (4.60) 
i p=0 


where 139 = 1, 


tip = (1)? Day Ao (1 — bio) +++ (1 — Sto) 


1<o;<:+-<0p<s 


D;=5st+] [i -A;)), p=1,2,...,.8-1, §=1,2,...,8. (4.61) 


j=l 
i#i 
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4.5 Spectral Decomposition of Symmetric Second-Order 
Tensors 


We begin with some useful theorems concerning eigenvalues and eigenvectors of 
symmetric tensors. 


Theorem 4.4. The eigenvalues of a symmetric second-order tensor M € Sym" are 
real, the eigenvectors belong to E”. 


Proof. Let \ be an eigenvalue of M and a a corresponding eigenvector such that 
according to (4.15) 
Ma = da. 


The complex conjugate counterpart of this equation is 


Ma=)\a 
Taking into account that M is real and symmetric such that M = M and M' = M 
we obtain in view of (1.119) 


aM= a. 


Hence, one can write 


0 = aMa — aMa = a. (Ma) — (aM) -a 
=\@-a)—X@-a)=(A-2)@-a). 


Bearing in mind that a £ 0 and taking (4.9) into account we conclude thata-a > 0. 
Hence, \ = \. The components of a with respect to a basis G = {1 Qos +++5 Gn} in 
2” are real since they represent a solution of the linear equation system (4.20), with 
real coefficients. Therefore, a € E”. 


Theorem 4.5. Eigenvectors of a symmetric second-order tensor corresponding to 
distinct eigenvalues are mutually orthogonal. 


Proof. According to Theorem 4.3 scalar product of a right and a left eigenvector 
associated with distinct eigenvalues is zero. However, for a symmetric tensor every 
right eigenvector represents the left eigenvector associated with the same eigenvalue 
and vice versa. Taking also into account that the eigenvectors are real we infer that 
right (left) eigenvectors associated with distinct eigenvalues are mutually orthogonal. 


Theorem 4.6. Let \; be an eigenvalue of a symmetric second order tensor M. Then, 
the algebraic and geometric multiplicity of X; coincide. 


Proof. Letay € E” (k = 1,2,..., 4) be all linearly independent eigenvectors asso- 
ciated with A;, while t; and r; denote its geometric and algebraic multiplicity, 
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respectively. Every linear combination of a, with not all zero coefficients a, 
(k = 1,2,...,¢;) is again an eigenvector associated with ;. Indeed, 


t; t; 1; t; 
M > May = > Ak (Ma;) = >» apr Ay = Xi ~ Aag. (4.62) 
k=1 k=1 k=1 k=1 


According to Theorem 1.4 the set of vectors a, (k = 1,2,..., t;) canbe completed to 
a basis of E”. With the aid of the Gram-Schmidt procedure described in Chap. 1 (Sect. 
1.4) this basis can be transformed to an orthonormal basis e; (J = 1, 2,...,). Since 
the vectorse; (j = 1, 2,..., ¢;) are linear combinations of ax, (k = 1, 2,..., t;) they 
likewise represent eigenvectors of M associated with \;. Further, we represent the 
tensor M with respect to the basis e, @ e,, (l,m = 1,2,...,n)asM = Me, @ ey. 
In view of the identities Me, = e,M = Ajex, (kK = 1,2,..., f;) and keeping in mind 
the symmetry of M we can write using (1.91) 


ti n 
M= eK @eet+ Yo Miner ® em (4.63) 
k=1 I,m=t;+1 
and 
i 0... 0 
0... 0 
a er | 
[M’"] = [e’Me” | =!100...2 : (4.64) 
0 M’ 


Thus, the characteristic polynomial of M can be given as 
pm (A) = [Mj — Adim| Ai — A)", (4.65) 
which implies that 7; > ¢;. 


Now, we consider the vector space E”~“' of all linear combinations of the vectors 
e, (1 =t;+1,...,n). The tensor 


M’ = > Mi nel ® em 


1,m=t;+1 


represents a linear mapping of this space into itself. The eigenvectors of M’ are 
linear combinations of e; (J = ¢; + 1, ...,) and therefore are linearly independent 
of e, (k = 1,2,..., t;). Consequently, \; is not an eigenvalue of M’. Otherwise, the 
eigenvector corresponding to this eigenvalue A; would be linearly independent of 
ex (kK = 1,2,..., ¢;) which contradicts the previous assumption. Thus, all the roots 


4.5 Spectral Decomposition of Symmetric Second-Order Tensors 113 
of the characteristic polynomial of this tensor 

Pw A) = [Mim — Adim| 
differ from );. In view of (4.65) this implies that r; = ¢;. 


As a result of this theorem and in view of (4.45) and (4.47), the spectral decom- 
position of a symmetric second-order tensor can be given by 


M= y Ni; ya @a” = )~d;P;, Me Sym", (4.66) 
i=1 k=1 


i=l 


in terms of the real symmetric eigenprojections 


P; =) a @a®, (4.67) 
k=1 


where the eigenvectors a” form an orthonormal basis in E” so that 


a® a = 55", (4.68) 


where i, j = 1,2,...,5; K=1,2,...,7; 1=1,2,...,r;. 
Of particular interest in continuum mechanics are the so-called positive-definite 
second-order tensors. They are defined by the following condition 


xAx >0, Wx € E’,x £0. (4.69) 


For example, one can show that a symmetric second-order tensor of the form M = 
A‘A (or M = AA‘) is positive-definite for any A € Inv”. Indeed, according to the 
axiom (C.4) 


xATAx = (Ax)- (Ax) >0 Vx €E",x 40 (4.70) 


since by Theorem 1.8 Ax = 0 implies that x = 0. 

For a symmetric tensor M the condition (4.69) implies that all its eigenvalues 
are positive. Indeed, let a; be a unit eigenvector associated with the eigenvalue 
A; i = 1,2,...,n). In view of (4.69) one can thus write 


Ai =a;Ma; >0, i =1,2,...,n. (4.71) 


This allows to define powers of a symmetric positive-definite tensor with a real 


exponent as follows 
AY 


M°=)°\P;, aeR. (4.72) 


i=1 
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4.6 Spectral Decomposition of Orthogonal and 
Skew-Symmetric Second-Order Tensors 


We begin with the orthogonal tensors Q € Orth” defined by the condition (1.139). 
For every eigenvector a and the corresponding eigenvalue we can write 


Qa=)da, Qa=)4, (4.73) 


because Q is by definition a real tensor such that Q = Q. Mapping both sides of 
these vector equations by Q? and taking (1.119) into account we have 


aQ=d"'a, G=) ‘2. (4.74) 


Thus, every right eigenvector of an orthogonal tensor represents its left eigenvector 


associated with the inverse eigenvalue. 
Now, we consider the product aQa. With the aid of (4.73); and (4.74)2 we obtain 


aQa=\(@-a)=\ @-a). (4.75) 
Since, however, a: a = a-a > 0 according to (4.8) and (4.9) we infer that 
AA = 1. (4.76) 
Thus, all eigenvalues of an orthogonal tensor have absolute value | so that we can 
write 
\ =e =cosw +isinw. (4.77) 
By virtue of (4.76) one can further rewrite (4.74) as 
aQ=\a, aQ=Da. (4.78) 


If further \ # 7! = X or, in other words, A is neither +1 nor —1, Theorem 4.3 
immediately implies the relations 


a-a=0, a@-a=0, »4#X! (4.79) 


indicating that a and consequently @ are complex (definitely not real) vectors. Using 
the representation 


1 
a= —(p+ig), p,qeE" (4.80) 
V2 prig Pp. 


& 


and applying (4.8) one can write 


IPll=lal=1, p-q=9, (4.81) 
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so thata-a=1/2(p-p+q-q=l. 

Summarizing these results we conclude that every complex (definitely not real) 
eigenvalue A of an orthogonal tensor comes in pair with its complex conjugate coun- 
terpart \ = \~!. If a is a right eigenvector associated with ., then @ is its left eigen- 
vector. For A, a is, vice versa, the left eigenvector and a the right one. 

Next, we show that the algebraic and geometric multiplicities of every eigenvalue 
of an orthogonal tensor Q coincide. Let a, (kK = 1,2,..., t;) be all linearly inde- 
pendent right eigenvectors associated with an eigenvalue \;. According to Theorem 
1.4 these vectors can be completed to a basis of C”. With the aid of the Gram- 
Schmidt procedure (see Exercise 4.18) a linear combination of this basis can be 
constructed in such a way that a; -a@; = Og (k,l = 1,2,...,n). Since the vectors 
ay (k = 1,2,...,4;) are linear combinations of a, (k = 1, 2,..., ¢;) they likewise 
represent eigenvectors of Q associated with \;. Thus, representing Q with respect 
to the basis a, ® a (k,/ = 1,2,...,n) we can write 


tj n 
Q = Xi Soak @ a+ a Qin @ an. 


k=1 I,m=t;+1 


Comparing this representation with (4.63) and using the same reasoning as applied 
for the proof of Theorem 4.6 we infer that A; cannot be an eigenvalue of Q’ = 
Laer 41 Qn 4 ® Gn. This means that the algebraic multiplicity r; of \; coincides 
with its geometric multiplicity t;. Thus, every orthogonal tensor Q € Orth” is charac- 
terized by exactly n linearly independent eigenvectors forming a basis of C”. Using 
this fact the spectral decomposition of Q can be given by 


T+ 


Q= 2% O@ ay -Yate @ a” 
+ a dy ya @ a” +); ya” eat, (4.82) 
i=l 


where r,; and r_; denote the algebraic multiplicities of real eigenvalues +1 and 
—1, respectively, while a) (kK = 1,2,...,7r4,) and a (J = 1,2,...,7r_,) are the 
corresponding priiononnal real eieenvecions, s is the number of complex conjugate 
pairs of eigenvalues \; = cosw; +isin a with distinct arguments w; each of multi- 
plicity r;. The associated eigenvectors a\ and a” obey the following relations (see 
also Exercise 4.19) 


a .a% =0, a®.a% =0, a®. a = 66", a®-a™ =0, (4.83) 


where i, j = 1,2,...,5; k,m=1,2,...,7;; }=1,2,...,rj; o=1,2,...,7415 
p=1,2,...,r_1. Using the representations (4.80) and (4.77) the spectral decom- 
position (4.82) can alternatively be written as 
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T+i i 


s 
k k k (k k k 
Q= doa) wal} + Y cosu; > (vp? @ pi +4" @ qi”) 
k=1 i=1 k=1 


vi 


ri S 
= yi a® ® a” at Sin Wj 3 (po 3) he = gq” 3) a) . (4.84) 
I=1 i=l k=1 


Now, we turn our attention to skew-symmetric tensors W € Skew” as defined in 
(1.159). Instead of (4.73)-(4.75) we have in this case 


Wa=a, Wa=\a, (4.85) 
aW=-da, GW=-)G, (4.86) 
aWa = \(@-a) = —A(@4-a) (4.87) 
and consequently 7 
A= =i, (4.88) 


Thus, the eigenvalues of W are either zero or imaginary. The latter ones come in 
pairs with the complex conjugate like in the case of orthogonal tensors. Similarly to 
(4.82) and (4.84) we thus obtain 


Ss Ti 
; oak) _ xk k 
W= oui >> (a? oa)? — a? oa‘) 


i=1 k=1 


a 
x 


=u (pea -a ov), (4.89) 


where s denotes the number of pairwise distinct imaginary eigenvalues w,i while the 


associated eigenvectors a” and a are subject to the restrictions (4.83)3 4. 


Orthogonal tensors in three-dimensional space. In three-dimensional case Q € 
Orth’, at least one of the eigenvalues is real, since complex eigenvalues of orthogonal 
tensors appear in pairs with the complex conjugate. Hence, we can write 


A=+l, » =e” =coswtisinw, A3=e” =cosw—isinw. (4.90) 


In the case sinw = 0 all three eigenvalues become real. The principal invariants 
(4.34) take thus the form 


Ig = A, + 2cosw = £14 2cosw, 
IIg =2X,;cosw+1= Ale — +l, 
Wg = \; = +1. (4.91) 


The spectral representation (4.82) takes the form 
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= +a; ®a, + (cosw+isinw)a @a+ (cosw —isinw)a @a, (4.92) 


where a, € E? anda € C? is given by (4.80) and (4.81). Taking into account that by 
(4.83) 


a,|-a=a,;:-p=a,-q=0 (4.93) 


we can set 
a;=qxXp. (4.94) 


Substituting (4.80) into (4.92) we also obtain 


= +a; @a,+cosw(p®@pt+q@q)+snw(p®q—-—q Sp). (4.95) 


By (1.141), (1.95) and (4.94) this finally leads to 


Q =coswI + sinwa; + (+1 — cosw) a, @ ay. (4.96) 
Comparing this representation with (1.73) we observe that any orthogonal tensor 
Q € Orth’ describes a rotation in three-dimensional space if Illg = A; = 1. The 


eigenvector a, corresponding to the eigenvalue | specifies the rotation axis. In this 
case, Q is referred to as a proper orthogonal tensor. 


Skew-symmetric tensors in three-dimensional space. For a skew-symmetric tensor 
W é Skew’ we can write in view of (4.88) 


Ay =0, A2.=wi, Az = —-vi. (4.97) 
Similarly to (4.91) we further obtain (see Exercise 4.20) 
1 2 2 
Iw=0, Iw= 5 |Wi|i =w*, Tw =0. (4.98) 
The spectral representation (4.89) takes the form 
W=vi(a®a-a®a)=w(p®q-—q®@p), (4.99) 
where a, p and gq are again related by (4.80) and (4.81). With the aid of the abbrevi- 
ation 
w= wa; = wg X p (4.100) 


and bearing (1.175) in mind we finally arrive at the representation (1.162) 


W=wW or W=w. (4.101) 
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Thus, the axial vector w (4.100) of the skew-symmetric tensor W (4.99) in three- 
dimensional space represents its eigenvector corresponding to the zero eigenvalue in 
accordance with (1.164). 


4.7 Cayley—Hamilton Theorem 
Theorem 4.7. Let pa (A) be the characteristic polynomial of a second-order tensor 
A € Lin”. Then, 


pa(A) = )\(-1)"* 1a" = 0. (4.102) 
k=0 


Proof. As a proof (see, e.g., [14]) we show that 


pa(A)x =0, Vx €E”. (4.103) 


For x = 0 it is trivial, so we suppose that x 4 0. Consider the vectors 


y, =A’'x, i=1,2,.... (4.104) 

Obviously, there is an integer number k such that the vectors y,, y>,..., y, are 
linearly independent, but 

ayy; tanyy +... tary, + A*x = 0. (4.105) 

Note that | < k <n. If k An we can complete the vectors y; (i = 1,2,...,k) to 


a basis y; (i = 1,2,...,n) of E”. LettA = AY; ® y/, where the vectors y’ form 
the basis dual to y; (i = 1, 2,...,). By virtue of (4.104) and (4.105) we can write 


Yisi ifi <k, 

— k 

j=l 
The components of A can thus be given by 
0 0 se 0 —a, 
10...0-a@ 
[A] =[y'AyJaficcs : far], (4.107) 

0 0 aie 1 —ak 
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where A’ and A” denote some submatrices. Therefore, the characteristic polynomial 
of A takes the form 


PA=prOl! . .. 2. |; (4.108) 
0 05.1 ae 


where pay (A) = det (A” - AI). By means of the Laplace expansion rule (see, e.g., 
[5]) we expand the determinant in (4.108) along the last column, which yields 


pa (A) = par (A) (-DF (a1 tad +... +a, +). (4.109) 
Bearing (4.104) and (4.105) in mind we finally prove (4.103) by 
pa (A) x = (—D* par (A) (a+ @A+...+ aA"! + A*) x 


= (—1)* par (A) (ayx + Ax +... + a,A*"!x + A*x) 
= (—1) par (A) (ary, + anyy +... Fay, + Ax) = 0. 


Exercises 


4.1. Calculate principal invariants, eigenvalues and eigenvectors of the right 
Cauchy-Green tensor C = F'F in the case of simple shear, where F is defined by 
(2.70). 


4.2. Calculate principal invariants, eigenvalues and eigenvectors of the right and left 
Cauchy-Green tensors C = F'F and b = FF’, respectively, for the picture frame 
test. In this test the deformation gradient F is defined by 


1 siny 0 
F=F'e @e’, [F,] = Ocosy 0], (4.110) 
0 0 A 


where y denotes the shear angle and A represents the stretch in the thickness direction. 


4.3. Let g; (i = 1, 2,3) be linearly independent vectors in E>. Prove that for any 
second order tensor A € Lin? 


Ag, Ag, Ag3| 


detA = | (4.111) 
[919293] 


4.4, Prove identity (4.33)3 using Newton’s identities (4.30). 
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4.5. Prove that eigenvectors a (G=1,2,...,s;k =1,2,...,t;) of a second 
order tensor A € Lin” are linearly independent and form a basis of C” if for 
every eigenvalue the algebraic and geometric multiplicities coincide so that r; = 
(= 1, 25..5.4-8). 


4.6. Generalize the proof of Exercise 1.8 for complex vectors in C”. 
4.7. Prove identity (4.48) using (4.44) and (4.46). 


4.8. Prove identity (4.50) taking (4.44) and (4.46) into account and using the results 
of Exercise 4.5. 


4.9. Prove the identity det [exp (A)] = exp (trA). 


4.10. Prove that a second-order tensor is invertible if and only if all its eigenvalues 
are non-zero. 


4.11. Let \; be an eigenvalue of a tensor A € Inv”. Show that a represents then 
the eigenvalue of A7!. 


4.12. Show that the tensor MN is diagonalizable if M, N € Sym” and at least one 
of the tensors M or N is positive-definite. 


4.13. Verify the Sylvester formula for s = 3 by inserting (4.47) and (4.50) into 
(4.59). 


4.14. Represent eigenprojections of the right Cauchy—Green tensor in the case of 
simple shear using the results of Exercise 4.1 by (4.46) and alternatively by the 
Sylvester formula (4.59). Compare both representations. 


4.15. Calculate eigenvalues and eigenprojections of the tensor A = A‘ej @e/, 


where 
—222 


[Ai] = 214 
241 


Apply the Cardano formula (4.35) and Sylvester formula (4.59). 


4.16. Calculate the exponential of the tensor A given in Exercise 4.15 using the 
spectral representation in terms of eigenprojections (4.47). 


4.17. Calculate eigenvectors of the tensor A defined in Exercise 4.15. Express eigen- 
projections by (4.46) and compare the results with those obtained by the Sylvester 
formula (Exercise 4.15). 


4.18. Lete; G = 1,2,...,m) € C” bea set of linearly independent complex vec- 
tors. Using the (Gram-Schmidt) procedure described in Chap. | (Sect. 1.4), construct 
linear combinations of these vectors, say a; (i = 1,2,...,m), again linearly inde- 
pendent, in such a way that a; -a@; = bij (i,j =1,2,...,m). 
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4.19. Let a” (k = 1,2,...,%;) be all linearly independent right eigenvectors of 
an orthogonal tensor associated with a complex (definitely not real) eigenvalue 4;. 
Show that a” . ae =0 (k,l=1,2,...,;). 

4.20. Evaluate principal invariants of a skew-symmetric tensor in three-dimensional 
space using (4.33). 


4.21. Evaluate eigenvalues, eigenvectors and eigenprojections of the tensor describ- 
ing the rotation by the angle a about the axis e3 (see Exercise 1.24). 


4.22. Verify the Cayley—Hamilton theorem for the tensor A defined in Exercise 
4.15. 


4.23. Verify the Cayley—Hamilton theorem for the deformation gradient in the case 
of simple shear (2.70). 


Chapter 5 @) 
Fourth-Order Tensors ectics 


5.1 Fourth-Order Tensors as a Linear Mapping 


Fourth-order tensors play an important role in continuum mechanics where they 
appear as elasticity and compliance tensors. In this section we define fourth-order 
tensors and learn some basic operations with them. To this end, we consider a set 
Lin” of all linear mappings of one second-order tensor into another one within Lin”. 
Such mappings are denoted by a colon as 


Y=A:X, Ae S£in", Y € Lin", VX € Lin’. (5.1) 


The elements of Lin” are called fourth-order tensors. 


Example 5.1. Elasticity and compliance tensors. A constitutive law of a linearly 
elastic material establishes a linear relationship between the Cauchy stress tensor 
o and Cauchy strain tensor €. Since these tensors are of the second-order a linear 
relation between them can be expressed by fourth-order tensors like 


o0=C:e or €=H: 0a. (5.2) 


The fourth-order tensors C and KH describe properties of the elastic material and are 
called the elasticity and compliance tensor, respectively. 


Linearity of the mapping (5.1) implies that 
A:(X+Y)=A:X4+A-Y, (5.3) 
A: (aX) =a(A:X), VX,Y €Lin"’, Vac R, Ae Lin’. (5.4) 


Similarly to second-order tensors one defines the product of a fourth-order tensor 
with a scalar 
(aA): X=a(A:X)=A: (aX) (5.5) 
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and the sum of two fourth-order tensors by 
(A+ B):X=A:X+B:X, VXe Lin". (5.6) 
Further, we define the zero-tensor O of the fourth-order by 
O:X=0, VXeLin". (5.7) 


Thus, summarizing the properties of fourth-order tensors one can write similarly to 
second-order tensors 


A+B=8+4+4A, (addition is commutative), (5.8) 
A+(B+C)=(A+B)+€, (addition is associative), (5.9) 
O+A=A, (5.10) 
A+ (-A) = 0, (5.11) 
a (BA) = (a) A, (multiplication by scalars is associative), (5.12) 
1IA=A, (5.13) 
a(A+B)=aA+aB, (multiplication by scalars is distributive 

with respect to tensor addition), (5.14) 
(a+ 2) A=aA+6A, (multiplication by scalars is distributive 
with respect to scalar addition), VA,B,@C € Lin", Va, GER. (5.15) 


Thus, the set of fourth-order tensors Lin” forms a vector space. 
On the basis of the “right” mapping (5.1) and the scalar product of two second- 
order tensors (1.147) we can also define the “left” mapping by 


(Y: A):X=Y:(A:X), YeLin", VX eLin". (5.16) 


5.2 Tensor Products, Representation of Fourth-Order 
Tensors with Respect to a Basis 


For the construction of fourth-order tensors from second-order ones we introduce 
two tensor products as follows 


A@B:X=AXB, AOB:X=A(B:X), VX€Lin", (5.17) 


where A, B € Lin”. Note, that the tensor product “@” (5.17); applied to second- 
order tensors differs from the tensor product of vectors (1.83). One can easily show 
that the mappings described by (5.17) are linear and therefore represent fourth-order 
tensors. Indeed, we have, for example, for the tensor product “@” (5.17); 


5.2 Tensor Products, Representation of Fourth-Order ... 125 


A@B:(X+Y)=A(X+Y)B 
— AXB+AYB=A@B:X+A@QB:Y, (5.18) 


A @B: (aX) = A (aX) B = a(AXB) 
=a(A@B:X), VX,Y€Lin", VaeR. (5.19) 


With definitions (5.17) in hand one can easily prove the following identities 
A®(B+C)/=A@B+A@QC, (B+C)SGA=BRAFC@A, (5.20) 
AO (B+C)=AOB+AOC, (B+C)OA=BOA+COA. (5.21) 

For the left mapping (5.16) the tensor products (5.17) yield 

Y:A@B=A'YB’, Y:AGB=(Y:A)B. (5.22) 


As fourth-order tensors represent vectors they can be given with respect to a basis in 
Lin". 

Theorem 5.1. Let F = {F,, Fo,...,F 2} andG = {G,, G,..., G2} be two arbi- 
trary (not necessarily distinct) bases of Lin". Then, fourth-order tensors F; © 
G; (i, PH We 2s dany n) form a basis of Lin". The dimension of Lin" is thus n*. 


Proof. See the proof of Theorem 1.7. 


A basis in Lin” can be represented in another way as by the tensors F; © 
G; (i, PHA 2ycce, n?). To this end, we prove the following identity 


(a®@d)O(b@c)=aQbOc@d, (5.23) 


where we set 
(a®b)@(c@d)=aQbSc@d. (5.24) 


Indeed, let X € Lin” be an arbitrary second-order tensor. Then, in view of (1.146) 
and (5.17) 
(a@d)©(b@c): X= (bXc)(a@d). (5.25) 
For the right hand side of (5.23) we obtain the same result using (5.17); and (5.24) 
a®b@e@c@®d:X=(a®b)®&(c@d):X=(bXc)(a®d). (5.26) 
For the left mapping (5.16) it thus holds 


Y:a®b®c@®d=(aYd)(b®c). (5.27) 


Now, we are in a position to prove the following theorem. 


126 5 Fourth-Order Tensors 


Theorem 5.2, Let = (e1,:€3,02.5€F {fis Soecsida th OG = (gute: 
Gn} and finally H = {hy, ho, ..., hn} be four arbitrary (not necessarily distinct) 
bases of IE”. Then, fourth-order tensors e; ® fj @g, @h; (i, j,k, l= 1,2,...,n) 
represent a basis of Lin". 


Proof. In view of (5.23) 
4 @ fj, @ge Oh =: @h)O(f;@gH)- 


According to Theorem 1.7 the second-order tensors e; ® h; (i,/ = 1,2,...,) on 
the one hand and f; ® g; (j,k = 1,2,...,2) on the other hand form bases of 


Lin”. According to Theorem 5.1 the fourth-order tensors (e; ® h;) © ( f;® 9%) and 
consequently e; ® fj @g, @h; (i, j,k, = 1,2,...,) represent thus a basis of 
Lin”. 
As a result of this Theorem any fourth-order tensor can be represented by 
A =A" 9, 9) @ G89, =Aijug' @g! @g @g! 
=A",9, 89; Og @g' =... (5.28) 
The components of A appearing in (5.28) can be expressed by 
AM = 9 @g:A:gi @g, Aij =9; @ G1: A: 9; @ 9: 
AX, =g' @g,:A:gi/ Og, i, j,k 1=1,2,...,n. (5.29) 


By virtue of (1.113), (5.17); and (5.22), the right and left mappings with a second- 
order tensor (5.1) and (5.16) can thus be represented by 


A:X= (Ag, 8g; ® 9x 891) : (Xqpg! Bg’) =A X jeg; @ gi. 
X: A= (Xipg! @g") : (Ag; @ Gg; @ 9 @ G1) =A Xig; @ gy. (5.30) 


We observe that the basis vectors of the second-order tensor are scalarly multiplied 
either by the “inner” (right mapping) or “outer” (left mapping) basis vectors of the 
fourth-order tensor. 


5.3. Special Operations with Fourth-Order Tensors 


Similarly to second-order tensors one defines also for fourth-order tensors some 
specific operations which are not generally applicable to conventional vectors in the 
Euclidean space. 
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Composition. In analogy with second-order tensors we define the composition of 
two fourth-order tensors A and B denoted by A : B as 


(A: B):X=A:(B:X), VX e Lin". (5.31) 
For the left mapping (5.16) one can thus write 
Y:(A:B)=(¥:A):B, VY e€ Lin’. (5.32) 


For the tensor products (5.17) the composition (5.31) further yields 


(A @ B) : (C@D) = (AC) @ (DB), (5.33) 

(A @B) : (CO D) = (ACB) OD, (5.34) 

(AO B): (C@D) =A (C'BD'), (5.35) 
(AB): (COD) =(B:C)AOD, A,B,C,De Lin". (5.36) 


For example, the identity (5.33) can be proved within the following steps 


(A @B): (C@D):X = (A@B): (CXD) 
= ACXDB = (AC) @ (DB): X,_ VX € Lin’, 


where we again take into account the definition of the tensor product (5.17). 
For the component representation (5.28) we further obtain 


A: B= (Ag; ® 9; ® 9, ®9) : (Bygrig? ® 9! @g' ®g') 
= A"8B 504g; ®g1 @g" @g. (5.37) 


Note that the “inner” basis vectors of the left tensor A are scalarly multiplied with 
the “outer” basis vectors of the right tensor B. 

The composition of fourth-order tensors also gives rise to the definition of 
powers as 


Ak =A: A:...:A, k=1,2,..., A°=HJ, (5.38) 
—$—<—<—_ -——_<— 
k times 


where J stands for the fourth-order identity tensor to be defined in the next section. 
By means of (5.33) and (5.36) powers of tensor products (5.17) take the following 
form 


(A@B) =A‘ @BY, (ACB) =(A:B) ACB, k=1,2,... (5.39) 
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Simple composition with second-order tensors. Let D be a fourth-order tensor 
and A, B two second-order tensors. One defines a fourth-order tensor ADB by 


(ADB) : X =A(D: X)B, VX € Lin’. (5.40) 
Thus, we can also write by using (5.31) 
ADB = (A @B): D. (5.41) 


This operation is very useful for the formulation of tensor differentiation rules to be 
discussed in the next chapter. 
For the tensor products (5.17) we further obtain 


A (B® C)D = (AB) ® (CD) = (A®D): BC), (5.42) 
A (B © C)D = (ABD) OC = (A @D): BOC). (5.43) 
With respect to a basis the simple composition can be given by 


ADB = (Apqg” @ 9") (Dg; ® 9; ®@ 9x @ 91) (Brsg” @g") 
= A, D"Bisg” @ 9; @ 9, BQ". (5.44) 
It is seen that expressed in component form the simple composition of second-order 


tensors with a fourth-order tensor represents the so-called simple contraction of the 
classical tensor algebra (see, e.g., [45]). 


Transposition. In contrast to second-order tensors allowing for the unique transpo- 
sition operation one can define for fourth-order tensors various transpositions. We 
confine our attention here to the following two operations (e)! and (e)' defined by 


A’: X=X:A, A':X=A:X", VK € Lin’. (5.45) 


Thus we can also write 
Y:A'=(Y:A)'. (5.46) 


Indeed, a scalar product with an arbitrary second order tensor X yields in view of 
(1.151) and (5.16) 


(Y: A‘): X=Y: (A': X)=Y: (A: X’) 
= (Y:A):X’=(Y:A)':X, VXeLin". 
Of special importance is also the following symmetrization operation resulting from 
the transposition (e)': 


, i 
=, (F+F'). (5.47) 
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In view of (1.157),, (5.45)2 and (5.46) we thus write 
F:X=F:symX, Y:F* =sym(Y: F). (5.48) 
Applying the transposition operations to the tensor products (5.17) we have 
(A@B)'=A'@B', (ACB)'=BOA, (5.49) 
(A©B)'=AOB!, A,Be Lin". (5.50) 
With the aid of (5.26) and (5.27) we further obtain 
(a@b®c@d)'=beaSd®Gec, (5.51) 
(a@b@c@d)'=aSQc@beod. (5.52) 
It can also easily be proved that 
AT=A, AN =A, VAc Lin". (5.53) 
Note, however, that the transposition operations (5.45) are not commutative with 
each other so that generally D'' 4D". 
Applied to the composition of fourth-order tensors these transposition operations 
yield (Exercise 5.7): 
(AS =]aB': A, (Ac By =Ar Bt (5.54) 
For the tensor products (5.17) we also obtain the following relations (see Exercise 
5.8) 
(A @B)': (C@D) = [(AD") @ (C"B)]’, (5.55) 
(A @B)': (COD) = (AC'B) OD. (5.56) 
Scalar product. Similarly to second-order tensors the scalar product of fourth-order 
tensors can be defined in terms of the basis vectors or tensors. To this end, let us 
consider two fourth-order tensors A © Band C © D, where A, B, C, D € Lin”. Then, 
we set 
(A©B):: (COD) = (A: C)(B:D). (5.57) 


As a result of this definition we also obtain in view of (1.145) and (5.23) 


(€4@bOc@d): eC OfSg@h=(a-eb-fi(e-gid-h). (5.58) 
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For the component representation of fourth-order tensors it finally yields 


A: B = (Ag, @ 9; ® 9.891) 
- (Boag @gi®@g' ® g') a ANB iia. G22) 


Using the latter relation one can easily prove that the properties of the scalar product 
(D.1—D.4) hold for fourth-order tensors as well. 


5.4 Super-Symmetric Fourth-Order Tensors 


On the basis of the transposition operations one defines symmetric and super- 
symmetric fourth-order tensors.Accordingly, a fourth-order tensor © is said to be 
symmetric if (major symmetry) 

c=e€ (5.60) 


and super-symmetric if additionally (minor symmetry) 

C=H¢ (5.61) 
In this section we focus on the properties of super-symmetric fourth-order tensors. 
They constitute a subspace of Lin” denoted in the following by Ssym”. First, we prove 
that every super-symmetric fourth-order tensor maps an arbitrary (not necessarily 
symmetric) second-order tensor into a symmetric one so that 


(©: X)'=C:X, VC eSsym", VX Lin”. (5.62) 


Indeed, in view of (5.45), (5.46), (5.60) and (5.61) we have 


(@:X)’ =(K:@")' =(K:@' =X: C'=X:C=X:C7=E:X. 


Next, we deal with representations of super-symmetric fourth-order tensors and study 
the properties of their components. Let F = {F,, Fo,..., F,2} be an arbitrary basis 


of Lin” and F’ = \F, F?,..., F"| the corresponding dual basis such that 


Eehas,. gH 12g (5.63) 
According to Theorem 5.1 we first write 


C = CF, OFy. (5.64) 
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Taking (5.60) into account and in view of (5.49). we infer that 

err =e?, p#q: p,q=1,2,...,n’. (5.65) 
Let now F, = M, (p= 1,2,...,m) and F, = Wyn (q=m+1,...,n’) be 


bases of Sym” and Skew” (Sect. 1.9), respectively, where m = in (n + 1). In view 
of (5.45) and (5.61) 


i 
eC: W =C': W =e: (W’)' =-e€: W =0, t=1,2,...,50(a—1) 
(5.66) 
so that 


er =CP?=F’:C:F =0, p=1,2,...,n°;r=m+4+l1,...,n’ (5.67) 
and consequently 
m 1 
C= c’"M, © My, == 1): 5.68 
X Brae a" saa = 


Keeping (5.65) in mind we can also write by analogy with (1.160) 


C=) ¢??M,©M,+ >_ C?4 (M,OM,+M, ©M,). (5.69) 
p=1 p.q=l 
p>q 


Therefore, every super-symmetric fourth-order tensor can be represented with 
respect to the basis 5 (M, OM,+M, © M,), where M, € Sym” and p > q = 
162s 355 $n (n + 1). Thus, we infer that the dimension of Ssym” is 5m (m+ 1) = 
qn? (n+ i as + in (n + 1). We also observe that Ssym” can be considered as the set 
of all linear mappings within Sym”. 

Applying Theorem 5.2 we can also represent a super-symmetric tensor by C = 
cig, @ g; ® g, ® g. In this case, (5.51) and (5.52) require that (Exercise 5.9) 


@iikl _ @jilk _ eikil _ eliki _ eklij, (5.70) 


Thus, we can also write 
C=O" (a, @ 91) © (9; ® a) 
i peers 
= 70" (9, 891 +918 9:) O (9; @H% +9 B9;) 


iia 
= rie (9; ® 9 +9 ®9;)O (9; @ 91 +91 89i)- (5.71) 
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Finally, we briefly consider the eigenvalue problem for super-symmetric fourth-order 
tensors. It is defined as 


C:M=AM, CeSsym"’, M0, (5.72) 
where A and M € Sym” denote the eigenvalue and the corresponding eigentensor, 


respectively. The spectral decomposition of C can be given similarly to symmetric 
second-order tensors (4.66) by 


€=)°A,M,OM,, (5.73) 
p=1 


where again m = $n (n + 1) and 


My: My = pq, Pog =1,2,-..,m. (5.74) 


5.5 Special Fourth-Order Tensors 


Identity tensor. The fourth-order identity tensor J is defined by 
J:X=X, VXeLin". (5.75) 


It is seen that J is a symmetric (but not super-symmetric) fourth-order tensor such 
that J’ = J. Indeed, 


(X:J):Y=X:(9:Y)=X:Y, VY e€Lin" 


and consequently 
X:J=X, VXeLin’. (5.76) 


With the aid of (5.17), the fourth-order identity tensor can be represented by 
J=Ie@I1. (5.77) 
Thus, in view of (1.94) or alternatively by using (5.29) one obtains 
J=9,8g' 8g; Q!'. (5.78) 


An alternative representation for J in terms of eigenprojections P; (i = 1, 2,...,s) 
of an arbitrary second-order tensor results from (5.77) and (4.50) as 
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j= >> P; @P;. (5.79) 
i,j=l 
For the composition with other fourth-order tensors we can also write 
J:A=A:I=A, VA Lin’. (5.80) 


Transposition tensor. The transposition of second-order tensors represents a linear 
mapping and can therefore be expressed in terms of a fourth-order tensor. This tensor 
denoted by J is referred to as the transposition tensor. Thus, 


J:X=xX', VXe Lin’. (5.81) 
One can easily show that (Exercise 5.10) 
Y:7=Y', VYeLin’. (5.82) 


Hence, the transposition tensor is symmetric such that J = J’. By virtue of (5.45), 
and (5.75), J can further be expressed in terms of the identity tensor by 


THI. (5.83) 


Indeed, 
J:X=I9:X'=]{X'=AT:X, VX © Lin’. 


Considering (5.52) and (5.77)-(5.79) in (5.83) we thus obtain 


T=(1@D'= )° (P:@P;) =9, 89; Bg Bg’. (5.84) 


i,j=l 


The transposition tensor can further be characterized by the following identities (see 
Exercise 5.11) 


AITaA, TrAsA™, TT =I, VA Lin’. (5.85) 
Super-symmetric identity tensor. The identity tensor (5.77) is symmetric but not 
super-symmetric. For this reason, it is useful to define a special identity tensor within 


Ssym”. This super-symmetric tensor maps every symmetric second-order tensor into 
itself like the identity tensor (5.77). It can be expressed by 


= ; JI+T7)=(1@D*. (5.86) 
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However, in contrast to the identity tensor J (5.77), the super-symmetric identity 
tensor J* (5.86) maps any arbitrary (not necessarily symmetric) second-order tensor 
into its symmetric part so that in view of (5.48) 
I :X=X: I> =symX, VX € Lin’. (5.87) 
Spherical, deviatoric and trace projection tensors. The spherical and deviatoric 
part of a second-order tensor are defined as a linear mapping (1.169) and can thus be 
expressed by 
sphA = Pon: A, devA = Pay : A, (5.88) 


where the fourth-order tensors Psph and Pyey are called the spherical and deviatoric 
projection tensors, respectively. In view of (1.169) they are given by 


P sph = “1 Ol, Pay =I— “1 OL, (5.89) 

where I © I represents the so-called trace projection tensor. Indeed, 
IOI: X=ItrX, VX e Lin’. (5.90) 
According to (5.49) and (5.50), the spherical and trace projection tensors are super- 
symmetric. The spherical and deviatoric projection tensors are furthermore charac- 


terized by the properties: 


Paev : Prev = Paev; P sph : P sph = Psphs 
Pacv : P sph = P sph : Prey = 0. (5.91) 


Example 5.2. (Elasticity tensor for the generalized Hooke’s law.) The generalized 
Hooke’s law is written as 


2 
o = 2Ge + tr (e) I = 2Gdeve + (a of ta) tr(e) I, (5.92) 


where G and 4 denote the Lamé constants. The corresponding super-symmetric 
elasticity tensor takes the form 


€ =2GI° + MOI = 2GP%,, + GA + 2G) Poon. (5.93) 


Exercises 


5.1. Prove relations (5.20) and (5.21). 


5.2. Prove relations (5.22). 
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5.3. Prove relations (5.34)—(5.36) 

5.4. Prove relations (5.42) and (5.43). 

5.5. Prove relations (5.49)—(5.52). 

5.6. Prove that A" 4A" for A =a@b@ce@d. 
5.7. Prove identities (5.54). 

5.8. Verify relations (5.55) and (5.56). 


5.9. Prove relations (5.70) for the components of a super-symmetric fourth-order 
tensor using (5.51) and (5.52). 


5.10. Prove relation (5.82) using (5.16) and (5.81). 
5.11. Verify the properties of the transposition tensor (5.85). 


5.12. Prove that the fourth-order tensor of the form 
C = (M; ® Mo + Mo ® M;)* 
is super-symmetric if M;, M, € Sym”. 


5.13. Calculate eigenvalues and eigentensors of the following super-symmetric 
fourth-order tensors for n = 3: (a) J°(5.86), (b) Psp (5.89)1, (c) Pay (5.892, 
(d) € (5.93). 


Chapter 6 M®) 
Analysis of Tensor Functions creek 


6.1 Scalar-Valued Isotropic Tensor Functions 


Let us consider a real scalar-valued function f (Aj, Ao,...,A;) of second-order 
tensors A, € Lin” (k = 1, 2,...,/). The function f is said to be isotropic if 


f (QAiQ*, QA0Q", ..., QAQ*) 
= f (Ai, Ao,...,A), Qe Orth", (6.1) 


Example 6.1. Consider the function f (A, B) = tr (AB). Since in view of (1.139) 
and (1.155) 


Ff (QAQ™, QBQ') = tr (QAQ™QBQ’) 
= tr (QABQ’) = tr(ABQ'Q) 
= tr(AB) = f (A,B), VQ Orth", 


this function is isotropic according to the definition (6.1). In contrast, the function 
Ff (A) = tr (AL), where L denotes a second-order tensor, is not isotropic. Indeed, 


Ff (QAQ’) = tr(QAQ'L) F tr(AL). 


Scalar-valued isotropic tensor functions are also called isotropic invariants of the 
tensors Ay (k = 1, 2,...,/). Forsucha tensor system one can construct, in principle, 
an unlimited number of isotropic invariants. However, for every finite system of 
tensors one can find a finite number of isotropic invariants in terms of which all other 
isotropic invariants can be expressed (Hilbert’s theorem). This system of invariants 
is called functional basis of the tensors A, (k = 1,2,...,/). For one and the same 
system of tensors there exist many functional bases. A functional basis is called 
irreducible if none of its elements can be expressed in a unique form in terms of the 
remaining invariants. 
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First, we focus on isotropic functions of one second-order tensor 

f (QAQ") = f (A), VQe Orth”, Ae Lin’. (6.2) 

One can show that the principal traces trA“, principal invariants ie and eigenvalues 


A, (K = 1,2,...,n) of the tensor A represent its isotropic tensor functions. Indeed, 
for the principal traces we can write by virtue of (1.155) 


tr (QAQ")* = tr | QAQTQAQ™.... QAQT ] = tr (QA“Q’) 
k times 


= tr(A‘Q™Q) =trA*, VQ Orth’. (6.3) 


The principal invariants are uniquely expressed in terms of the principal traces by 
means of Newton’s identities (4.30), while the eigenvalues are, in turn, defined by 
the principal invariants as solutions of the characteristic equation (4.25) with the 
characteristic polynomial given by (4.23). 

Further, we prove that both the eigenvalues \,, principal invariants i? and prin- 
cipal traces trM‘ (k= 1,2,...,n) of one symmetric tensor M € Sym” form its 
functional bases (see also [49]). To this end, we consider two arbitrary symmetric 
second-order tensors M;, Mz € Sym” with the same eigenvalues. Then, the spectral 
representation (4.66) takes the form 


M, = = Aini @ni, My = > Aim; @ m;, (6.4) 
i=1 i=l 
where according to (4.68) both the eigenvectors n; and m; form orthonormal bases 


such that nj -n; = 6;; and m;-mj; = 6;; (i, j = 1,2,...,). Now, we consider the 
orthogonal tensor 


Q=) im en. (6.5) 


Indeed, 


By use of (1.125), (6.4) and (6.5) we further obtain 
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QM,Qt = (om em) So Ajnj @ nj (do om) 
i=l = k=l 


= > 0; 0 jeAjMi om, = So Aim; Qm; = M>. (6.6) 
i, j,k=1 i=l 


Hence, for any isotropic function f (6.2) 
f Mi) = f (QM,Q") = f (Mb). (6.7) 


Thus, f takes the same value for all symmetric tensors with pairwise equal eigenval- 
ues. This means that an isotropic tensor function of a symmetric tensor is uniquely 
defined in terms of its eigenvalues, principal invariants or principal traces because 
the latter ones are, in turn, uniquely defined by the eigenvalues according to (4.28) 
and (4.29). This implies the following representations 


f(M =f (Tel eon) LF Ou ec ccdal 
=f (uM, trM?,..., trM"), Me Sym". (6.8) 


Example 6.2. Strain energy function ofan isotropic hyperelastic material. A material 
is said to be hyperelastic if it is characterized by the existence of a strain energy 
defined as a function, for example, of the right Cauchy—Green tensor C. For isotropic 
materials this strain energy function obeys the condition 


w (QCQ™) = v(C), VQ e Orth’, (6.9) 


By means of (6.8) this function can be expressed by 


wv (C) =~ Ue, Hc, Wc) = b (1, A2, 3) = B (trC, trC?, trC*) , (6.10) 


where .; denote the so-called principal stretches. They are expressed in terms of the 
eigenvalues A; (i = 1, 2,3) of the right Cauchy—Green tensor C = eS A;P; as 
A; = Aj. For example, the strain energy function of the so-called Mooney-Rivlin 
material is given in terms of the first and second principal invariants by 


wp (C) = c (Ic — 3) + & Mc — 3), (6.11) 


where c, and c, represent material constants. In contrast, the strain energy function 
of the Ogden material [33] is defined in terms of the principal stretches by 


m 


vV(Q= > ” (ATr + Ag’ + AZ” — 3), (6.12) 


r=1 7 
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where jt,, a, (r = 1,2,...,m) denote material constants. 


For isotropic functions (6.1) of a finite number / of arbitrary second-order tensors 
the functional basis is obtained only for three-dimensional space. In order to represent 
this basis, the tensor arguments are split according to (1.156) into a symmetric and 
a skew-symmetric part respectively as follows: 


1 1 
M; = symA; = , (A; + A;), W; = skewA; = 5 (A; — A;). (6.13) 
In this manner, every isotropic tensor function can be given in terms of a finite 
number of symmetric tensors M; € Sym? (i = 1,2,...,m) and skew-symmetric 
tensors W; € Skew? (Gi =1,2,..., w) as 
f =f (Mi, Mb,...,Mm, Wi, Wo, ..., Ww)- (6.14) 


An irreducible functional basis of such a system of tensors is proved to be given by 
(see [2, 36, 44]) 
trM;, trM?, trM?, 
tr (M;M;), tr(M;M;), tr(M;M¢), tr(M7M¢), tr(M;M;Mk). 
trW>, tr (W,W,). tr(W,W,W,), 
tr(M;W;,), tr(M;W;,), tr(M;W>M;W,), tr(M;W,W,). 
tr (M;W>,W,). tr(M;W,W,). tr(MjM;W,)., 
tr (M;W5M;W,). tr(M;M;W,). tr(M;M;W,). 


i<j<k=1,2,....m, p<q<r=1,2,...,w. (6.15) 
For illustration of this result we consider some examples. 


Example 6.3. Functional basis of one skew-symmetric second-order tensor W € 
Skew?. With the aid of (6.15) and (4.98) we obtain the basis consisting of only one 
invariant 

trW? = —2IIw = —||WII’. (6.16) 


Example 6.4. Functional basis of an arbitrary second-order tensor A € Lin*. By 
means of (6.15) one can write the following functional basis of A 


trM, tr’, trM2, 
trW*, tr(MW?), tr(M?W’), tr(M?W*MW), (6.17) 


where M = symA and W = skewA. Inserting representations (6.13) into (6.17) the 
functional basis of A can be rewritten as (see Exercise 6.2) 
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trA, trA?, trA?, tr(AAT), tr(AA™)”, tr(A7A7), 
r[(AT)’ A?ATA — A2(AT)* AAT], (6.18) 
Example 6.5. Functional basis of two symmetric second-order tensors My, Mo € 
Sym. According to (6.15) the functional basis includes in this case the following 


ten invariants 


trM,, trMf, trM}, trM,, trMG, trMG, 
tr (M,Mb), tr(M;Mp), tr(M)M35), tr(M;M5). (6.19) 


Example 6.6. A free energy function of a magneto- and electroelastic isotropic mate- 
rial can generally be represented by 


»=~d(C,D,B), (6.20) 


where 
D=D,e8D,, B=B,@B, (6.21) 


are expressed in terms of the Lagrangian electric displacement D; and magnetic 
induction B;. They are related to the Eulerian electric displacement D and magnetic 
induction B vectors (introduced in Sect. 2.6) as follows 
Di, =JF'D, B,=JF'B, (6.22) 
where J = ./IlIc. The function (6.20) should be isotropic such that 
2 (QCQ™, QDQ™, QBQ") = (C.D, B), VQ Orth’. (6.23) 
In order to construct such a function we first notice that 
D‘ = D*p, BE = B*°B (6.24) 
and consequently 
trD‘ = D*, trBK = B*, k=1,2,..., (6.25) 
where 


D = VD = ||D,|| = JVDbD, 
B = VtrB = ||B,|| = JV Bb-'B (6.26) 


and b = FF" denotes the left Cauchy—Green tensor (6.149)2. According to (6.15) 
the function (6.20) can thus be represented by 
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y= w [trC, trC’, trC?, D, B,tr(CD) , tr (C’D) ? 
tr (CB) , tr(C’B) , tr (DB), tr (DCB)]. (6.27) 


6.2 Scalar-Valued Anisotropic Tensor Functions 


A real scalar-valued function f (A;, Ao,...,A,;) of second-order tensors A, € 
Lin” (k = 1,2,...,/) is said to be anisotropic if it is invariant only with respect 
to a subset of all orthogonal transformations: 


f (QA1Q*, QALQ™, ..., QA/Q") 
= f (Ai, Ao,...,A)), VQ Sorth" ¢ Orth”. (6.28) 


The subset Sorth” represents a group called symmetry group. In continuum mechan- 
ics, anisotropic properties of materials are characterized by their symmetry group. 
The largest symmetry group Orth? (in three-dimensional space) includes all orthogo- 
nal transformations and is referred to as isotropic. In contrast, the smallest symmetry 
group consists of only two elements I and —I and is called triclinic. 


Example 6.7. Transversely isotropic material symmetry. In this case the material 
is characterized by symmetry with respect to one selected direction referred to as 
principal material direction. Properties of a transversely isotropic material remain 
unchanged by rotations about, and reflections from the planes orthogonal or parallel 
to, this direction. Introducing a unit vector / in the principal direction we can write 


Ql=+l, VQeEg,, (6.29) 
where g, C Orth? denotes the transversely isotropic symmetry group. With the aid 
of a special tensor 

L=/@l, (6.30) 
called structural tensor, condition (6.29) can be represented as 
QLQ’=L, VQ €qg,. (6.31) 
Hence, the transversely isotropic symmetry group can be defined by 
g, = {Q € Orth’ : QLQ’ =L}. (6.32) 
A strain energy function ~ of a transversely isotropic material is invariant with respect 


to all orthogonal transformations within g,. Using a representation in terms of the 
right Cauchy—Green tensor C this leads to the following condition: 


wv (QCQ") =a¥(C), VQE g,. (6.33) 
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It can be shown that this condition is a priori satisfied if the strain energy function 
can be represented as an isotropic function of both C and L so that 


@ (QCQ™, QLQ’) = H(C,L), VQe Orth’. (6.34) 
Indeed, 
J(C,L) = 4 (QCQ’, QLQ’) = 3 (QCQ".L), VQE g,. (6.35) 
With the aid of the functional basis (6.19) and taking into account the identities 
LA=L, thé =1, k=1,2,... (6.36) 


resulting from (6.30) we can thus represent the transversely isotropic function in 
terms of the five invariants by (see also [46]) 


y= 0(C,L) = 4% [tC, tC’, tC, tr (CL), tr (CL). (6.37) 


The above procedure can be generalized for an arbitrary anisotropic symmetry 
group g. Let L; (i = 1, 2,...,m) be a set of second-order tensors which uniquely 
define g by 

g = {Qe Orth” : QL;Q’ =L;, i=1,2,...,m}. (6.38) 


In continuum mechanics the tensors L; are called structural tensors since they lay 


down the material or structural symmetry. 
It is seen that the isotropic tensor function 


f (QA;Q*, QL Q") = f (Ai, Lj), VQ Orth", (6.39) 


where we use the abbreviated notation 


f (Ai, Lj) = f (Aj, Ao,..., Ay, Li, Lo, ..., Ln), (6.40) 
is anisotropic with respect to the arguments A; (i = 1, 2,...,/) so that 
f (QA;Q') = f (Ai), VQeg. (6.41) 


Indeed, by virtue of (6.38) and (6.39) we have 
f (Ai, Lj) = f (QA4;Q*, QL;Q") = f (QA;Q',L;), YQeg. (6.42) 
Thus, every isotropic invariant of the tensor system A; (i = 1,2,...,/), Lj 


(j =1,2,...,m) represents an anisotropic invariant of the tensors A; (i = 
1,2,...,2) in the sense of definition (6.28). Conversely, one can show that for every 
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anisotropic function (6.41) there exists an equivalent isotropic function of the tensor 


system A; (i = 1,2,...,/), Lj (j = 1,2,...,m). In order to prove this statement 
we consider a new tensor function defined by 


Ff (Ai.Xi) = f(QA,Q), (6.43) 


where the tensor Q’ € Orth” results from the condition: 


QX,QT=L;, j=1,2,...,m. (6.44) 
Thus, the function a is defined only over such tensors X; that can be obtained from 
the structural tensors L; (j = 1, 2,...,m) by the transformation 

X= OL. FH Liem, (6.45) 


where Q’ is an arbitrary orthogonal tensor. 
Further, one can show that the so-defined function (6.43) is isotropic. Indeed, 


f (QA;Q", QX;Q") = f (Q’QA,Q'Q"), VQ € Orth”, (6.46) 
where according to (6.44) 
Q’QX,Q'Q" =L;, Q" € Orth”. (6.47) 
Inserting (6.45) into (6.47) yields 
Q’QQ"Lj;VQ'Q" =L,, (6.48) 


so that 


Q*=Q'0Q" €g. (6.49) 
Hence, we can write 


f (Q’QA; Q'Q") = f (Q*Q’A;Q7Q*7) 
= f (QVA:Q") = f (A,X) 


and consequently in view of (6.46) 
f (QA;Q", QX;Q") = f (Ai, X;), YQ Orth”. (6.50) 


Thus, we have proved the following theorem [53]. 
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Theorem 6.1. A scalar-valued function f (A;) is invariant within the symmetry 
group g defined by (6.38) if and only if there exists an isotropic function f (Aj, L;) 
such that : 

f (A) = f (Ai, Ly). (6.51) 


6.3 Derivatives of Scalar-Valued Tensor Functions 


Let us again consider a scalar-valued tensor function f (A) : Lin” +> R. This func- 
tion is said to be differentiable in a neighborhood of A if there exists a tensor 
f (A), € Lin”, such that 


= f(A),a:X, VKe Lin". (6.52) 


d 
—f(A+tX 
dt a 1=0 


This definition implies that the directional derivative (also called Gateaux derivative) 
d 
a f(At+ nx exists and is continuous at A. The tensor f (A) ,4 is referred to 


as the ce ae the gradient of the tensor function f (A). 

In order to obtain a direct expression for f (A) ,4 we represent the tensors A and 
X in (6.52) with respect to an arbitrary basis, say g; ®@ g/ (i, j = 1,2,...,n). Then, 
using the chain rule one can write 


d d : ; Of ©; 
—f(A+tX = —f|(A',+¢tX',)g; ®g’ = —_xX'. 
art Ma. af lA) +X) 9 ® 9'] ig OAR. 
Comparing this result with (6.52) yields 
Of i of Of 4— 3. OF 
A A= - t ® ;= >, Gi ® = — yi ® J — Gi ® J) 
f (A).a aa 9 9; aA, 2 9;= yn79 29 aal? g 


(6.53) 

If the function f (A) is defined not on all linear transformations but only ona subset 

Slin” Cc Lin”, the directional derivative (6.52) does not, however, yield a unique result 

for f (A) ,. In this context, let us consider for example scalar-valued functions of 

symmetric tensors: f (M) : Sym” +> R. In this case, the directional derivative (6.52) 
defines f (M) ,m only up to an arbitrary skew-symmetric component W. Indeed, 


f (M) um: X=[f (MW) .m+W]: X, VW & Skew", VX © Sym”. (6.54) 
In this relation, X is restricted to symmetric tensors because the tensor M + tX 


appearing in the directional derivative (6.52) must belong to the definition domain 
of the function f for all real values of rt. 
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To avoid this non-uniqueness we will assume that the derivative f (A) ,4 belongs 
to the same subset Slin” Cc Lin” as its argument A € Slin”. In particular, for sym- 
metric tensor functions it implies that 


f (M),meé Sym” for M & Sym”. (6.55) 


In order to calculate the derivative of a symmetric tensor function satisfying the 
condition (6.55) one can apply the following procedure. First, the definition domain 
of the function f is notionally extended to all linear transformations Lin”. Applying 
then the directional derivative (6.52) one obtains a unique result for the tensor f,m 
which is finally symmetrized. For the derivative with respect to a symmetric part 
(1.157) of a tensor argument this procedure can be written by 


Ff (symA) ,syma = sym[f (A),a], A € Lin". (6.56) 


The problem with the non-uniqueness appears likewise by using the component rep- 
resentation (6.53) for the gradient of symmetric tensor functions. Indeed, in this case 
M! =M" Gi 4 j = 1,2,...,n), so that only n(n + 1) /2 among all n? compo- 
nents of the tensor argument M € Sym” are independent. Thus, according to (1.160) 


M=)—M"g,@9;+ >. M! (g,;@9;+9;89;), MeSym". (6.57) 
i=l i,j=l 
j<i 


Hence, instead of (6.53) we obtain 


oe a ee ee 
FM m= 5 D0 aa (9' @9' +9/ 9) 


ij=l 
isi 
n 


1! ‘i 
=5> aMi; (g,®9;+9;®g;)), MeSym". (6.58) 
ay 
isi 
It is seen that the derivative is taken here only with respect to the independent com- 
ponents of the symmetric tensor argument; the resulting tensor is then symmetrized. 


Example 6.8. Derivative of the quadratic norm ||A\| = /A: A: 
dA 4 1X): (A tX)]'7| 
S[A+X) : A+ AO)! |,_, 


[A:A+2tA:X+PX:x]'” 


d 
dt i, 
2A:X+2tX:X 


2[A:A+2rA:X+22X: x]'” 


— A . 
, ital 


t= 
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Thus, 


A 
All. (6.59) 
A TAL 


The same result can also be obtained using (6.53). Indeed, let A = Aj; g' ® g/. Then, 


|All =VA:A= (Aug @g/): (Aug* ®g') = (AiAug*g!. 
Utilizing the identity 


OAj; 
OApq 


= 675%, i,j,p.qd=1,2,...,n 


we further write 


ieee 


Gp @Qq 


OApg 
1 . - 
= (Ang 99; ® 9; + Aig" g!g. ® 91) 
21All 
_-_9A @ @ 2 
= ug’ kgi 9; g, = Aug* g art 
2 ial é = isl |All 


Example 6.9. Derivatives of the principal traces trA* (k = 1,2,...): 


d q 
© [ir(A +2)']], = [a+ a0 I] = 7 Liat #X'] i 
2 7 [arora ee || 
k times t=0 
= afar KART YS +?..| iI 
& oe 
t=0 
k-1 
—~ VY Aixat-l-i- Tak (amly" :X. 
i=0 
Thus, 
(A!) = R(AEN a 


In the special case k = 1 we obtain 


(trA) 4 =I. (6.61) 
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Example 6.10. Derivatives of tr (A‘L) (k = 1,2,...) with respect to A, where L 
is independent of A: 


a bg) em] .yT 
= [(A+7rX)*: L"] a [(A + tX)*] r L 
k-1 k-l : ; 
=> aixah! LT = SATS LT (atl ex. 
i=0 i=0 
Hence, 
k-1 
tr(A“L) a= > (ALA) (6.62) 
i=0 
In the special case k = 1 we have 
tr (AL) ,4 = L!. (6.63) 


It is seen that the derivative of tr (A‘ L) is not in general symmetric even if the tensor 
argument A is. Applying (6.56) we can write in this case 


k-1 k=1 

tr (M‘L) .w=sym bs wu] = )"M'(symL)M*!“, (6.64) 
i=0 i=0 

where M € Sym”. 


Of special importance are the following, respectively, chain and product rule of 
differentiation 


Ola ve (6.65) 
Vv 
LF (A) 9 (A).a=9(A) FA) a tf Aga, (6.66) 


which can easily be proved by using the formalism of the directional derivative (6.52). 
Indeed, we can write for example for (6.65) 


oh 01 Lae, eae a 
—ulv = — —v = ——U,A: P 
dt iy dv dt La ad 
Example 6.11. Derivatives of the principal invariants © (kK=1,2, ...,n) ofa 


second-order tensor A € Lin”. By virtue of the representations (4.30) and using 
(6.60), (6.66) we obtain 


6.3 Derivatives of Scalar-Valued Tensor Functions 149 
Wa = (trA) a=L 
i y= ; (1)? ra _ trA?) eeiPia", 
a= ; (Ita — 1) ra? + tr’) aA 
= : [ta (01 - A‘) +191 — (tA?) 1 21) AT +3 (av)’| 
=| Pai], (6.67) 


Herein, one can observe the following regularity [49] 


k-1 
a= > CDE? (at = 1? ATHIF POL k= 1,2,..., 
i=0 


(6.68) 
where we again set I,” = |. The above identity can be proved by mathematical 
induction (see also [7]). To this end, we first assume that it holds for all natural 
numbers smaller than some k + 1 as 


Wa=Y, 1=1,2,...,k, (6.69) 
where the abbreviation 
k-1 
=> (-1) ay (6.70) 
i=0 
is used. Then, 
k 
Yen = ) CDi? (AT) =-Y,AT+1@T = -1@, 4 AT+1@L 67D 
i=0 


Further, according to (4.30), (6.60) and (6.66) 


k 
1 ; . ; 
(k) i-1 ;(k-i) i 
oA = i (-1) ae es 

1& 1 


— 1G 1)- 1 i i) (AT)~ a 1)- ly a i) wa trA’. (6.72) 
i=l 
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Note that this relation is obtained by means of differentiation rules and is thus valid for 
arbitrary k = 1, 2,---. Inserting this result as well as (4.30) into the last expression 
(6.71) we obtain 


1 k k-1 AT 
i-1 +y(k—-i) T i—1 7(k—i) i 
Yui = oe ame) ea | a yh, aval] 
age i—1 7(k—i) i 
He bas 1) Te ra’ 


i=1 


Adding Y;41/k to both sides of this equality and use for Y;,,, the first expression 
in (6.71) we further obtain keeping in mind that 1° DA=O 


k+1 IO ity ami, IO, nigh (ani 
SF yi = => CD Te (a7) $e) GI) 


k k + , 
i=0 i=0 


k 
1 = (k-i) (k-i) j 
7x 1) a ( ie) , aT + 1¢ 1) tra 


Taking again (6.68) and (6.72) into account we can write 


k 
k+l 1 iG (k-i) (qT)! 
Yen = oor G+ 11% (at) 


k 

1 . . 

as b 8 a Tad 
i=1 

eae 4 

= 1S yr ate ane 


i=1 
k 
1 ene (| k+1 
+z fd =) as sate] = k Neuer 


Hence, 

La Vi 
which immediately implies that (6.68) holds for k + 1 as well. Thereby, representa- 
tion (6.68) is proved. 

For invertible tensors one can get a simpler representation for the derivative of the 
last invariant i . This representation results from (6.68); and the Cayley—Hamilton 
theorem (4.102) as follows 
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n—-1 n 
Aaa = [cori (ay [at = ene (at 
i=0 i=1 
= ent? (ty +11 = 121 
i=0 


Thus, 
1,a=I@AT, Ac Inv’. (6.73) 


Example 6.12. Derivatives of the eigenvalues »;. First, we show that simple eigen- 
values of a second-order tensor A are differentiable. To this end, we consider the 
directional derivative (6.52) of an eigenvalue X: 


d 
ao (A+tX)|. (6.74) 


t=0 


Herein, \ (¢) represents an implicit function defined through the characteristic equa- 
tion 
det (A + tX — AD = pV, t) = 0. (6.75) 


This equation can be written out in the polynomial form (4.23) with respect to powers 
of A. The coefficients of this polynomial are principal invariants of the tensor A + ¢X. 
According to the results of the previous example these invariants are differentiable 
with respect to A+ ¢X and therefore also with respect to t. For this reason, the 
function p (A, ft) is differentiable both with respect to \ and t. For a simple eigenvalue 
Ao = A (0) we can further write (see also [30]) 


P (Xo, 9) = (A= Ao) A= At) A= An-Dhaeay = 9, 
Op (A, 0) 


Dr = (0 — Ai) Ao = A2)--- Ao = An-1) F 9. (6.76) 


A=o 


According to the implicit function theorem (see, e.g., [5]), the above condition ensures 
differentiability of the function (ft) at t = 0. Thus, the directional derivative (6.74) 
exists and is continuous at A. It can be expressed by 


_ _ Op/ot 
~  Op/ar 


d 
Gta +X) (6.77) 


t=0,A=Ao0 


i 


In order to represent the derivative \;,4 we first consider the spectral representation 
(4.47) of the tensor A with pairwise distinct eigenvalues 


A= > rP,, (6.78) 
i=1 
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where P; (i = 1, 2,..., ) denote the eigenprojections. They can uniquely be deter- 
mined from the equation system 


Ak=)°NP;, k=0,1,...,.2-1 (6.79) 


resulting from (4.51). Applying the Vieta theorem to the tensor A! (J = 1, 2,..., 7) 
we further obtain relation (4.29) written as 


wl = ON, 3 ee eee 2 (6.80) 
Differentiation of (6.80) with respect to A further yields by virtue of (6.60) and (6.65) 
Ce =x Mehs MSTA ach 
and consequently 
aw, k=0,1,...,2-1. (6.81) 


Comparing the linear equation systems (6.79) and (6.81) we notice that 
ina = PF. (6.82) 


Finally, the Sylvester formula (4.59) results in the expression 


“Al —AjI 
Awa = 0,1 + I] you (6.83) 
j#i 


It is seen that the solution (6.83) holds even if the remainder eigenvalues 
Aj G =1,2,...,i-1,i+1,...,n) of the tensor A are not simple. In this case 
(6.83) transforms to 


dia = salt Ta = se (6.84) 
igi 
where s denotes the number of pairwise distinct eigenvalues A; (i = 1,2,..., 5). 


Let us further consider a scalar-valued tensor function f (A) : Lin” + R, where 
A = A(f) itself is a differentiable tensor-valued function of a real variable t (see 
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Sect. 2.1). Of special interest is the derivative of the composite function f (A (t)). 
Using (2.15); we write 

dA 


dt 
ds 


df (A (t)+s 


df _ df(A@+s)) +s0(s)) 


dt ds 


s=0 


s=0 


Introducing auxiliary functions s;(s) = s and s2(s) = s and applying the formalism 
of the directional derivative (6.52) we further obtain 


df — df (A(t) +519% + 5,0 (s2)) 
dt ds 
s=0 
_ Of (A(t) + 51% + 5,0 (59) doy 
= Os, ds =, 
_ oF (A (1) +5, * + 510 (52) ds» 
Oso ds -0 
dA Of (A(t “45,0 
= fia: | — + 0(52) + F(A} + s1i@ + 510 (s2)) 
dt s=0 Os2 =5)=0 
_. ,dA df (A(t) 
= cae dt + Os aa 
This finally leads to the result 
df(A@)) _ dA 
ae Fix: ae (6.85) 


Example 6.13. Constitutive relations for hyperelastic materials with isochoric- 
volumetric split of the strain energy function. For such materials the strain energy 
function is represented in terms of the right Cauchy—Green tensor C by 

v(C)=o(C)+U (J), (6.86) 
where [13] _ 

J=4/Me, Care (6.87) 
describe the volumetric and isochoric parts of deformation, respectively. Constitutive 
relations for hyperelastic materials can be expressed in terms of the strain energy 
function by (see e.g. [49]) 


(6.88) 


where S denotes the second Piola-Kirchhoff stress tensor. Insertion of (6.86) yields 
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S = Siso + Syo1, (6.89) 


where | 
Siso = 2y) (C) 1C> Svol = 2U (J) oC. (6.90) 


In order to express these derivatives we first obtain 
Po = M2 .¢= Ste! Mec“ = oe (6.91) 


using (6.73), (6.65) and (6.87); and taking symmetry of C into account. As the next 
step, we calculate the directional derivative of C by virtue of (2.4) 


d= d 
—C(C+1rX)| = —(C+#X) [det(C + 4x)” 
dt i dt rar 
d 2/3 d —2/3 
= —(C4+rxX)) 77 +0 —[J (C4 tX)] 
dr 1=0 dr 1=0 
1 
=e eee gF PC (Co 2X) = Figs, (6.92) 
where 
Pig = J2/3 Bi - 3c o) c"| (6.93) 


denotes the isochoric projection tensor. To the directional derivative of w (C) we 
further apply (6.85) as follows 


=e: —C(C+ 1X) 


t=0 


d -_- 
q7vlect+ 


| o 


Thus, 7 7 
We = We : Piso: (6.95) 


Inserting these results in (6.90) we finally obtain 
= = 1 ¥- 
So = St? =I" E —3(S: C) S| . Searic, (6.96) 


where 


S =2d,¢@. (6.97) 
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6.4 Tensor-Valued Isotropic and Anisotropic Tensor 
Functions 


A tensor-valued function g (A;, Ao, ..., A;) € Lin” of a tensor system A, € Lin” 
(k = 1,2,...,1) is called anisotropic if 


g (QA,Q', QA,Q', ae] QA/Q') 
= Qg (Ay, Ar, -..,A,)Q", VQ € Sorth” C Orth”. (6.98) 


For isotropic tensor-valued tensor functions the above identity holds for all orthogonal 
transformations so that Sorth” = Orth”. 

As a Starting point for the discussion of tensor-valued tensor functions we again 
consider isotropic functions of one argument. In this case, 


9 (QAQ™) = Qg (A) QT, VQ Orth”. (6.99) 


For example, one can easily show that the polynomial function (1.117) and the 
exponential function (1.118) introduced in Chap. | are isotropic. Indeed, for a tensor 
polynomial g (A) = )>y a,A* we have (see also Exercise 1.36) 


9 (QAQ") = D> a (QAQ")" = Dax { QAQ™QAQ™... QAQT 


k=0 k=0 


k times 
= )\ a (Q4‘Q') = Q (> ast) Q’ 
k=0 k=0 
= Qg(A)Q', VQ e Orth". (6.100) 


Of special interest are isotropic functions of a symmetric tensor. First, we prove that 
the tensors g (M) and M ¢€ Sym” are coaxial i.e. have the eigenvectors in common. 
To this end, we represent M in the spectral form (4.66) by 


M= er @ b;, (6.101) 


i=l 


where b; - bj = 6;; Gi, j = 1,2, ...,). Further, we choose an arbitrary eigenvector, 
say b,, and show that it simultaneously represents an eigenvector of g (M). Indeed, 
let 


Q = 2b, @ by —1 = be © + D) (-1) 8 Wb (6.102) 


i=l 
ixk 
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bearing in mind that I= }~"_, b; ® b; in accordance with (1.95). The tensor Q 
(6.102) is orthogonal since 


QQT = (2b; © By — VD) (2D, ® Be — VL) = 4b, ®@ By — 2D @ De — 2D, ®@D, +L =I 


and symmetric as well. One of its eigenvalues is equal to 1 while all the other ones 
are —1. Thus, we can write 


QM = (2b; ® bk —I)M = 22,5; @ b, —-M =M (2b; © bk —-T) = MQ 


and consequently 
QMQ! =M. (6.103) 


Since the function g (M) is isotropic 


g (M) = g (QMQ") = Qg (M) Qt 


and therefore 
Qg (M) = gM) Q. (6.104) 


Mapping the vector b, by both sides of this identity yields in view of (6.102) 
Qg (M) by = g (M) by. (6.105) 


It is seen that the vector g (M) b, is an eigenvector of Q (6.102) associated with the 
eigenvalue 1. Since it is the simple eigenvalue 


g (M) by = yxbx, (6.106) 


where 7, is some real number. Hence, b; represents the right eigenvector of g (M). 
Forming the left mapping of b, by (6.104) one can similarly show that b, is also the 
left eigenvector of g (M), which implies the symmetry of the tensor g (M). 

Now, we are in a position to prove the following representation theorem 
[39, 49]. 


Theorem 6.2. A tensor-valued tensor function g (M), M € Sym’ is isotropic if and 
only if it allows the following representation 


n—-1 


g (M) = gol + yiM + GoM? +...+¢n1M"! =" yiM', (6.107) 
i=0 


where (; are isotropic invariants (isotropic scalar functions) of M and can therefore 
be expressed as functions of its principal invariants by 
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gr Ia ade )i P20 ena. (6.108) 


Proof. We have already proved that the tensors g (M) and M have eigenvectors in 
common. Thus, according to (6.101) 


gM) =) bi @ bi. (6.109) 
i=1 
where 7; = 7; (M). Hence (see Exercise 6.1(e)), 
9 (QMQ’) = 94; (QMQ") Q (4; @ b;) Q". (6.110) 


i=1 


Since the function g (M) is isotropic we have 
g (QMQ") = Qg(M) Qr 


=) (M)Q(b; @b))Q™, YQeOrh". 6.111) 


i=l 
Comparing (6.110) with (6.111) we conclude that 
Yi (QMQ') = 7; (M), i=1,...,n, VQe Orth’. (6.112) 


Thus, the eigenvalues of the tensor g (M) represent isotropic (scalar-valued) functions 
of M. Collecting repeated eigenvalues of g (M) we can further rewrite (6.109) in 
terms of the eigenprojections P; (i = 1,2,...,s5) by 


gM) = So uiPi, (6.113) 
i=1 


where s (1 < s <n) denotes the number of pairwise distinct eigenvalues of g (M). 
Using the representation of the eigenprojections (4.60) based on the Sylvester formula 
(4.59) we can write 


s—l 


B=) 0” Ot saad), FHT, on cg, (6.114) 


r=0 


Inserting this result into (6.113) yields the representation (sufficiency): 


s-l 
g(M) = )° yiM', (6.115) 
i=0 
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where the functions y; (i = 0, 1,2,...,5 — 1) are given according to (6.8) and 
(6.112) by (6.108). The necessity is evident. Indeed, the function (6.107) is isotropic 
since in view of (6.100) 


n—-1 
9g (QMQ") = >> v: (QMQ") QM'Q" 


i=0 


n—1 
=Q bs yi (M) «| Q* = Qg (M) Q', VQ € Orth”. (6.116) 


i=0 


Example 6.14. Constitutive relations for isotropic elastic materials. For isotropic 
materials the second Piola-Kirchhoff stress tensor S represents an isotropic function 
of the right Cauchy—Green tensor C so that 


S (QCQ’) = QS(C) QT, VQ «e Orth’. (6.117) 
Thus, according to the representation theorem 
S(C) = aol + aC + a2C’, (6.118) 


where a; = a; (C) (i = 0, 1, 2) are some scalar-valued isotropic functions of C. The 
same result can be obtained for isotropic hyperelastic materials by considering the 
representation of the strain energy function (6.10) in the relation (6.88). Indeed, using 
the chain rule of differentiation and keeping in mind that the tensor C is symmetric 
we obtain by means of (6.60) 


3 


, wb OuCk _ rw 
ee, ie ac =2 0 gee on 


k=1 


so that a; (C) = 2 (i + 1) Ob/dtrC'*! (i = 0, 1, 2). 
Let us further consider a linearly elastic material characterized by a linear stress- 
strain response. In this case, the relation (6.118) reduces to 


S(C) = y(C)1 +c, (6.120) 


where c is a material constant and y (C) represents an isotropic scalar-valued function 
linear in C. In view of (6.15) this function can be expressed by 


y(C) =at du, (6.121) 


where a and b are again material constants. Assuming that the reference configura- 
tion, in which C = I, is stress free, yields a + 3b + c = 0 and consequently 
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S(C) = (—c — 3b + btrC) 1+ cC = b (trC — 3)I4+- c(C—-D. 


Introducing further the so-called Green—Lagrange strain tensor defined by 
~ | 
E= 5 (C-D (6.122) 


we finally obtain 
S (i) = 2b (wi) 1+ 2ck. (6.123) 


The material described by the linear constitutive relation (6.123) is referred to as 
St. Venant-Kirchhoff material. The corresponding material constants 2b and 2c are 
called Lamé constants. The strain energy function resulting in the constitutive law 
(6.123) by (6.88) or equivalently by S = 0y)/JE is of the form 


wp (E) = br + ctrk?. (6.124) 


For isotropic functions of an arbitrary tensor system A; € Lin” (k = 1,2,...,/) 
the representations are obtained only for the three-dimensional space. One again 
splits tensor arguments into symmetric M; € Sym? (i = 1,2,...,m) and skew- 
symmetric tensors Wj; € Skew? (Gj =1,2,..., w) according to (6.13). Then, all 
isotropic tensor-valued functions of these tensors can be represented as linear com- 
binations of the following terms (see [36, 44]), where the coefficients represent 
scalar-valued isotropic functions of the same tensor arguments. 


Symmetric generators: 
I ’ 


M;, M;, Mj)M;+MjM;, M;M;+MjM;, M;M;+M;M;, 


WwW, W,W,+W,W,. W,W,-—W,W., W,W, -—W,W>. 
M;W, —W,M;, W,M:W,, M;W, —W,M;, 
W,MiW*, — W7.MiW>. (6.125) 


Skew-symmetric generators: 


W>. W,W, — W,W>. 
M;M; —M,;M;, M;M; —M,;M;, M;M; —M;Mj, 


M;M;M; — M;M;M;, MjM;M; — M;MjM;, 
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M;M;Mx + M;M,M; + M,M;M; — M;M;M; — M.M;M; —M;M,Mj, 
M;W, + W,M;, M;W;, — W;Mi. 

bof SES 2 seth, PRP LH1,2, y4. (6.126) 


For anisotropic tensor-valued tensor functions one utilizes the procedure applied 
for scalar-valued functions. It is based on the following theorem [53] (cf. Theorem 
6.1). 


Theorem 6.3 (Rychlewski’s theorem). A ftensor-valued function g(Aj;) is 
anisotropic with the symmetry group Sorth” = g defined by (6.38) if and only if 
there exists an isotropic tensor-valued function g (Ai, L;) such that 


g (Ai) = 9 (Ai, L;). (6.127) 


Proof. Let us define a new tensor-valued function by 
§(Ai,X)) = Og WA") Q, (6.128) 


where the tensor Q’ € Orth” results from the condition (6.44). The further proof is 
similar to Theorem 6.1 (Exercise 6.14). 


Example 6.15. Constitutive relations for a transversely isotropic elastic material. 
For illustration of the above results we construct a general constitutive equation for an 
elastic transversely isotropic material. The transversely isotropic material symmetry 
is defined by one structural tensor L (6.30) according to (6.32). The second Piola- 
Kirchhoff stress tensor S is a transversely isotropic function of the right Cauchy— 
Green tensor C. According to Rychlewski’s theorem S can be represented as an 
isotropic tensor function of C and L by 


S=S(C,L), (6.129) 


such that 
S (QCQ™, QLQ’) = QS(C, L)Q™, VQ Orth’. (6.130) 


This ensures that the condition of the material symmetry is fulfilled a priori since 
S (QCQ’, L) = S(QCQ’, QLQ’) = QS(C, L) Q™, VQ € gy. (6.131) 


Keeping in mind that S, C and L are symmetric tensors we can write by virtue of 
(6.36); and (6.125) 


S(C, L) = aIt+ajL+aC 
+ a3C* + a4 (CL + LC) + a5 (C°7L + LC’). (6.132) 
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The coefficients a; (i =0,1,...,5) represent scalar-valued isotropic tensor 
functions of C and L so that similar to (6.37) 


oy (C, L) = 4; [trC, tC”, trC*, tr (CL), tr (C’L)]. (6.133) 


For comparison we derive the constitutive equations for a hyperelastic transversely 
isotropic material. To this end, we utilize the general representation for the trans- 
versely isotropic strain energy function (6.37). By the chain rule of differentiation 
and with the aid of (6.60) and (6.62) we obtain 


_ 5 OY on av 60 
~ Dac 4 eer” Orcs 


Ow Ow 
= Otr (CL) eke dtr (C?L) 


(CL + LC) (6.134) 


and finally 
S = aol +aiL + aC 4+ a3C? + a4 (CL+LOC). (6.135) 


Comparing (6.132) and (6.135) we observe that the representation for the hyperelastic 
transversely isotropic material does not include the last term in (6.132) with C?L + 
LC’. Thus, the constitutive equations containing this term correspond to an elastic 
but not hyperelastic transversely isotropic material. The latter material cannot be 
described by a strain energy function. 


6.5 Derivatives of Tensor-Valued Tensor Functions 


The derivative of a tensor-valued tensor function can be defined in a similar fashion to 
(6.52). A function g (A) : Lin” +> Lin” is said to be differentiable in a neighborhood 
of A if there exists a fourth-order tensor g (A) ,4 € Lin” (called the derivative), such 
that 


d 
Zit tX)| = g(A),a:X, VX Lin’. (6.136) 
t=0 


d 
The above definition implies that the directional derivative ai g(A+tX) exists 
ft 1=0 
and is continuous at A. 


Similarly to (6.53) we can obtain a direct relation for the fourth-order tensor 
g (A) ,a. To this end, we represent the tensors A, X and G = g (A) with respect to 
an arbitrary basis in Lin”, say g; ®@ g/ (i, j = 1,2,...,m). Applying the chain rule 
of differentiation we can write 
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d d : : 
7 At) = ZG IGA +X) @9'] 9; @ 9} 
t=0 t=0 


= 98) yg, @g'. (6.137) 
OAy 


In view of (5.30); and (6.136) this results in the following representations 


ga = re ee need 
aAt, OA, 
aG', = OGE . 
= Fag OF OG Bg! = 5A, 9 29 @g @g!. (6.138) 


For functions defined only on a subset Slin” C Lin” the directional derivative 
(6.136) again does not deliver a unique result. Similarly to scalar-valued functions 
this problem can be avoided defining the fourth-order tensor g (A) ,4 as a linear 
mapping on Slin”. Of special interest in this context are symmetric tensor functions. 
In this case, using (5.47) and applying the procedure described in Sect. 6.3 we can 
write 

g (symA) ,syma = [9 (A).a PP, A Lin’. (6.139) 


The component representation (6.138) can be given for symmetric tensor functions 
by 


gM). m= 5 D1 pag @(9' @9' +9'@9') Og’ 
k,l=1 
l<k 
i geil @ (9. @ 9 +9, 99,) @G! (6.140) 
= 5) 91D (9 B91 +91 BH) 9", 
2 OMy) k 1 1 k 


where M € Sym”. 


Example 6.16. Derivative of the power function A‘ (k = 1,2, ...). The directional 
derivative (6.136) of the power function yields 


k-1 
d d 
—(A+7X)*| = —( A" +7) AXA 4? ... 
gore. = ( + 2 + 


t=0 


k-1 
So aixael (6.141) 


i=0 
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Bearing (5.17); and (6.136) in mind we finally obtain 
k-1 
AN a= b> Ai @AT! Ae Lin’. (6.142) 
i=0 
In the special case k = 1 it leads to the identity 


A,a=J, Ae Lin”. (6.143) 


For power functions of symmetric tensors application of (6.139) yields 


k-1 
M‘.m= > (M' @M*'‘)*, Me Sym" (6.144) 
i=0 
and consequently 
M,m=J*, Me Sym". (6.145) 


Example 6.17. Derivative of the transposed tensor A‘. In this case, we can write 
d T d ar T T 
— (A+ fX) = —(A'+7?X")| =X". 
dt =o = dt 1=0 
On use of (5.81) this yields 
AT A=T. (6.146) 


Example 6.18. Derivative of the inverse tensor A~', where A € Inv”. Consider the 
directional derivative of the identity A~!A = I. It delivers: 


= 0. 


t=0 


d 
a (A +X)! (A+ fX) 


Applying the product rule of differentiation (2.9) and using (6.141) we further write 


A+A'!X=0 


t=0 


(A+ 1X)! 
dt 


and finally 


= —A7!XA7!, 


d 
— (A +X)! 
dt <0 


Hence, in view of (5.17); 
Al a=—A'T@AT. (6.147) 
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The calculation of the derivative of tensor functions can be simplified by means of 

differentiation rules. One of them is the following composition rule. Let G = g (A) 

and H = h (A) be two arbitrary differentiable tensor-valued functions of A. Then, 


(GH) ,a = G,a H+ GH,,. (6.148) 


For the proof we again apply the directional derivative (6.136) taking (2.9) and (5.40) 
into account 


d 
(GH) 4: X= F [g(A+ 1X) h (A+ 1X)] 


t=0 


d 
H+ G—h(A +1) 


d 
= —g(A+tX 
ae + tX) 


t=0 t=0 
(G,a: X)H+ G(H,, : X) 


= (G,4 H+ GH,,):X, VX e€ Lin”. 


Example 6.19. The right and left Cauchy—Green tensors are given in terms of the 
deformation gradient F respectively by 


C=F'F, b=FF'. (6.149) 

Of special interest in continuum mechanics is the derivative of these tensors with 

respect to F. With the aid of the product rule (6.148) and using (5.42), (5.77), (5.84), 
(5.85), (6.143) and (6.146) we obtain 

Cr=F pF + FF p= IF+F'I=(1@F)'+F' ol, (6.150) 

b.p= F pF! 4+ FF! p= IF'+FT=1Q@F'+(FQD'. (6.151) 

Further product rules of differentiation of tensor functions can be written as 

(fG) a=GO fatfGia, (6.152) 

(G: HB) a=H:G,,+G: Ha, (6.153) 

where f = a (A), G = g (A) and H =A (A) are again a scalar-valued and two 


tensor-valued differentiable tensor functions, respectively. The proof is similar to 
(6.148) (see Exercise 6.16). 


Example 6.20. Derivative of the stretch with respect to the right Cauchy—Green 
tensor and to the deformation gradient. The stretch in a direction specified by a unit 
vector J can be expressed in terms of the right Cauchy—Green tensor by 


\= VICI = (C:L)?, (6.154) 
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where L = 1 @1. By (6.145) and (6.153) we obtain 


1 “28 
Me= 55 (L: 9°) = re (6.155) 


By virtue of (5.22);, (5.46) and (6.150) it further yields 
1 
\F=A,c: Cr= ye: [(@@F)'+F' @I] =)"'FL. (6.156) 


Example 6.21. With the aid of the above differentiation rules we can easily express 
the derivatives of the spherical and deviatoric parts (1.169) of a second-order tensor 
by (compare with (5.89) 


1 1 
sphA,, = Ee (A) i A= LOT = Py, (6.157) 


1 l 
devA,, = E — —tr (A) i a=I—-_IOI= Pay. (6.158) 
n n 


In a similar way we can also express the derivative of the isochoric part of the 
deformation (6.87) as 


Gea 0 OC) c= I" Ce+CO(*) 6 


. il 
= pe (x = 3° © c') = Piso; (6.159) 


where relation (6.91) is utilized. 


Example 6.22. Tangent moduli of hyperelastic isotropic and transversely isotropic 
materials. The tangent moduli are defined by (see, e.g., [33]) 


@=- 22. (6.160) 


where E denotes the Green—Lagrange strain tensor defined in (6.122). For hypere- 
lastic materials this definition implies in view of (6.88) the representation 


_ yy _, oy 
~ OEOE = O0CdC 


(6.161) 


For a hyperelastic isotropic material we thus obtain by virtue of (6.144), (6.152), 
(6.10) or (6.119) 
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é) 


e=4 a gO? get ach! 
OtrC* OtrC! 


ag Ow 
teil 
OtrC2 _ OtrC3 


+8 (C@I+I@C0. (6.162) 


For a hyperelastic transversely isotropic material the above procedure yields with 
the aid of (6.134) 


3 i 


faa 

k—-1 1-1 4 L L 

ae eee OC +455 (b areby® 
ond CL+LC) 0 (CL+LC 
‘a (Clo(eL 


oa) k-1 k-1 
4 - L+L - 
* ye OtrC* dtr (CL) (c ae ) 


faa 
4 eee nk 
* ys dtrC* Ate ( (C?L) 
Py om 

Lo (CL+LC) 4+ (CL+LO) OL] +8 

“Ser (EL) ot (Ly | OR ie a ern ene OtrC? 

aw ap 
12 C@I+1@ Cs +4——_ 
+ Oey eet 


[c’"' © (CL+LC)+ (CL+LO) oC] 


J 


ane (L@I+I@L)’. (6.163) 


Example 6.23. Tangent moduli of hyperelastic materials with isochoric-volumetric 
split of the strain energy function can be obtained by inserting (6.96) into (6.89) and 
(6.160). Thus, applying product rules of differentiation (6.148), (6.152) and (6.153) 
and using (6.91) we can write 


C= 28,c = Ciso =F Cvol, (6.164) 


where 
Cvot = Byo.c = (U7 +U/)C1OC1-2U'T (C1 @C"'), (6.165) 
2 -la_ lye = = 
Cio = 2Sio.0 = — 34 7 S—3(S:C)c OC 


= 1 = s 
+2507 E : Pio + = (8: C)(C 1 @C") 


3 
5c" ©(C:8,E: Piso + 5) | ' 
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Using the abbreviation 7 _ _ 
C= 28,6= 40.6 (6.166) 


the last expression can finally be simplified as follows 


Cisco = Pho 1 C: Piso — =I-77 (SOC !+C' OS) 
+36:Q[(Ctocy+;c1oc"]. (6.167) 


6.6 Generalized Rivlin’s Identities 


The Cayley—Hamilton equation (4.102) 
APTA A es Sao (6.168) 


represents a universal relation connecting powers of a second-order tensor A with 
its principal invariants. Similar universal relations connecting several second-order 
tensors might also be useful for example for the representation of isotropic tensor 
functions or for the solution of tensor equations. Such relations are generally called 
Rivlin’s identities. 

In order to formulate the Rivlin identities we first differentiate the Cayley— 
Hamilton equation (6.168) with respect to A. With the aid of (6.68), (6.142) and 
(6.152) we can write 


O= bp (—1)! iar ze 


k=0 


n k 
= a lg Atk ) pp (-1)'7! i ay] 
k=1 


i=1 
n—-1 n—k 
A: as (=1)* a bp Ati oa] . 
k=0 i=1 


Substituting in the last row the summation index k +i by k and using (5.42) and 
(5.43) we further obtain 


n k 
Dave ik? [re (ay rea ']=0. 6.169) 
k=1 


i=1 


Mapping an arbitrary second-order tensor B by both sides of this equation yields an 
identity written in terms of second-order tensors [12] 
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n k : 
pr ae OC a I<? [tr (A‘“'B) 1 — BA'“'] = 0. (6.170) 
k=1 i=l 


This relation is referred to as the generalized Rivlin’s identity. Indeed, in the special 
case of three-dimensional space (n = 3) it takes the form 
ABA + A’B + BA? — tr(A) (AB + BA) — tr (B) A? 
1 
— [tr (AB) — trAtrB] A + 5 [tA — trA*] B 


1 
= {« (A’B) — trAtr (AB) + 5uB [tr°A — ua?]| I=0, (6.171) 


originally obtained by Rivlin [38] by means of matrix calculations. 
Differentiating (6.170) again with respect to A delivers 


n—1 n—k k 
O= >> \ (ATT BAT) SO (HDETIY® [tr (AUB) E- BA] 
k=1 j=l i=1 
n k-1 
ak > va el Atk [tr (A‘~'B) I_ BA‘'] 
k=2 i=1 
k-i ; 
el enrig? (ary 
j=l 
n k ; i-1 
ie > om (—1)k- Ie) art fo} 3 (ABA)? 
k=2 i=2 j=l 
n k ; iii 
= be ee) ae I A* 8 ar @ AJ) 
k=2 i=2 j=l 


Changing the summation indices and summation order we obtain 


n—1 n- k-i 
x ‘> (1) | aes {1 ® [tr (A/-'B) Ai-} 
i=l k=i+1 j=l 


— ABA] — [ir (AB) T-Bar] 0 (AT) 


+ 10 (A 'BAY“')"— Bal“! @ A'| = 0. (6.172) 


The second-order counterpart of this relation can be obtained by mapping another 
arbitrary second-order tensor C € Lin” as [12] 
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n—1 n k-i 
> bs Ss ep iat {tr (A/~'B) cai-! 
i=1 k=i+1 j=l 


— CA''BA!™! — [tr (A‘7'B) I— BA] tr (A/'C) 
+tr (A‘'BA/“'C) I— BA/“'CA'™'} = 0. (6.173) 


In the special case of three-dimensional space (n = 3) equation (6.173) leads to the 
well-known identity (see [31, 38, 40]) 


ABC + ACB + BCA + BAC + CAB + CBA -— tr(A) (BC + CB) 

— tr (B) (CA + AC) — tr(C) (AB + BA) + [tr (B) tr(C) — tr (BQ)JA 

+ [tr (C) tr (A) — tr (CA)] B + [tr (A) tr (B) — tr (AB)]C 

— [tr (A) tr (B) tr (C) — tr (A) tr (BC) — tr (B) tr (CA) 

—tr (C) tr (AB) + tr (ABC) + tr (ACB)]I = 0. (6.174) 


Exercises 


6.1. Check isotropy of the following tensor functions: 

(a) f (A) = aAB, where a, b € E” anda £40,b £40, 

(b) f (A) -— All + A? +4 A33, 

(c) f (A) = Al +A? + A where AY represent the components of A € Lin? with 
respect to an orthonormal basis e; (i = 1, 2,3), so that A = Ae; ® ej, 

(d) f (A) = detA, 

(e) f (A) = Amax» Where max denotes the maximal (in the sense of the norm Vv \) 
eigenvalue of A € Lin”. 


6.2. Prove the alternative representation (6.18) for the functional basis of an arbitrary 
second-order tensor A. 


6.3. Prove the product rule of differentiation (6.66) by applying the formalism of 
the directional derivative (6.52). 


6.4. An orthotropic symmetry group g, is described in terms of three structural ten- 
sors defined by L; = 1; ® 1;, wherel; -1; = 6;; (i, j = 1, 2, 3) are unit vectors along 


mutually orthogonal principal material directions. Represent the general orthotropic 
strain energy function 


v(QCQ')=u(C), VQeg, (6.175) 


in terms of the orthotropic invariants. 
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6.5. Using the results of Exercise 6.4, derive the constitutive relation for the second 
Piola-Kirchhoff stress tensor S (6.88) and the tangent moduli € (6.160) for the general 
hyperelastic orthotropic material. 


6.6. Represent the general constitutive relation for an orthotropic elastic material as 
a function S (C). 


6.7. Asymmetry group g, of a fiber reinforced material with an isotropic matrix is 
described in terms of structural tensors defined by L; = 1; ® 1;, where the unit vectors 
I; @ =1,2,...,) define the directions of fiber families and are not necessarily 
orthogonal to each other. Represent the strain energy function 


v(QCQ")=u(C), VQeg, (6.176) 
of a fiber reinforced material with two families of fibers (k = 2). 


6.8. By using (6.73) and (6.85) prove that 
d bey 
ao = detA tr (AA ) (6.177) 


for any invertible second order tensor function A (t) € Inv”. 


6.9. Derive the constitutive relation S = 207)/0C + pC™! and the tangent mod- 
uli C = 20S/0C for the Mooney-Rivlin material represented by the strain energy 
function (6.11). 


6.10. Derive the constitutive relation for the Ogden material (6.12) in terms of the 
second Piola-Kirchhoff stress tensor using expression (6.88). 


6.11. Show that tr (CL;CL,), where L; (i = 1, 2, 3) are structural tensors defined 
in Exercise 6.4, represents an orthotropic tensor function (orthotropic invariant) of C. 
Express this function in terms of the orthotropic functional basis obtained in Exercise 
6.4. 


6.12. The strain energy function of the orthotropic St. Venant-Kirchhoff material is 
given by 


+ (£) = 


3 


pa ait (BL;) «(BL;) + > Gi (BLBL;), 6.178) 


i,j=l 
ifj 


Nile 


where E denotes the Green—Lagrange strain tensor (6.122) and L; (i = 1, 2,3) are 
the structural tensors defined in Exercise 6.4. ajj = aj; (i, j = 1,2, 3) and Gjj = 
Gj; (i € j = 1, 2,3) represent material constants. Derive the constitutive relation 
for the second Piola-Kirchhoff stress tensor S (6.88) and the tangent moduli € (6.160). 
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6.13. 


Show that the function w(B) (6.178) becomes transversely isotropic if 


1 
a2 = a3, A2=a3, Gy2=Gp3, Gy3= 5 (d22 — 23) (6.179) 


and isotropic of the form (6.124) if 


6.14. 
6.15. 
6.16. 


6.17. 


a2 =43=43=A, Gno=Giy3=Gyx3=G, 

ai) = 422 = 433 = A+ 2G. (6.180) 
Complete the proof of Theorem 6.3. 
Express A-* 4, where k = 1,2,.... 
Prove the product rules of differentiation (6.152) and (6.153). 


Write out Rivlin’s identity (6.170) for n = 2. 


Chapter 7 ®) 
Analytic Tensor Functions sheet 


7.1 Introduction 


In the previous chapter we discussed isotropic and anisotropic tensor functions 
and their general representations. Of particular interest in continuum mechanics 
are isotropic tensor-valued functions of one arbitrary (not necessarily symmetric) 
tensor. For example, the exponential function of the velocity gradient or other non- 
symmetric strain rates is very suitable for the formulation of evolution equations 
in large strain anisotropic plasticity. In this section we focus on a special class of 
isotropic tensor-valued functions referred here to as analytic tensor functions. In 
order to specify this class of functions we first deal with the general question how 
an isotropic tensor-valued function can be defined. 

For isotropic functions of diagonalizable tensors the most natural way is the 
spectral decomposition (4.47) 


A=) Pi, (7.1) 
i=l 
so that we may write similarly to (4.52) 
g(A) = og Qi) Pi, (7.2) 
i=l 


where g (A;) is an arbitrary (not necessarily polynomial) scalar function defined on 
the spectrum A; (i = 1, 2,..., 5) of the tensor A. Obviously, the so-defined function 
g (A) is isotropic in the sense of the condition (6.99). Indeed, 


9 (QAQ™) = 29 (i) QP:Q™ = Qg(A)Q™, VQe Orth", (7.3) 


i=] 
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where we take into account that the spectral decomposition of the tensor QAQ! is 
given by 


QAQ™ = 5° A,QP;Q". (7.4) 


i=1 


Example 7.1. Generalized strain measures. The so-called generalized strain mea- 
sures E and e (also known as Hill’s strains, [19, 20]) play an important role in 
kinematics of continuum. They are defined by (7.2) as isotropic tensor-valued func- 
tions of the symmetric right and left stretch tensor U and v and are referred to as 
Lagrangian (material) and Eulerian (spatial) strains, respectively. The definition of 
the generalized strains is based on the spectral representations by 


U= SAP, v= 5 in (7.5) 
i=1 i=1 


where \; > 0 are the eigenvalues (referred to as principal stretches) while P; and 
p; (@ = 1,2,...,s) denote the corresponding eigenprojections. Accordingly, 


E=)\fQ)P;, e= >) f dp, (7.6) 
i=1 i=1 


where f is a strictly-increasing scalar function satisfying the conditions f (1) = 0 
and f’ (1) = 1. A special class of generalized strain measures specified by 


ae | 
~ — QZ -1)P; fora £0, 
B® = 3A 4 (7.7) 
In Q;) Pi fora = 0, 
i=1 


- = (Af —1)p; fora £0, 
e® — Jizl a 


3 (7.8) 
In (\;) Di fora =0 
=1 


L 


are referred to as Seth’s strains [43], where a is a real number. For example, the 
Green—Lagrange strain tensor (6.122) introduced in Chap. 6 belongs to Seth’s strains 
as E®), 


Since non-symmetric tensors do not generally admit the spectral decomposition in 
the diagonal form (7.1), itis necessary to search for other approaches for the definition 
of the isotropic tensor function g (A) : Lin” +> Lin”. One of these approaches is the 
tensor power series of the form 
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[o.@) 
g(A) = aol +a,A+ aA? +...= > a,A’. (7.9) 
=0 
Indeed, in view of (6.100) 


9 (QAQ") = Sra, (QAQ"Y 


r=0 


= Y*a,QA"Q? = Qg(A)Q™, VQ Orth’. (7.10) 


r=0 


For example, the exponential tensor function can be defined in terms of the infinite 
power series (7.9) by (1.118). 

One can show that the power series (7.9), provided it converges, represents a 
generalization of (7.2) to arbitrary (and not necessarily diagonalizable) second-order 
tensors. Conversely, the isotropic tensor function (7.2) with g (A) analytic on the 
spectrum of A can be considered as an extension of infinite power series (7.9) to its 
non-convergent domain if the latter exists. Indeed, for diagonalizable tensor argu- 
ments within the convergence domain of the tensor power series (7.9) both definitions 
coincide. For example, inserting (7.1) into (7.9) and taking (4.51) into account we 
have 


g(A)= >a, (x vn) => 4 3 MP; = >> g9 A) Pi (7.11) 
r=0 i=1 r=0 i=1 i=1 


with the abbreviation 


GN => aX’, (7.12) 
=0 
so that L aga) 
"9 
= . 713 
r! ON r=0 ( ) 


The above mentioned convergence requirement vastly restricts the definition 
domain of many isotropic tensor functions defined in terms of infinite series (7.9). 
For example, one can show that the power series for the logarithmic tensor function 


[o.@) AY 
In(A+D= —1)7' — 7.14 
n(A+1) 2 Nee (7.14) 
converges for |\;| < 1 @ = 1,2,...,5) and diverges if |A,| > 1 at least for some 


k 1 <k <s) (ee, e.g., [16]). 
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In order to avoid this convergence problem we consider a tensor function defined 
by the so-called Dunford-Taylor integral as (see, for example, [28]) 


re of. g(() (C1— A)! dc (7.15) 


taken on the complex plane over I”, where I” represents a closed curve or consists 
of simple closed curves, the union interior of which includes all the eigenvalues 
A; € C G@ = 1,2,...,5) of the tensor argument A. g(¢): Ct C is an arbitrary 
scalar function analytic within and on I’. 

One can easily prove that the tensor function (7.15) is isotropic in the sense of the 
definition (6.99). Indeed, with the aid of (1.137) and (1.138) we obtain (cf. [37]) 


g (QAQ") = 9 (¢) (G1— QAQ’) "dc 


Ini 
aves! 9 O[QCI- AQ] d¢ 


271 
- ig 9) QCA)! QTac 
MOS 
= Qg(A)Q’, VQ Orth". (7.16) 


It can be verified that for diagonalizable tensors the Dunford-Taylor integral (7.15) 
reduces to the spectral decomposition (7.2) and represents therefore its generaliza- 
tion. Indeed, inserting (7.1) into (7.15) delivers 


1 
g (A) = = fo (a-Yoae dc 


-1 
1 
5 OLE vn | dc 


tee ji DG di) | Pid 


Qni 


AY 


Yh soe- ri)! ec] Pi= Loaner (7.17) 


where we keep (4.50) in mind and apply the the Cauchy integral formula (see, e.g. 
[5]). Using this result we can represent, for example, the generalized strain measures 
(7.6) by 

E=f(U), e=f(v), (7.18) 


where the tensor functions f (U) and f (v) are defined by (7.15). 
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Further, one can show that the Dunford-Taylor integral (7.15) also represents a 
generalization of tensor power series (7.9). For this purpose, it suffices to verify 
that (7.15) based on a scalar function g (¢) = ¢* (k = 0, 1,2, ...) results into the 
monomial g (A) = A“. To this end, we consider in (7.15) the following identity [28] 


g(O1= (c)* = (A-A+ A)‘ = (I-A) +... + AX (7.19) 


Thereby, all terms except of the last one have no pole within I” and vanish according 
to the Cauchy theorem (see, e.g., [5]), so that 


g(A) = a § [(qi— A) 1 +...+A* (CI— A)']d¢ = A*. (7.20) 
Qt r 


Isotropic tensor functions defined by (7.15) will henceforth be referred to as 
analytic tensor functions. The above discussed properties of analytic tensor functions 
can be completed by the following relations (Exercise 7.3) 


g(A) =af (A)+ Gh (A), if gA)=af A) + Sh), 
g(A) = f (AVh(A), if gAy=fAahQ), (7.21) 
g(A) = f(h(A)), if gAN=fA)- 


In the following we will deal with representations for analytic tensor functions and 
their derivatives. 


7.2 Closed-Form Representation for Analytic Tensor 
Functions and Their Derivatives 


Our aim is to obtain the so-called closed form representation for analytic tensor 
functions and their derivatives. This representation should be given only in terms of 
finite powers of the tensor argument and its eigenvalues and avoid any reference to 
the integral over the complex plane or to power series. 

We start with the Cayley—-Hamilton theorem (4.102) for the tensor CI— A 


Yo (-DiI , GIA)" * = 0. (7.22) 
k=0 


With the aid of the Vieta theorem (4.28) we can write 


Wea=l Wea= Dp (6-ra)(C-Aa)--(C-Au)» (7-23) 


1) <9 <...<ig 
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where k = 1,2,..., and the eigenvalues \; (i = 1,2,...,) of the tensor A are 
counted with their multiplicity. 
Composing (7.22) with the so-called resolvent of A 


R(¢) = (GI—- A)! (7.24) 


yields 


n—-1 


1 ~k- 
RO=B- Wey ge, d-ar 
Teta k=0 
1 n—-1 


mats) >. en (A-—Cp"*!. (7.25) 
Tea ko 


Applying the binomial theorem (see, e.g., [5]) 
l 
(A—¢D! = > (1)? ( )orrar, 1=1,2,..., (7.26) 
0 Pp 
p= 
where 


y i! 
6 ~ pid — py (7.27) 


we obtain 


n—-1 n—k—-1 
1 n—k—-1 
RO =a yla S, Saar | ‘ae (7.28) 


cI-A k=0 p=0 P 


Rearranging this expression with respect to the powers of the tensor A delivers 


n—1 
R@ =) aA? (7.29) 

p=0 

with 
n—p—1 mek = 
om == pre ( jaa (7.30) 
Ta-a 40 ig 

where p = 0,1, ..., — 1. Inserting this result into (7.15) we obtain the following 


closed-form representation for the tensor function g (A) [24] 
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n—1 


g(A)= >> y,A’, (7.31) 
p=0 
where 1 
Pr = 55 f 90) apd, p=0,1,...,n—-—1. (7.32) 


The Cauchy integrals in (7.32) can be calculated with the aid of the residue theorem 
(see, e.g., [5]). To this end, we first represent the determinant of the tensor CI — A in 
the form 


Iya = det (CI— A) =[]@-A)", (7.33) 
i=1 


where A; denote pairwise distinct eigenvalues with the algebraic multiplicities 
r; G@ =1,2,..., 5) such that 


Ss 


nan (7.34) 


i=1 
Thus, inserting (7.30) and (7.33) into (7.32) we obtain 
3 tt | © pia, tOC= 9") (7.35) 
= —— lim } —— — Xi)" TF, . 
Pp a (rj =~ 1)! Cj dcr-! g Ap 
where p = 1,2,...,n—1. 


The derivative of the tensor function g (A) can be obtained by direct differentiation 
of the Dunfod-Taylor integral (7.15). Thus, by use of (6.147) we can write 


1 
g(A) a= as § gC) (I-A)! @ (I= A)! d¢ (7.36) 
T1 Jp 


and consequently 


1 
I Oa= se z) gIMRO ORO de. (7.37) 
Tl JP 


Taking (7.29) into account further yields 


n—-1 


g (A) A= > NpgA? ® A‘, (7.38) 
p.q=0 


where 


1 
Nos = Man = 55 PHA G04 OM Pq=OLvan— 1. 738) 


180 7 Analytic Tensor Functions 


The residue theorem finally delivers 


Ss 


1 ; d2-! m 
toa = 2 Gp aay im \sa= [9 C) ay aq OG = Xs) 4} (7.40) 


i=1 


where p,g = 0,1,...,n—1. 


7.3 Special Case: Diagonalizable Tensor Functions 


For analytic functions of diagonalizable tensors the definitions in terms of the 
Dunford-Taylor integral (7.15) on the one side and eigenprojections (7.2) on the 
other side become equivalent. In this special case, one can obtain alternative closed- 
form representations for analytic tensor functions and their derivatives. To this end, 
we first derive an alternative representation of the Sylvester formula (4.59). In Sect. 
4.4 we have shown that the eigenprojections can be given by (4.56) 


P;=p;(A), i=1,2,...,5, (7.41) 


where p; (i = 1, 2,..., 5) are polynomials satisfying the requirements (4.55). Thus, 
the eigenprojections of a second-order tensor can be considered as its analytic 
(isotropic) tensor functions. Applying the Dunford-Taylor integral (7.15) we can 
thus write 


i 


pi(C)(A—A)'dé, i=1,2,...,s. (7.42) 
r 


~ Oni 
Similarly to (7.31) and (7.35) we further obtain 


n—1 


B=) oA Pa Legs (7.43) 
p=0 
where 
Ss 1 duo! : 
Pip = ¥ iD! Lu {som [pi () ap (6) G — Ak) | (7.44) 


k=1 
anda, (p = 0,1,..., — 1) are given by (7.30). With the aid of polynomial func- 


tions p; (A) satisfying in addition to (4.55) the following conditions 


d’ 
Pi) =0 i,j=1,2,...,8:7r=1,2,...,.47-1 (7.45) 
dy A=; 
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we can simplify (7.44) by 


1 ; qi-! . 
Pin = Gy im {soa [op (0) ( — Xi) If (7.46) 


Now, inserting (7.43) into (7.2) delivers 
Ss n—1 
9 (A) = Yo gO) >) pipA?. (7.47) 
i=l =0 


In order to obtain an alternative representation for g (A) ,4 we again consider the 
tensor power series (7.9). Direct differentiation of (7.9) with respect to A delivers 
with the aid of (6.142) 


ee) r-l1 
g(A).a= doa, SOAK @ AK, (7.48) 


r=1 k=0 


Applying the spectral representation (7.1) and taking (4.51) and (7.12) into account 
we further obtain (see also [22, 52]) 


oo r-1 s 
g(A).a= > 04a, >> >> AT EMP, @P, 


r=l— -k=0i,j=1 


25 'Pp, erty vay se, @P,; 


i=l r=1 i,j=l r=1 


JAI 
: gi) — 9 (Aj) 
= ‘();) P; @P; gt Np. @ Pp, 
29) @ 2p? FG @P; 
i#i 
= )) GijP; @P,, (7.49) 
i,j=l 
where 
g (Aid) ifi = j, 
Gij = mere 7.50 
5= 490A) -9(A)) fi Z j (7.50) 
Mp Aj 


Inserting into (7.49) the alternative representation for the eigenprojections (7.43) 
yields 
n—-1 
g(A) a= 3 Gi; >- pippjgA? ® A’. (7.51) 
i,j=l p.q=0 
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Thus, we again end up with the representation (7.38) 


n—-1 
g (A) A= > NpgA? ® A‘, (7.52) 
p.q=0 
where : 
"pq = "Nap = s GijPipPiq> P»d=9,1,...,n—-1. (7.53) 


i,j=l 


Finally, let us focus on the differentiability of eigenprojections. To this end, we 
represent them by [28] (Exercise 7.5) 


1 
P= x (I-A) 'd¢é, i=1,2,...s, (7.54) 
QT es 


where the integral is taken on the complex plane over a closed curve J; the interior 
of which includes only the eigenvalue \;. All other eigenvalues of A lie outside 
I. Tj; does not depend on ); as far as this eigenvalue is simple and does not lie 
directly on I. Indeed, if A; is multiple, a perturbation of A by A + tX can lead toa 
split of eigenvalues within J;. In this case, (7.54) yields a sum of eigenprojections 
corresponding to these split eigenvalues which coalesce in ; for t = 0. Thus, the 
eigenprojection P; corresponding to a simple eigenvalue 4; is differentiable according 
to (7.54). Direct differentiation of (7.54) delivers in this case 


Pa= =f ((1— A)! @(CI— A) 'd¢, 7, =1. (7.55) 
71 r 


By analogy with (7.38) we thus obtain 


n—-1 
Pi.a= > VipgA? @ A’, (7.56) 
p.q=0 
where 
Vipg = Vigp = aif Ap (G) Aq (QC) dG, p,q =O0,1,...,n-1. (7.57) 


i 


By the residue theorem we further write 


_ fd 
ving = fim | [ap (004 G- A¥']p p.q=0,1,...,.2-1. (7.58) 


With the aid of (7.49) one can obtain an alternative representation for the derivative of 
the eigenprojections in terms of the eigenprojections themselves. Indeed, substituting 
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the function g in (7.49) by p; and taking the properties of the latter function (4.55) 
and (7.45) into account we have 


“PP, @P;+P;@P; 
Pa ce Bil al (7.59) 


= 
J#i 


7.4 Special Case: Three-Dimensional Space 


First, we specify the closed-form solutions (7.31) and (7.38) for three-dimensional 
space (n = 3). In this case, the functions a, (¢) (k = 0, 1, 2) (7.30) take the form 


‘S — Cla-a + Waa 


ag (¢) = fle 
— C= COAL HAL +A3) + ALA2 + ADAZ + ABA 
7 (¢ — A1) (C — Az) ( — As) , 
a= MAL Sends 
Wa_a (C= ALG = Aa) (C = Aa) 
ay (C) = ! = : : (7.60) 


Waa (C—1) (C— rx) C— 3) 


Inserting these expressions into (7.35) and (7.40) and considering separately cases 
of distinct and repeated eigenvalues, we obtain the following result [26]. 


Distinct eigenvalues: 4, # Ax # Az # 4, 
3 
9g (Ai) AjAk 
Yo = 2 a 
a g Qi at (Aj + Ax) 


i=] 


’ 


(7.61) 


3 
=, 
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184 
m=) ad Ov) 3 MAY L9 A) — 9 As) 
i,j=l Qi = Dy 
ifj 


2. (Ay + Ak) ApAag’ Os 
ee ye He Kg’ (Ai) 
(Aj + Ax) AA [9 AD — 9 Aa) 

QO Se nD 
Nr [g Ad) — 9 (Aj) 


AjAcg (Ai) 
eines cm 3 (A: — Aj)? De 
pe 1 J 
ae 


i-1 D; i,j=l 
IF] 
ee 3 (p+) 9 OD) > (Aj + Ax) A +A” [9 A) — 9 AI 
j = J 
= D; i,j=l (i - rj" 5s 
ij 


(i + Av) [g Ai) — 9 (As)] 


ye (A; fey) g i) yo! 
j=l (oe) De 
Ti 


m2 = m1 = 
5770 didi Bec (7.62) 
2 = > OL J l, 3 
i=l D; i,j=1 (ri Ps, dj)” k 
ifj 
where 
=(i-A)A-AD, TATAKAIR=A1,2,3. (7.63) 
Double coalescence of eigenvalues: 4, A 4; =A. =A, j AK 
oe Ag) -—AGA), AGA) AAG A) 
: C7 Qi- A) OA)’ 
_ 49 OD -9 A) g (A) Ai +A) 
pi =—2A , 
Qi — d)? (Ai — A) 
gA)-9gA) IFA 
J 7.64 
PEON OD) ee 
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(2.7? — 63A;) [9 Ai) — 9 OD] 
(i — )° 
Mog! (Ai) + (243A; + 442A? — 4} + AF) gO) 
* Qa — 
(277 — APA) g” A) AF" (A) 
(i - )° 6(\; — \)”’ 
(33 + 7A? — 247A) [9 Ai) — 9 OD] 
(i - )° 
203g! (Ai) + (3 +7\;2 — 2?) g A) 
(i — )4 
(4°A; APA — AZ) GA) AAO FA) G” (A) 
20; -\)° 6(\; — A)? 
(A? — 34; — 207) [9 Ai) — 9O)] 
(i — AY? 
Ay dg! (Ai) + (7 + 3A;A — 7) g “) 
(i — )4 
(BAA; — A?) 9g” A) Ag” O) 
BOG =P 6GOL=aAy 
pri +319) =I] | 9 CQ +AQI F209 
(i — A)? (i — )4 
2A +AVG A) A +A? G9” A 
(i; — A)? 6 (A; — A)’ 
Oi +7) [9g Qi) —g A] 2Ag! Qi) + Oi + 5A) 9/ O) 
Oi — A) i — d)" 
i +3A)9" A) OAitA9” OA) 
20; - )° 6(\; — A)” 
gA)-9g™”A) of i) +39 A) g’ A gf” A 
(i — A)? (i — 4 (i - 2 6; — 2)” 


Too = 


Tol = M0 = 


1o2 = 7720 = 


Mm = 


’ 


m2 = 721 = 


’ 


722 = (7.65) 


Triple coalescence of eigenvalues: 4, = Az = 03 = », 
U 1 20 
po = 9 (A) — Ag (A) + > g A); 
gi=g A)—-Ag"Q), 


1 
Y= af (A), (7.66) 
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AA. _ MGV A AKG" O) 


noo = g' (A) — Ag” (A) + 


2 12 120 ” 
fA AMA NGIV AY ABQ” OA) 
Nol = Mo = 5) ) = 8 60” 
fA) _ AVA, Vg" OA) 
1o2 = 720 = 6 A D0” 
JA Ag” A). HG" A) 
m1 = 6 6 + 30.” 
ee g'V (A) Ag” ) 
24 60 
ae) 
122 = 120” (7.67) 


where superposed Roman numerals denote the order of the derivative. 


Example 7.2. To illustrate the application of the above closed-form solution we 
consider the exponential function of the velocity gradient under simple shear. The 
velocity gradient is defined as the material time derivative of the deformation gradient 
by L= F. Using the representation of F in the case of simple shear (2.70) we can 
write 
070 
L=Lije;@e/, where [Li]=|] 000]. (7.68) 
000 


We observe that L has a triple (7; = 3) zero eigenvalue 


Ay =A. =A3 =A=0. (7.69) 


This eigenvalue is, however, defect since it is associated with only two (t; = 2) 
linearly independent (right) eigenvectors 


aj=e;, a =8e3. (7.70) 


Therefore, L (7.68) is not diagonalizable and admits no spectral decomposition in 
the form (7.1). For this reason, isotropic functions of L as well as their derivative 
cannot be obtained on the basis of eigenprojections. Instead, we exploit the closed- 
form solution (7.31), (7.38) with the coefficients calculated for the case of triple 
coalescence of eigenvalues by (7.66) and (7.67). Thus, we can write 


exp (L) = exp (A) (5* = eS i) Lei = 4+ 3] ; (7.71) 
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»’ ae MM 
exp (L) , = exp (A) It N+ a Ee =) q 


+ : Ale a (L@I+I@L) 
2 8 60 

i A. 3 ; 
+(--—+— ]|(’ @I+I@L*) 

1 » 2 2 1 2 2 
+({—-=])(L @L+L@L*)+ Lb @L?!. (7.72) 


On use of (7.69) this finally leads to the following expressions 


1 
exp (L) =I+L+ 51’, (7.73) 
1 i om . 
exp (L) p= J+ 5(L@I+T@L) + -L@L+—(L @I+I1@L’) 
1 1 
—(L? @6L+Lel’)+— oer, 7.74 
ayn @L+L® yt o55 @ (7.74) 


Taking into account a special property of L (7.68): 
Li =0, £=2,3,0:; (7.75) 


the same results can also be obtained directly from the power series (1.118) and its 
derivative. By virtue of (6.142) the latter one can be given by 


(oe) 


r-1 
1 
exp (L) ,, = y =i y Let. (7.76) 
* k=0 


r=1 


For diagonalizable tensor functions the representations (7.31) and (7.38) can be 
simplified in the cases of repeated eigenvalues where the coefficients y, and 7), are 
given by (7.64)-(7.67). To this end, we use the identities A7 = (A; + A) A— AAI 
for the case of double coalescence of eigenvalues Qi ZAGHME= A) and A = AI, 
A? = \7I for the case of triple coalescence of eigenvalues (A; = A2 = A3 = A). 
Thus, we obtain the following result well-known for symmetric isotropic tensor 
functions [7]. 


Double coalescence of eigenvalues: i # Aj = Ax = A, A? =(\; +A A—AAL 


_ Ag (A) — Ag (i) — 9 AD) -9A) _ 
ae Os che a oa 2 = 0, (7.77) 
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gA)—g9O | #9 OD +¥9 OD 
Oi — A? (i — Ay’ 


Too = 2A; X 


gA)-9g™”A) Ag Od + Aig’ A) 


Nor = Mo = (A; +A) 


(\; — A)? (Ai;-AP 
= 59 Oi) — 9A) g Ai) +9' A) 
“ j= O;— v2 
No2 = ro = M2 = Na = N22 = 0. (7.78) 


Triple coalescence of eigenvalues: \y = \y = 3 = A, A= MI, A* = AI, 


ypo=gA), Yr =H. =), (7.79) 


noo = 9 (A), Nor = M0 = M1 = No2 = Mo = M2 = m1 = ™2 =0. = (7.80) 


Finally, we specify the representations for eigenprojections (7.43) and their deriva- 
tive (7.56) for three-dimensional space. The expressions for the functions p;, (7.46) 
and Ujpqg (7.58) can be obtained from the representations for y, (7.61), (7.77), 
(7.79) and pq (7.62), (7.78), respectively. To this end, we set there g (A;) = 1, 
9(A;)) =9 AD = 9 Oi) =9 (Aj) = 9' Ox) = 0. Accordingly, we obtain the fol- 
lowing representations. 


Distinct eigenvalues: A, # Ax # A3 # 1, 


dirk Aj + AK 1 
UO te TO pes 781 
Pi0 D, Pil D, Pi2 D, (7.81) 


\ vj 
Vi00 = 2X A jrx : 3 + d 3 ’ 
(i = rj) Dy (Vi _ Ak) D; 


Xi (Aj + Au) AZ OW + Ad) 


Xj (Aj + Ax) + Aw i + Aj) 


Viol = Vi1l0 = Ak +; : 
ee ee ’ (Oi — an)? D; 

Ait A; Ai +A 

Vio2 = Vi20 = —Ag : Xj > , 
Qi _ dj) Dy (Ai — Ax) Dj 
ee vee 

vill = —2 (Aj + Ak) : + 3 : 

(i = rj) Dy Oj — Ak)” D; 


Ai AAPA | ALA 2A; t+ At 
(i — dj) Dy i — Ax)? Dj 


Ujil2 = Vi21 = 
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2 2 
Qi =i,) Dy Oi —»)° Dj 


ixAfAKAi=1,2,3. (7.82) 


Vji22 = 


Double coalescence of eigenvalues: 4; A Aj; =A =A, j Fk, 


r 1 
i0 = — » pil = —, p2=9, 7.83 
Pi0 Lo Pil eee Pi2 ( ) 
2dAj AHA 2 

= ae Viol = Vilo = C= ill = Oe 

Vior = Vi20 = Vi12 = Vi21 = Vi22 = 0. (7.84) 
Triple coalescence of eigenvalues: 4 = Ar = »3 = A, 

Po=1, pu=pr2=9. (7.85) 


The functions Uj pq (p, g = 0, 1, 2) are in this case undefined since the only eigen- 
projection P; is not differentiable. 


7.5 Recurrent Calculation of Tensor Power Series 
and Their Derivatives 


In numerical calculations with a limited number of digits the above presented closed- 
form solutions especially those ones for the derivative of analytic tensor functions 
can lead to inexact results if at least two eigenvalues of the tensor argument are close 
to each other but do not coincide (see [23]). In this case, a numerical calculation of 
the derivative of an analytic tensor function on the basis of the corresponding power 
series expansion might be advantageous provided this series converges very fast so 
that only a relatively small number of terms are sufficient in order to ensure a desired 
precision. This numerical calculation can be carried out by means of a recurrent 
procedure presented below. 

The recurrent procedure is based on the sequential application of the Cayley— 
Hamilton equation (4.102). Accordingly, we can write for an arbitrary second-order 


tensor A € Lin” 
n—-1 


Meas Cy i As (7.86) 
k=0 
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With the aid of this relation any non-negative integer power of A can be represented 
by 


n—-1 
Maar, 720, Wi 2i.c (7.87) 
k=0 


Indeed, for r < n one obtains directly from (7.86) 
? = Se, wh? =(-D" Ie, 7k =0,1,...,n-1. (7.88) 


Further powers of A can be expressed by composing (7.87) with A and representing 
A” by (7.86) as 


n—1 n—1 


AM = SPAM! = Si? AR + i? A" 
k=0 


k=1 
n-1 n—-1 

= up? Attu, Sop at 
k=1 k=0 


Comparing with (7.87) we obtain the following recurrent relations (see also [42]) 
we? = wl, (1, 
a a eal (ty?) k= 1,2,....8— 1. (7.89) 


With the aid of representation (7.87) the infinite power series (7.9) can thus be 
expressed by (7.31) 


n—1l 


g(A) =) pA’, (7.90) 
p=0 
where 
lo, @) 
y= > ae. (7.91) 
r=0 


Thus, the infinite power series (7.9) with the coefficients (7.13) results in the same 
representation as the corresponding analytic tensor function (7.15) provided the infi- 
nite series (7.91) converges. 

Further, inserting (7.87) into (7.48) we obtain again the representation (7.38) 


n—-1 


g(A).a= >> npgA? BAY, (7.92) 


p.q=0 
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where 


tm = ap = oe ol He”, pe =0, Lona =A: (7.93) 
r=1 


The procedure computing the coefficients 7,4 (7.93) can be simplified by means of 
the following recurrent identity (see also [34]) 


r r—-l 
Yvan @ AF —<A’ @I+ bp Aro i-* oa] A 
k=0 


k=0 
r-l 
~a[Farmoa'|st08 r=1,2..., (7.94) 
k=0 


where 
n—-l 


r-1 
yar tt @at= Sar @at, r=1,2... (7.95) 
k=0 p.q=0 


Thus, we obtain 


CO 
ig > ae. (7.96) 
r=1 
where [23] 
ona = ep = ws wy) = b0p50q PS, p.q=9,1,...,n-1, 
(r) __ ¢@-bD a (r-1) 
00 =Son-1% +o > 
(r) (r) (r-1) (r—1) (r-1), (ny -1 
fq = &90 = qi + Gn-1%y” = Er-1qeo + wy ”?s 
(r) _ ¢() (r- D (r YD y@ — e 1) (r— Dy 
bog = oo = Spy iF Spas 1 wy a ee lq ws 
Pq p.g=1,2,...,n n—1, PSH 2,3 pees (7.97) 


The calculation of coefficient series (7.89) and (7.97) can be finished as soon as 
for some r 


r 


>. aw), 


t=0 


r 
D415 04 


t=1 


Jaw?| <e 


largra| SE , pq=0,1,...,.2-1, (7.98) 


where € > 0 denotes a precision parameter. 
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Table 7.1 Recurrent calculation of the coefficients wy? and ae 


r wy [wr [os [ee [er lee [ar [ao lee [a 
0 1 0 0 1 
1 0 1 0 1 0 0 0 0 0 1 
2 0 0 1 0 1 0 0 0 0 1/2 
3 0 0 0 0 0 1 1 0 0 1/6 
4 0 0 0 0 0 0 0 1 0 1/24 
5 0 0 0 0 0 0 0 0 1 1/120 
6 0 0 0 0 0 0 0 0 0 1/720 
Ya wt yy 4 1 u 
= 2 I I I I I 
: 
dar Sma : 2 6 6 24 =| 120 


Example 7.3. To illustrate the application of the above recurrent procedure we con- 
sider again the exponential function of the velocity gradient under simple shear 
(7.68). In view of (7.69) we can write 


K? =1? =1P =0. (7.99) 


With this result in hand the coefficients w" and €) (p, q = 0, 1, 2) appearing in the 
representation of the analytic tensor function (7.90), (7.91) and its derivative (7.92), 
(7.96) can easily be calculated by means of the above recurrent formulas (7.88), 
(7.89) and (7.97). The results of the calculation are summarized in Table 7.1. 

Considering these results in (7.90), (7.91), (7.92) and (7.96) we obtain the rep- 
resentations (7.73) and (7.74). Note that the recurrent procedure delivers an exact 
result only in some special cases like this where the argument tensor is characterized 
by the property (7.75). 


Exercises 


7.1. Let R (w) be a proper orthogonal tensor describing a rotation about some axis 
e ¢ E? by the angle w. Prove that R¢ (w) = R (aw) for any real number a. 


7.2. Specify the right stretch tensor U (7.5), for simple shear utilizing the results of 
Exercise 4.1. 


7.3. Prove the properties of analytic tensor functions (7.21). 


7.4. Represent the tangen moduli for the Ogden material (6.12) in the case of simple 
shear by means of (7.49)-(7.50) and by using the result of Exercises 4.14 and 6.10. 
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7.5. Prove representation (7.54) for eigenprojections of diagonalizable second-order 
tensors. 


7.6. Calculate eigenprojections and their derivatives for the tensor A (Exercise 4.15) 
using representations (7.81)-(7.85). 


7.7. Calculate by means of the closed-form solution exp (A) and exp (A) ,4, where 
the tensor A is defined in Exercise 4.15. Compare the results for exp (A) with those 
of Exercise 4.16. 


7.8. Compute exp (A) and exp (A) ,4 by means of the recurrent procedure with the 
precision parameter ¢ = 1 - 10~°, where the tensor A is defined in Exercise 4.15. 
Compare the results with those of Exercise 7.7. 


Chapter 8 M®) 
Applications to Continuum Mechanics creek 


8.1 Deformation of a Line, Area and Volume Element 


Let us consider an infinitesimal vector dX in the reference configuration of a material 
body and its counterpart dx in the current configuration. By virtue of the represen- 
tation for the deformation gradient (2.67) we get 
Ox ; Ox . 
= f= J k = 
dx = AN dx/ = (3 @e ) (dX*e,) = FdX. (8.1) 


Thus, the deformation gradient F maps every infinitesimal vector from the reference 
configuration to the current one by dx = FdX. 

In order to describe the mapping of a volume element we consider three infinites- 
imal linearly independent (non-coplanar) vectors dG; € ‘3 (i = 1, 2,3) in the ref- 
erence configuration and their counterparts dg; = FdG;, (i = 1, 2, 3) in the current 
one. The volume of the parallelepiped spanned by these three vectors is expressed 
by their mixed product. By means of (4.111) the relative volume change can thus be 
written by 


_ [dgidgzdg3] _ [FdG, FdG, FdG3] 
[dG dG2dG3] [dG; dG dG3] 


= detF. (8.2) 


In order to express the deformation of the area we first rewrite this relation as follows 
[dg, dg> dg3| = J [dG, dG, dG3]. (8.3) 
Keeping (1.32) in mind we further obtain 


(dg, x dg>) -dg3 = J (dG, x dGo) - dG3. (8.4) 
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The vector products in (8.4) yield the vector areas defined by 
dA =dG,; x dG», da=dg, x dg, (8.5) 


in the reference and current configuration, respectively. Inserting these relations into 
(8.4) and taking (1.81), (1.120),, (8.1) into account we obtain 


da - dg; = JdA- (F~'dg;) = J (dAF~')-dg,; = J (F-"dA)-dg3. (8.6) 
Since the above identity holds for all dg3 we obtain the relation 
da = JF-'dA = cofFdA (8.7) 


referred to as Nanson’s formula, where cofF = F~T detF denotes the cofactor of an 
invertible tensor F. 

Finally, we consider a body in the current configuration bounded by a closed 
surface a (see Fig. 2.4). In this case 


/ da =0. (8.8) 
Inserting into this identity Nanson’s formula (8.7) and utilizing (2.108) we obtain 
0= / JF dA = / JF 'ndA = i Div (JF~') dV, (8.9) 
A A V 


where V denotes the volume of the body and n is the outer unit normal vector to 
its boundary surface. Note that the divergence operator denoted by Div is taken here 
with respect to the reference configuration. Since this result is valid for any arbitrary 
volume, the following identity holds 


Div (JF~") = DivcofF = 0. (8.10) 


The same procedure starting from the closed surface A in the reference configuration 
where 


i deed: (8.11) 
A 
leads to the identity 
div (J~'F") = div (cofF)~' = 0, (8.12) 


where the divergence operator div applies to the current configuration of the body. 
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8.2 Polar Decomposition of the Deformation Gradient 


The deformation gradient F represents an invertible second-order tensor generally 
permitting a unique polar decomposition by 


F = RU =vR, (8.13) 


where R is an orthogonal tensor while U and v are symmetric tensors. In continuum 
mechanics, R is called rotation tensor while U and v are referred to as the right and 
left stretch tensor, respectively. The latter ones have already been introduced in Sect. 
7.1 in the context of generalized strain measures. 

In order to show that the polar decomposition (8.13) always exists and is unique 
we first consider the so-called right and left Cauchy—Green tensors respectively by 


C=F'F, b=FF"'. (8.14) 


These tensors are symmetric and have principal traces in common. Indeed, in view 
of (1.155) 


tr (C*) = tr (F'F...F'F) = tr(FF"... FF") = tr(b‘). (8.15) 
k times k times 


For this reason, all scalar-valued isotropic functions of C and b such as principal 
invariants or eigenvalues coincide. Thus, we can write 


C=) lAP;, b= >> Appi, (8.16) 
i=1 i=1 


where eigenvalues A; are positive. Indeed, let a; be a unit eigenvector associated 
with the eigenvalue A;. Then, in view of (1.81), (1.107), (1.119) and by Theorem 
1.8 one can write 


Aj = a; - (Aja;) = a; - (Ca;) = a; - (F'Fa;) 
= (a;F*) - (Fa;) = (Fa;) - (Fa;) > 0. 


Thus, square roots of C and b are unique tensors defined by 
U=VC=) VAP, v=vb=)> > /Aipi. (8.17) 
i=l i=l 


Further, one can show that 
R=Fu! (8.18) 


represents an orthogonal tensor. Indeed, 
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RR? = FU'U'F' = FU7?F' = FC 'F 
= F(F'F) | FT = FF'FTF =1. 


Thus, we can write taking (8.18) into account 
F = RU = (RUR')R. (8.19) 


The tensor 
RUR! = FR’ (8.20) 


in (8.19) is symmetric due to symmetry of U (8.17),. Thus, one can write 
(RUR™)’ = (RUR") (RUR")' = (FRT) (FR’)' 
= FR'RF' = FF’ = b. (8.21) 
In view of (8.17)2 there exists only one real symmetric tensor whose square is b. 
Hence, 


RUR' =y, (8.22) 


which by virtue of (8.19) results in the polar decomposition (8.13). 


8.3 Basis-Free Representations for the Stretch and 
Rotation Tensor 


With the aid of the closed-form representations for analytic tensor functions discussed 
in Chap. 7 the stretch and rotation tensors can be expressed directly in terms of 
the deformation gradient and Cauchy—Green tensors without any reference to their 
eigenprojections. First, we deal with the stretch tensors (8.17). Inserting in (7.61) 
g (Aj) = JA; = 2; and keeping in mind (7.31) we write 


U=golt+yiC+ mC’, v= golt yib+ yb’, (8.23) 
where [48] 


Ay A2A3 (Ay + A2 + A3) 


a (Ar + A2) A2 + A3) A3 + Al)’ 
MAAS HAZ H+ AAD + AddAZ + ABAL 
= Cie) Ce la) Oar on 
1 
yo = (8.24) 


(Ay + A2) Ao + A3) (3 + AL) 
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These representations for y; are free of singularities and are therefore generally valid 
for the case of simple as well as repeated eigenvalues of C and b. 
The rotation tensor results from (8.18) where we can again write 


Ul = olt C+ aC’. (8.25) 
The representations for ¢, (p = 0, 1, 2) can be obtained either again by (7.61) where 
g (Ai) = A; UP dj" or by applying the Cayley—Hamilton equation (4.102) leading 


to 


U"! = W,' (U? — uU + Wl) 
= Illy’ [lu — volu) 1+ (1 — gily) C — you’), (8.26) 


where 
Iu =A, +A2 +23, Uy = AiA2 + A2A3 + A3A1, Wty = AA2A3. (8.27) 


Both procedures yield the same representation (8.25) where 


ae ArAg + AzAg + AsA Ou + Ag + A3)” 
° NADAS RES Oe lore ih 
1 (AT + AZ HAZ H+ ALA2 + ADA3 + AZAL) Al + Ad +: A3) 
S$ = 3 
 MAeAg MAgAg (Ar + Az) Az + Az) (As + An) 
Ay tA. +A 
g= one eds LE (8.28) 


AiA2A3 (Ar + A2) (A2 + A3) 3 + Al) 
Thus, the rotation tensor (8.18) can be given by 
R=F (sol +9C+ oC’) : (8.29) 
where the functions ¢; (@ = 0, 1,2) are given by (8.28) in terms of the princi- 
pal stretches A; = /A;, while A; (i = 1, 2,3) denote the eigenvalues of the right 
Cauchy-—Green tensor C (8.14). 


Example 8.1. Stretch and rotation tensor in the case of simple shear. In this loading 
case the right and left Cauchy—Green tensors take the form (see Exercise 4.1) 


ye “eee ae 
CaCege, (Clair 045 (8.30) 

0 0 1 

1+770 
b=bie@e/, [bi]J=| y 10 (8.31) 

o. O12 
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with the eigenvalues 


2 
24 fat 442+ 
eee ee _ = -(¢ — | AHL. (8.32) 


For the principal stretches we thus obtain 


J4e7P+ 
Ay2 = VAi2 = ie i 


, S=VAZ=1. (8.33) 
The stretch tensors result from (8.23) where 
‘ l+/77+4 
= , 
wWy+44+74+4 
: Leper a 
(=. {> 
2p ee 
1 
~2= : (8.34) 
Wy+4+72+4 
This yields the following result (cf. Exercise 7.2) 
2 
on ia a 
U=Uje, @e/, [Uj] = ae (8.35) 
vi 4 ae 4 
v+2 x 
ae. wae fa 
v= viei ®e/, [vi] = (8.36) 
oe pe ie +4 
The rotation tensor can be calculated by (8.29) where 
2. +4 1 
oO=Vvz > 
2W/yY+4+y4+4 
: 34/4447 
1 = ’ 
2+ JP +4 
14/7? +4 


2 = . (8.37) 
2W/Yt4+y4+4 
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By this means we obtain 


2 Y 
APTA Pad 
ay 2 


0 
/y2 4.4 /y2 4 4 
0 0 1 


R=R'e@e’, [Rij] = (8.38) 


8.4 The Derivative of the Stretch and Rotation Tensor 
with Respect to the Deformation Gradient 


In continuum mechanics these derivatives are used for the evaluation of the rate of 
the stretch and rotation tensor. We begin with a very simple representation in terms 
of eigenprojections of the right and left Cauchy—Green tensors (8.14). Applying the 
chain rule of differentiation and using (6.150) we first write 


Up=C'",.¢:Cp=C'?,¢: [1 @F'+F' ol]. (8.39) 
Further, taking into account the spectral representation of C (8.16); and keeping its 
symmetry in mind we obtain by virtue of (7.49)-(7.50) 


C?.6= 5° (A +A;) (Pi @P,). (8.40) 


i,j=l 
Inserting this result into (8.39) delivers by means of (5.33), (5.47), (5.54)2 and (5.55) 


Ur= D> (/+A))'[(P @FP))' + PFT OP; |. (8.41) 


i,j=l 
The same procedure applied to the left stretch tensor yields by virtue of (6.151) 


Ss 


= i+A;) |p; @F p;+ (pF @p,) |. : 
v Co F'p; + (pF @ p;)' (8.42) 


ij=l 


Now, applying the product rule of differentiation (6.148) to (8.18) and taking (6.147) 
into account we write 


Rp = (FU!) , =1@U'+FU'y: Uy 
=I@U'-F(U'@U'):U,r. (8.43) 
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With the aid of (7.2) and (8.41) this finally leads to 


Ry=1@ (> vt 
i=l 
- =I t 
=F [+A AA] [PP @FP/)'+PFT@P/]. (8.44) 
i,j=l 
Note that the eigenprojections P; and p; (i = 1, 2,..., 5) are uniquely defined by 
the Sylvester formula (4.59) or its alternative form (7.43) in terms of C and b, respec- 
tively. The functions p;, appearing in (7.43) are, in turn, expressed in the unique form 
by (7.81), (7.83) and (7.85) in terms of the eigenvalues A; = x i= 1 2ya2058). 
In order to avoid the direct reference to the eigenprojections one can obtain the 
so-called basis-free solutions for U,p, v,p and R,r (see, e.g., [8, 17, 21, 41, 50, 52]). 
As atule, they are given in terms of the stretch and rotation tensors themselves and 
require therefore either the explicit polar decomposition of the deformation gradient 
or a closed-form representation for U, v and R like (8.23) and (8.29). In the following 
we present the basis-free solutions for U,r, v,7 and R,f in terms of the Cauchy—Green 
tensors C and b (8.14) and the principal stretches \; = A; (i = 1,2,...,5). To 
this end, we apply the representation (7.38) for the derivative of the square root. 
Thus, we obtain instead of (8.40) 


2 2 
C26 _ > Na (Cc? @ c‘)° bs = > he (b? Q b‘)° ; (8.45) 


p.q=0 p.q=0 


where the functions 7,4 result from (7.62) by setting again g (A;) = / Aj = ;. This 
leads to the following expressions (cf. [21]) 
moo = AW! [RUG — UG + Uy 
—IG My (30 — 200) + 3tu lpi, — UuIp] . 
nor = mo = A! [ely — RW, — yup 
+21; (My + U;) — 4p Wy + 20 ly, — Wy]. 
To2 = Mo = AW [—Ty lly + Wy — Wully — TG), 
mi = Aq! [IG — 41h ly + 31p Mu 
+41 0G — 6lgMully + Illy + Wyle]. 
m2 =m = A' [Ky + 21j My — 21G My + Upp], 
mo = A! [I + Wu], (8.46) 


where 
A = 2 dyly — My)? Illy (8.47) 
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and the principal invariants Iy, Ify and Illy are given by (8.27). 
Finally, substitution of (8.45) into (8.39) yields 


2 
Ur= > 9 [(C? @ FC) + C°FT 9 C*). (8.48) 
p.q=0 


Similar we can also write 


2 
Vir= D> Mp, [b” @ FT! + (b’F @ b’)']. (8.49) 
p.q=0 


Inserting further (8.25) and (8.48) into (8.43) we get 


2 
—F > cing jo" @ FC)! + CP+ET @ or (8.50) 


P.g.r,t=0 
where ¢, and jpg (p,g = 0, 1, 2) are given by (8.28) and (8.46), respectively. The 


third and fourth powers of C in (8.50) can be expressed by means of the Cayley— 
Hamilton equation (4.102): 


C —IcC? + IcC — cI = 0. (8.51) 
Composing both sides with C we can also write 
Ct — IcC? + IceC? — McC = 0. (8.52) 
Thus, 
C = IcC? — McC + Mel, 
Ct = (I@ — Hc) C’ + (le — IcHc) C + IcHIcl. (8.53) 
Considering these expressions in (8.50) and taking into account that (see, e.g., [47]) 
Ic = -2lly, Uc =UG—2lpllly, We = My, (8.54) 
we finally obtain 


2 2 
Rr=1B 05? +F D> tpg [(C? @FCI)'+C°FT@C!], (8.55) 
p=0 p.q=0 
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where 


Hoo = 1! [RIT + 2 UGH, — 3 W ly — Ty Wy I, 
+ TUE, + si RM, + olf UN, — 31g 1M 
—61G MGM, + slp Nyy — WW, + Wy]. 
Hor = no = 1! [GIG + UG Wy — RUG — Ol My llg + Wy Wy 
+ SILI, + 24, Uy + 41, Wy, — 61, Wy Ly 
—61 GIy, + 6lp My IG + Ivy, — 2010, ] 
Hon = foo = —Y | [WG + [YU G Wy — Uy — 44 WG 
+31, Up ly + 4151 — 3tu GIy, + Wl], 
wn = 1! [Ry + 1G Wy — 71 My lly — 41,0, 
+ SRM + 16lg WG Wy + 4 Wy — 16R Wy, 
—121, Uj My + 31 Wy + 12y MGI, — 3y lt], 
(2 = poy = —Y! [Ih Mly + MG — STy Mull — 2050p 
+4, + 6G UG Wy — 6p yy, + Wy], 
uo = 1 'Tp [Thy + GU G — 3lu lly + 310g] (8.56) 


and 
Y = —2 dylly — My)? HR, (8.57) 


while the principal invariants Iy, [fy and Illy are given by (8.27). 
The same result for R,¢ also follows from 


Rp = (FU!) ,=1@U!+ FU c: Cr (8.58) 


by applying for U~!,¢ (7.38) and (7.62) where we set g(A;) = (Aj)? = A; 1. 
Indeed, this yields 


2 
CY cH=U c= >) pn (Cec), (8.59) 
p.q=0 


where [pg (p,q = 0, 1, 2) are given by (8.56). 
8.5 Time Rate of Generalized Strains 


Applying the chain rule of differentiation we first write 


E=E,c:C, (8.60) 
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where the superposed dot denotes the so-called material time derivative. The deriva- 
tive E,c can be expressed in a simple form in terms of the eigenprojections of E and 
C. To this end, we apply (7.49)-(7.50) taking (7.18) and (8.17) into account which 
yields 


E,c= >) fi (Pi @P;)’. (8.61) 
i,j=l 
where 

f' Aid) ifi=j 

Da , 
Ti=)ray—-fy) ..,. os 

—— ae ifi x j- 

i J 


A basis-free representation for E,¢ can be obtained either from (8.61) by expressing 
the eigenprojections by (7.43) with (7.81), (7.83) and (7.85) or directly by using the 
closed-form solution (7.38) with (7.62), (7.78) and (7.80). Both procedures lead to 
the same result as follows (cf. [25, 51]). 


2 


E,c= >> Mpq (C? @C*)’. (8.63) 
p.q=0 


Distinct eigenvalues: 1 # A. # A3 # Mi, 


’ 


S MEP) O AMAL F OD — £04 
noo =) ee > j iL ; (A;)] 
i=l Ly i,j=l (7 - 23) Ax 
3 (03 +2) MARLON) 
2); A? 
3 (03 +2) PALF AD - FAV) 
Bh a42). 
ei (7-43) 4 
AAS OD) —  MAMLF OD — FA; 
nies). ae x oe i ra ae ) Bi i) 
iD; i,j=1 ( »3) Ak 


a= 


101 = Tho = 
i=l 


up 


’ 


’ 


i=1 


(2422) FAD 


: (3+ A) (7 +2) [fF Ad) — f Ay)] 
m= 2 
i=l ot 


i,j=l ( - »)" Ak 


’ 
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’ 


i=1 


a GA) PO 2 0E FON FO; 
m2 = a1 = > ( / a + > ( u dy ; : f ( i)] 
i el ( = v3) Ak 


3 3 
f'OD wa fOad-fQ; 
22 = 2 2A? i 


» LAF Fi, (8.64) 


i=l 


with 
Ap= (7 = A,) AF HAR), TAT ARAIH1,2,3. (8.65) 


Double coalescence of eigenvalues: 4 # Aj = Ax = A, 


Too = 


ye Syl : 5 
222 f Ad ae f OD +A fA) 


(2 — 2)? Dae 92)" 
Sgr 3 47 
m1 = mo = (A; +7) f is ot r oo ra =e ” 
je of Ai) = A) ie Af! Ai) + Af OA) 
(2 — 2)? 2A; A (A? — 2)? 
No2 = ™0 = M2 = N21 = M2 = O. (8.66) 


Triple coalescence of eigenvalues: 4 = Az = »3 = A, 


Xr 
Moo = 5 > Mol = ho = Tr = Moa = Mo = the = Ma = Tha = 0. (8.67) 


Insertion of (8.61) or alternatively (8.63) into (8.60) finally yields by (5.17), and 
(5.48), 


. 2 
ij=l p.q=0 


Example 8.2. Material time derivative of the Biot strain tensor E = U — I. Inser- 
tion of f(A) = A — | into (8.62) and (8.68); yields 


. 5 1 
qd) _ 
. = 255 +; 


igo“? 


P;CP;. (8.69) 


Keeping (8.45) in mind and applying the chain rule of differentiation we can also 


write 
2 


EY —U=C",6:C= > Mpg? CCE, (8.70) 


pP.q=0 
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where the coefficients 7,, (p, g = 0, 1, 2) are given by (8.46) in terms of the principal 
invariants of U (8.27). 


8.6 Stress Conjugate to a Generalized Strain 


Let E be an arbitrary Lagrangian strain (7.6);. Assume existence of the so-called 
strain energy function 7 (E) differentiable with respect to E. The symmetric tensor 


T=wv(E),r: (8.71) 


is referred to as stress conjugate to E. With the aid of the chain rule it can be repre- 
sented by 


1 
T=V(E),c: Cre= 7° Cyr, (8.72) 


where S = 2v (E) ,c denotes the second Piola-Kirchhoff stress tensor. The latter one 
is defined in terms of the Cauchy stress o by (see, e.g., [49]) 


S = det (F)F ‘oF T. (8.73) 


Using (8.71) and (7.7) one can also write 
- ‘ 1. (2) 
YaTsE= Ss) C=s:8 : (8.74) 


The fourth-order tensor C,g appearing in (8.72) can be expressed in terms of the 
right Cauchy—Green tensor C by means of the relation 


F=En=E,c: Cx, (8.75) 


where the derivative E,¢ is given by (8.61)-(8.62). The basis tensors of the latter 
representation are 


P; ® P;)* ifi = j, 
m= || eae am. (8.76) 


(P;@P;+P;@P;) ifiFj. 


In view of (4.48), (5.33) and (5.55) they are pairwise orthogonal (see Exercise 8.2) 
such that (cf. [51]) 


Pi; ifi =kand j =/ori =landj =k, (8.77) 


Pi; :Py = 
: . é otherwise. 
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By means of (4.50) and (5.86) we can also write 


>> Pi = (x) @|> Pi 1) =den=s". (8.78) 
i=l j=l 


i,j=l 
jzi 


Using these properties we thus obtain 


Ce= >) f7' (RP: @P,)’, (8.79) 


i,j=l 


where fj; (i, j = 1,2,...,s) are given by (8.62). Substituting this result into (8.72) 
and taking (5.22),, (5.46) and (5.47) into account yields [22] 


1 S 
=5 a iy PiSP;. (8.80) 


i,j=l 


In order to avoid any reference to eigenprojections we can again express them by 
(7.43) with (7.81), (7.83) and (7.85) or alternatively use the closed-form solution 
(7.38) with (7.62), (7.78) and (7.80). Both procedures lead to the following result 
(cf. [51]). 
2 
T= >> tpgC?SC. (8.81) 


p.q=0 


Distinct eigenvalues: 41 # A. # A3 # Mi, 


3 MAD ; NE 
NOH aaa ae —— 
F(X) A} 


tit 2(# XN) [FAD =F A)]A 


3 (03 +2) BAD 


Tol = M10 = 


= f' Qi) A? 
. . (3 +2) 72 | 
fist (4X7) OD — FA) 


2. WA: : d22 

PORCH Wonk 

7o2 = 120 = > ; ) : 
SOA a 2 (47 — 3) [FOOD — £(A;)] Ae 


tA 
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3 2 2)” . 3 2 2 2 2 
yo b+) (3 +2) (F +22) 
m= ; ; 
OAS 2 (a? - 23) [FO — f (Aj) Ac 
iAj 
3 ae: + 2 Xi 3 2 2 
m2 = Na = li i): +0 Eas ; 
rat POOAT fe 2(4— 7) LF) — F Ov)] Ae 
ifj 
3 3 
m= ait > : . (8.82) 
ret POOAT 1 2(8 4) [FD — F(AV)] Ae 
xj 
where i # j Ak #i and A; are given by (8.65). 
Double coalescence of eigenvalues: 4; # Aj = Ax = A, 
_ dA? 4 AiA 3 4 dj 
= ~“TP—FON- FO] @—weLFan FA! 
ee r+ Air ‘ Xi 
mS 28 —-BFON-FO] (ew lLFOo FO!’ 


1 il Xi A 
= + + ’ 
= OF OO) =FO1  F2= 2) LF OD) f | 


"o2 = 20 = M2 = Na = 22 = 0. 


(8.83) 


Triple coalescence of eigenvalues: 4 = Az = »3 = X, 


r 
"oo = FO)" Nor = Mo = M1 = Ho2 = 20 = M2 = N21 = 72 =0. = (8.84) 


8.7 Finite Plasticity Based on the Additive Decomposition 
of Generalized Strains 


Keeping in mind the above results regarding generalized strains we are concerned in 
this section with a thermodynamically based plasticity theory. The basic kinematic 
assumption of this theory is the additive decomposition of generalized strains (7.6) 
into an elastic part E, and a plastic part E, as 


E=E,+E,. (8.85) 


210 8 Applications to Continuum Mechanics 
The derivation of evolution equations for the plastic strain is based on the second law 
of thermodynamics and the principle of maximum plastic dissipation. The second 
law of thermodynamics can be written in the Clausius-Planck form as (see, e.g. [49]) 


D=T:E-w>=0, (8.86) 


where D denotes the dissipation and T is again the stress tensor work conjugate to 
E. Inserting (8.85) into (8.86) we further write 


D=(T a -E,+T:E,>0 (8.87) 
= ag, ) Ee ‘EB, = 0, ; 


where the strain energy is assumed to be a function of the elastic strain as Y = ob (E.). 
The first term in the expression of the dissipation (8.87) depends solely on the elastic 
strain rate E,, while the second one on the plastic strain rate E,. Since the elastic 
and plastic strain rates are independent of each other the digtipation inequality (8.87) 
requires that 


OW 
= ; 8.88 
DE. (8.88) 
This leads to the so-called reduced dissipation inequality 
D=T:E,=0. (8.89) 


Among all admissible processes the real one maximizes the dissipation (8.89). This 
statement is based on the postulate of maximum plastic dissipation (see, e.g., [32]). 
According to the converse Kuhn-Tucker theorem (see, e.g., [6]) the sufficient condi- 
tions of this maximum are written as 


Of 


ai €=0, (D=0, @=<0, (8.90) 


where @ represents a convex yield function and é denotes a consistency parameter. 
In the following, we will deal with an ideal-plastic isotropic material described by a 
von Mises-type yield criterion. Written in terms of the stress tensor T the von Mises 
yield function takes the form [35] 


2 
® = |\devT|| — Bor, (8.91) 


where oy denotes the normal yield stress. With the aid of (6.59) and (6.158) the 
evolution equation (8.90); can thus be given by 


E, = ¢|ldevT ||, 
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E NdevT | saove : devT yg = 6 Pay = EOE 08,.92) 
= ev sdevT : GEVE,T = C7: SF dev = . 
[devT [dev 


Taking the quadratic norm on both the right and left hand side of this identity delivers 
the consistency parameter as é= = ||E p\|. In view of the yield condition 6 = 0 we 


thus obtain . 
2 E . 
devT = a7" le (8.93) 


Pp 


which immediately requires that (see Exercise 1.53) 
trE, = 0. (8.94) 


In the following, we assume small elastic but large plastic strains and specify the 
above plasticity model for finite simple shear. In this case all three principal stretches 
(8.33) are distinct so that we can write by virtue of (7.6) 


3 3 
E,=E=)0 f' OQ) AP: + >) f ODP, (8.95) 
i=1 i=1 


By means of the identities trP; = 1 and trP; = 0 following from (4.67) and (4.68) 
where r; = | (i = 1, 2, 3) the condition (8.94) requires that 


3 
Yo f Oi) Ar = 0. (8.96) 
i=1 
In view of (8.33) it leads to the equation 
fa-f A')A7 =0, VA>0, (8.97) 


where we set A; = \ and consequently \2 = \~!. Solutions of this equations can be 
given by [25] 


1 
— (A*-A*) fora £0, 

fa (A) = 4 24 (8.98) 
Ind fora = 0. 


By means of (7.6); or (7.18); the functions f; (8.98) yield a set of new generalized 
strain measures 


1 
— (U*—U-*) = x (C4? —C~“*") fora £0, 
E® = : ‘ 
(8.99) 
mnU=5In€ fora = 0, 
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among which only the logarithmic one (a = 0) belongs to Seth’s family (7.7). Hence- 
forth, we will deal only with the generalized strains (8.99) as able to provide the 
traceless deformation rate (8.94). For these strains Eq. (8.93) takes the form 


(a) 
devT = [Por = (8.100) 
a TE" 


where T denotes the stress tensor work conjugate to E . T itself has no physical 
meaning and should be transformed to the Cauchy stresses. With the aid of (8.72), 
(8.73) and (8.75) we can write 


1 
= ——FSF' = —_F(T® : 7,)F', 8.101 
* del ger | ) tef00 


where 
P, = 2E” ,¢ (8.102) 


can be expressed either by (8.61)—(8.62) or by (8.63)—(8.67). Itis seen that this fourth- 
order tensor is super-symmetric (see Exercise 5.12), so that T :P, =P, : T. 
Thus, by virtue of (1.168) and (1.169) representation (8.101) can be rewritten as 


1 
o = ——F(P, :T)F 
detF 
1 1 
= —_F|P, : devl + —trT® (P, :1)| F’. 8.103 
detF ear ke ee 


With the aid of the relation 


d 
P,:1=2 at (C+ 11) 


t=0 
3 


= ee: (V7) E; 


i=1 


3 
=f) AP (8.104) 
i=1 


t=0 


following from (6.136) and taking (8.98) into account one obtains 
1 1 
F(P, : +8) F" = sf (cH i Ce) F" = 5 (b*/ 4 b 7/7) ; 


Inserting this result into (8.103) yields 


1 
= ‘ (a)) WT a 
o= dere (P; : devT )F +o (8.105) 


with the abbreviation 
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(b4? +b“). (8.106) 


Using the spectral decomposition of b by (8.16) and taking into account that in the 
case of simple shear detF = | we can further write 


1 
6 = curT [(d¢ +4) (i + Pa) + 2p], (8.107) 


where 4 is given by (8.33). Thus, in the 1-2 shear plane the stress tensor & has the 
double eigenvalue rT (4 + r~*) and causes equibiaxial tension or compression. 
Hence, in this plane the component & (8.106) is shear free and does not influence 
the shear stress response. Inserting (8.100) into (8.105) and taking (8.30) and (8.60) 
into account we finally obtain 


2 Pe Pot A 
= ———— F' +6, 8.108 
@ (eer IP, : All * e108) 
where 
i. 0 1/20 
A= C= 1/2 7 0 |e @e;. (8.109) 
7 0 00 


Of particular interest is the shear stress o!* as a function of the amount of shear 


y. Inserting (8.63)—(8.64) and (8.102) into (8.108) we obtain after some algebraic 
manipulations 


5? 2,/(4 +9) P2 f? (P) +4 f2 (P) 


= 8.110 
Ty 44+ ry? ( ) 
where 
one 
ge a a (8.111) 


2 2 


and ty = ay/./3 denotes the shear yield stress. Equation (8.110) is illustrated graph- 
ically in Fig. 8.1 for several values of the parameter a. Since the presented plasticity 
model considers neither softening nor hardening and is restricted to small elastic 
strains a constant shear stress response even at large plastic deformations is expected. 
It is also predicted by a plasticity model based on the multiplicative decomposition 
of the deformation gradient (see, e.g., [25] for more details). The plasticity model 
based on the additive decomposition of generalized strains exhibits, however, a non- 
constant shear stress for all examined values of a. This restricts the applicability of 
this model to moderate plastic shears. Indeed, in the vicinity of the point y = 0 the 
power series expansion of (8.110) takes the form 
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Amount of shear y 


Fig. 8.1 Simple shear of an ideal-plastic material: shear stress responses based on the additive 


decomposition of generalized strains 


4_ 324 
4 


z ) y+ 0 (7°) 


(8.112) 


Thus, in the case of simple shear the amount of shear is limited for the logarithmic 
strain (a = 0) by y* < 1 and for other generalized strain measures by 77 < 1. 


Exercises 


8.1. The deformation gradient is given by F = F’ jei ® e/, where 


. 120 
[Fj] =| -220 
001 


Evaluate the stretch tensors U and v and the rotation tensor R using (8.23)-(8.24) 


and (8.28)-(8.29). 


Exercises 215 


8.2. Prove the orthogonality (8.77) of the basis tensors (8.76) using (4.48), (5.33) 
and (5.55). 


8.3. Express the time derivative of the logarithmic strain E® by means of the 
relations (8.60)-(8.62). 


Chapter 9 ®) 
Solutions eects 


9.1 Exercises of Chap. 1 


1.1 (a) (A.4), (A.3): 
0=0+4 (-0) = -0. 


(b) (A.1)-(A.4), (B.3): 


a0 = 0+ a0 = ax + (—ax) + ad 
=a(04+x)+ (—ax) = ax + (-ax) = 0. 


(c) (A.2)-(A.4), (B.4): 
Ox = Ox +0 = 0x + Ox + (—0Ox) = Ox + (-0x) =0, VxreV. 
(d) (A.2)-(A.4), (B.2), (B.4), (c): 


(-l)x = (-)x+0=(-lx4+x4 (-x) 
= (-14+ 1)x4+ (-x) = 0x + (-x) = 04+ (-—x)=-x, Vx eV. 


(e) If, on the contrary, a 4 0 and x ¥ 0, then according to (b), (B.1), (B.2): 
0=a'0=a"' (ax) =x. 


1.2 Let, on the contrary, x, = 0 for some k. Then, )~/_, ajx; = 0, where a, = 
la; =O,i=1,...,k —l1,k4+1,...,n. 


1.3 If, on the contrary, for some k <n: = a;x; = 0, where not all a;, 
(i = 1,2,...,k) are zero, then we can also write: )~""_, ajx; = 0, where a; = 0, 
fori=k+1,...,n. 
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1.4 Oe = oie ne + dka3 =a’, 
(b) d;;x' ix = b,x! x! + byoxlx? 4.2. 4+ 633x3x3 = x! xl + x2x? + x3x3, 
i a, 

Ofi OFF a G5 Ola Ofi 4 


leg” pg pe ee 


1.5 (A.4), (C.2), (C.3), Exercise 1.1 (d): 


0-x =[x4+ (-x)]- x =[x+(-lx]-x =x-x-x-x=0. 


1.6 Leton the contrary )~""_, aig; = 0, where notalla; (i = 1,2,...,m) are zero. 
Multiplying scalarly by g; we obtain: 0 = g; - ()-7_, aig;). Since g; - g; = 0 for 
i # j, we can write: ajg;-g; =O(j =1,2,...,m). The fact that the vectors g; 
are non-zero leads in view of (C.4) to the conclusion that a; = 0(j = 1, 2,...,m) 
which contradicts the earlier assumption. 


1.7 (1.6), (C.1), (C.2): 


lIxt+ yl? =@+y)-@t+y) 
=x-xtx-yty-xty-y= [lx]? +2x-y+|yI?. 


1.8 Since G = {1 Jo,-- On} is a basis we can write a = a'g;. Then, a-a= 
a' (g;-@). Thus, if a-g,; =0 (i = 1,2,...,n), then a- a =0 and according to 
(C.4) a = 0 (sufficiency). Conversely, if a = 0, then (see Exercise 1.5) a- g; = 
0G =1,2,...,7) (necessity). 


1.9 Necessity. (C.2): a-x=b-x > a-x—-—b-x=(a—b)-x=0, Vx € E”’. 
Let x = a — b, then (a — b) - (a — b) = 0 and according to (C.4) a — b = 0. This 
implies that a = b. The sufficiency is evident. 


1.10 (a) Orthonormal vectors e;, e2 and e3 can be calculated by means of the Gram— 
Schmidt procedure (1.10)-(1.12) as follows 


j J2/2 
e= = 4 V2/2 >, 
I9:| 0 
1/2 y 2/6 
€s = go —(g2-e1)e1 = 4 —1/2 4, e=77 = { -V2/6 }, 
—2 le 2/3 
10/9 A 2/3 
es = g3 — (93: €2) e2 — (93-1) e1 = 4 —10/9 f , e3 = > = { —2/3 


5/9 Jes| 1/3 
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(b) According to (1.16). the matrix [G/ ] is composed from the components of the 
vectors g; (i = 1, 2, 3) as follows: 


1 0 

[i= |21=2 

42 1 

In view of (1.18) 

1 2 
2) -= = 
5 5 
; 1 2 
a?! — Jy-1 == — 
lo; ] = [6;] 575 
0 2 1 
5 5 


By (1.19) the columns of this matrix represent components of the dual vectors so 
that 


-1 1/5 2/5 
g=} 2}, P= )-1/5}, gi =} -2/5 
0 ~2/5 1/5 


(c) First, we calculate the matrices [g;; | and [g‘/] by (1.25) and (1.24) 


ee 
23 6 
i i 36 2 
(el=leee l= 1398 |, [etlSleltS|-2 2 41, 
6821 5 25 25 
62 9 
5 25 25 


With the aid of (1.21) we thus obtain 


g = 9"g.t+9° 9+ 9° 93=4 2 >. 


G =9' +9 H+9'93= 4-1/5, 


G=G9 9149" 94+ 993 = { —2/5 


(d) By virtue of (1.35) we write 
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0 
3) = 5, (9.1) 
1 


Applying (1.33) we further obtain with the aid of (1.47) 


2 1-2 
g =9'9.x93=-- 42 1 |= -a,+ 2a, 
a, a2 a3 


42 1 
g =9'93X9,=-z|1 1 0) =2@—a— 2a), 
a, a2 a3 


1 1 0 
g =9'9,X9.=-z|2 1 -2 = 5 2a1 — 2a2 +43), 
a, a2 43 


where a; denote the orthonormal basis the components of the original vectors 
g; (i = 1, 2, 3) are related to. 


1.11 Let on the contrary ajg' = 0, where not all a; are zero. Multiplying scalarly 
by g; we obtain by virtue of (1.15): 0 = g; - (a;g') = aid; =ay (=_L, 2;3)- 


1.12 Similarly to (1.35) we write using also (1.18), (1.19) and (1.36) 
a? i [eiele®] 


age = [aij] = [35] = 


1 2.3 2 


[g'g°9°] = [aje'a% Felage’] = a! 


1 
io 
1 
=a;a@ 


Equation (1.42) immediately follows from (1.24) and (1.34). 
1.13 The components of the vector g; x g; with respect to the basis g* (k = 1, 2, 3) 
result from (1.28) and (1.39) as 

(9: x 9;)- 9 =[9:9;9%] = eng. i, j,k = 1,2,3, 
which immediately implies (1.40). In the same manner one also proves (1.44) using 
(1.43). 


1.14 (a) OF eiig = Seri 7 6 epg ee 53 e335 = 0. 
(b) Writing out the term eikm @ jkm We first obtain 
Ce im = Cen teen +... +e ej33 


i12 i21 113 (31 (32 i23 
=e eja te ej te eji3 te” ej31 +e ej32 + ee 23. 
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For i € j each term in this sum is equal to zero. Let further i = j = 1. Then 
we obtain e!7e j17 + ee 72) +e! Being + ete ja + ee j30 + ee 03 = e! e139 
+ e!3¢e)5; = (—1) (-1) + 1-1 =2. The same result also holds for the cases i = 
j =2andi = j = 3. Thus, we can write ee j¢m = 26}. 

(c) By means of the previous result (b) we can write: e/*e;;, = 26; = 2(61 + 65 + 
63 ) = 6. This can also be shown directly by 


ijk 123 132 213 231 312 321 
eee =O e123 +e e132 FE e213 +E C231 FE” “E312 FE” C301 


= state) ee) eb eis lee lela) el Ss. 


(d) e ehim = CF egy + es eq + e!/Feq)3. It is seen that in the casei = j ork =1 
this sum as well as the right hand side 6/.5/ — 6!6{ are both zero. Let further i # j. 
Then, only one term in the above sum is non-zero if k = i and/ = j or vice versa 
1 =i andk = j. In the first case the left hand side is 1 and in the last case —1. The 
same holds also for the right side 6;.6/ — 667. Indeed, we obtain fork =i #1 = j: 
5.6) — 66/ =1-1—0=1andforl =i £k = j: 515) — 616f =0-1-1 = -1. 


1.15 Using the representations a = a'g;, b = b/g; and ¢ = cjg! we can write by 
virtue of (1.40) and (1.44) 


(a x b) x c= [(a'g;) x (b’g;)| x = (albveinag") x (cig') 


ipj klm 
= a'b! cece” "Gy = ‘bi ce;jzel™ se 


With the aid of the identity e#/”" eg1m = 51.5) — 6/5) (Exercisel.14) we finally obtain 
(a x b) x € = ab! cy (5,57 = 57°85) Gm = a! b1€19;57 Gq — ab! 157" 55 Gm 
— ab! cig; —a'b! cjg; =(a-c)b—-(b-c)a. 


Relation (1.175) immediately follows from (1.174) taking into account the definition 
of the operator (e) (1.66) and the tensor product (1.83). 


1.16 Equation (1.64); results immediately from (1.32) and (C.3). Alternatively, it 
can be proved by (1. 45). (1.64)2 can further be proved by using the representations 
w= wig’, xX = x;g' and y = yjg' and by means of (1.45) as follows: 


wx (x+y) 


bes ey + yj) g! = Wj ey + yj) etkg-lg, 
wix je i "gy + wiyje! kg ‘g,=wxxtwxy. 


1.17 Equations (A.2)-(A.4), (1.49): 


0 = Ax + (—Ax) = A(x 4+ 0) + (—Ax) = Ax + AO 4+ (—Ax) = 


1.18 Equation (1.50), Exercises1.1(c),1.17: (OA) x = A (Ox) = AO = 0, Vx € E”. 
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1.19 Equation (1.62), Exercise 1.18: A+ (-A) = A+ (-1l)A=(1—1lA=0A 
= 0. 


1.20 We show that this is not possible, for example, for the identity tensor. Let, on 
the contrary, I = a © b. Clearly, a 4 0, since otherwise (a @ b) x = 0Vx € E”. Let 
further x be a vector linearly independent of a. Such a vector can be obtained for 


example by completing a to a basis of E”. Then, mapping of x by I leads to the 
contradiction: x = (b-x)a. 


1.21 Indeed, a scalar product of the right-hand side of (1.88) with an arbitrary 
vector x yields ly - a) b| -x = (y-a)(b-x). The same result follows also from 
y-[(a@b)x] = (y-a) (b- x), Vx, y € E” forthe left-hand side. This implies that 
the identity (1.88) is true (see Exercise 1.9). 


1.22 For (1.91); we have for example 


gi Ag! = g' (A" g, @ 91) g! = AK! (g' . 9k) (91 . g') = AM §t 6! = Atl. 


1.23 For an arbitrary vector x = x'g; € ‘3 we can write using (1.28), (1.40) and 
(1.83) 


Wx = w x x = (u'g;) x (x/g;) 
= eijngw'x!g* = eijngu' (x : g’) g* = eijngw' (g‘ ® g') Xx: 

Comparing the left and right hand side of this equality we obtain 

W=eijgu'g' @g!', (9.2) 
so that the components of W = Wig" ® g/ can be given by Wij = eijngu' or in 
the matrix form as 

[Wa] =9[einw']=9} w? 0 —w! 
—-w? w! 0 

This yields also an alternative representation for Wx as follows 


Wx =g [(w?x* - wx?) git (wx! - w!x?) g’ t+ (w'x? - wx!) g'| : 


It is seen that the tensor W is skew-symmetric because W! = —W. 


1.24 According to (1.73) we can write 


R = cosal + sin aé3 + (1 — cosa) (€3 @ €3). 


Thus, an arbitrary vector a = ae; in E? is rotated to Ra = cosa (a'e;) + sinae3 X 
(a'e;) + (1—cosa)a%e3. By virtue of (1.46) we can further write 
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Ra = cosa (a'e;) + sina (a'e, _ a’e;) + (1 — cosa) aes 


2 


= (a! cosa—a sin a) ey+ (a! sin a + a’ cos a) e2 +a eq, 


Thus, the rotation tensor can be given by R = Re; @ e j» Where 


- cosa — sina 0 
[R”] =| sina cosa 0 
0 0 1 


1.25 First, we calculate the unit vector in the direction of the rotation axis 


d 1 4 1 
=> e é3. 
idl 2°. v2° 


Thus, according to the results of Exercise 1.23 and by (1.86) 


d= 


1 1 
= i ee _ . foo 0 
d=|y 9% © |e@e;, dad=|0} -1 le @e,; 
11 
4 0 0 0-3 3 
By (1.73) we further obtain 
4/2 1 1 
2 2, 2 
R = coswI + sinwd + (1—cosw)d @d = 12/1 v2_1 
2 4 2 4 2 
1/2 1 v2 1 
2 4 2 4 2 


Due to the rotation the vector a thus becomes 


ven ee v2 1), (3 _ v2 
a te ND Be .. OP yee 


1.26 First, we express the term (r -r) I —r @ r by using (1.14) and (1.95): 


(r-r)I—-rer 
1,1 240: 33 ij 
= (x'x! +.x°x? +. x°x*) (€1 @ e1 t+ €2 @ en +.€3 @ €3) — x'x/€; We; 
x?x2 + x3x3 —x!x? —x!x3 
= —x!x? xix! 4 x3x3 —x?x3 €; @e;. 
—x!x3 —x2x3 x!x! + x?x?2 


Thus, by (1.80) 


223 


€; Be; 
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Bf (xt take!) dn JAK AI =123, 
M 


ji == [ x'x/am, iAj=1,2,3. 
M 


1.27 With the aid of (1.91) and (1.100) we obtain 


. . . 0-10] [23 6 —3 -9-8 
[Ai] = [A* oj] =[A“] [m3] =|000])]398]}=] 0 0 Of, 
10 0}][ 6821 2 3 6 

. . _ [236 ][0-10 6-2 0 
[Ad] = [su] = oul [AY] =] 398 ]]000]=| 8-3 of, 

6821|[100 21-6 0 

[Air] = [oS] = toned [98] = [Af ou] = [94] [oe] 

236 ][-3-9-8 6-2 0][236 6 020 
=|398 0 0 O}=|] 8-3 0}]|/398 |=] 7-324 
6821 2 3.6 21-6 0| | 6821 24 978 


1.28 By means of (1.54), (1.92), (1.106), Exercise 1.17 we can write 
(A0)x =A (Ox) =AO=0, (OA)x = 0(Ax) =0, 


(AI) x = A(Ix) = Ax, (IA)x =I(Ax) = Ax, 


= 


A (BC) x = A[B (Cx)] = (AB) (Cx) = [(AB)C]x, Vx cE 


1.29 To check the commutativeness of the tensors A and B we compute the com- 
ponents of the tensor AB — BA: 


[(aB - Bay!,] = [iB — B.A‘) = [44] 185] - [84] [44] 


020 000 000 020 000 
=| 000 000}]-—|]000 000};=] 000]. 
000 001 001 000 000 


Similar we also obtain 


. 0-20 . 0-10 
[((AC—CA)',]=]0 00], [(AD—DA)!,]=]0 00], 
0 00 0 00 
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. 00-3 . 000 
[BC -—CB)',}=|00 0}, [BD-DB)y']=] 000], 
01 0 000 
0 -127 
[(CD — DC)',] = | 0 0 0 
0 -19/2 0 


Thus, A commutes with B while B also commutes with D. 


1.30 Taking into account commutativeness of A and B we obtain for example for 
k=2 


(A +B)’ = (A+B) (A+B) = A? +AB+BA + B? = A? + 2AB+4 B’. 


Generalizing this result for k = 2,3, ... we obtain using the Newton formula 
fk k k! 
A+B)‘ = A‘'B', wh Se 9.3 
ee) »(;) ve (‘) iN(k—D! ve) 


1.31 Using the result of the previous Exercise we first write out the left hand side 
of (1.176) by 


k=0 k! k=0 ~" i=0 ! 

0° 1 k k oo Uk Ak-ipi 
- yp Perr yee ep Press, 

k=0 i=0 k=0 i=0 


oO OO k-ipi 
exp(A+B)=)°) 


i=0 k=i 
By means of the abbreviation / = k — i it yields 


(oe) 


oo ipi 
exp(A+B)= 07”. 


i]! 
Lilt 
i=0 /= 


The same expression can alternatively be obtained by applying formally the Cauchy 


product of infinite series (see e.g. [27]). For the right hand side of (1.176) we finally 
get the same result as above: 
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oF YW 
oF YW 


Fig. 9.1 Geometric illustration of the summation area and the summation order 


foo) Al foe) A! i 
exp (A) exp (B) = (> i) (33 nye ar 


i=0 i=0 i=0 


1.32 Using the definition of the exponential tensor function (1.118) we get 


ok 
exp) =) =14+0404...=1 
k=0 " 
exp (I) = _ 2 es = exp (1) I= el. 
=0 =0 k=0 


1.33 Since the tensors A and —A commute we can write 
exp (A) exp (—A) = exp (—A) exp (A) = exp[A + (—A)] = exp (0) = 1. 


Accordingly 
exp (—A) = [exp(A)] (9.4) 


1.34 This identity can be proved by mathematical induction. Indeed, according to 
the results of Exercise 1.32 it holds for k = 0. Then, assuming that it is valid for 
some positive integer k we can write applying (1.176) (Exercise 1.31) 
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exp [(k + 1) A] = exp (KA + A) = exp (kA) exp (A) 
a [exp (Ay]' exp (A) = [exp cay] : 


For negative integer k we proceed in a similar way using (9.4): 


exp [(k — 1) A] = exp (kA — A) = exp (kA) exp (—A) 


= [exp (A)]" [exp (A)] ' = [exp]! 
1.35 Equations (1.118), (9.3): 
oe) k oo k 
exp (A+ B) —_ ee oe gees 


= k} ta k! 


oe) L- 
A‘ + BA 
=I+>) — = exp (A) + exp (B) — 1. 


il = 
exp (QAQ’) = }) — , (Q4Q")' = De 7 QAQ"QAQT...QAQ? 
=0 


k times 
— 1 = 1 
kgt T T 
=) porn -0() 74 ‘Jo = Qexp(A)Q'. 
1.37 We begin with the power of the tensor D. 
D’ = DD = (Dig; ® g’) (Dig, ® 9’) 
= DiD‘d,9, @ g' = D',Dig, @ 9! = (D’)', 9, @9’, 


where [()',] = [D! il [D' Ab Generalizing this results for an arbitrary integer 
exponent yields 


. . . OO 
[(o")',] = [Pi]... [Di] =|} 9 3” 0 
—————_—_—_ 0 0) |” 


m times 


We observe that the composition of tensors represented by mixed components related 
to the same mixed basis can be expressed in terms of the product of the component 
matrices. With this result in hand we thus obtain 


ce m 


D : : 
exp D) = Dy = PD) 9. 89", 


m=0 
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where 
~ 0 0 
. m=0 ~ e2 00 
[exp (D)' | = 0 = 0 =| 0e€0 
nt) eee 00e 
0 0 r 
m=0 — 
For the powers of the tensor E we further obtain 
E‘ =0, k=2,3 
Hence, 
CO E” 
exp(E) = )) — =I1+E+0+0+...=I+E, 
am m! 
so that 
110 
[exp (E)'; | =/1010 
001 


To express the exponential of the tensor F we first decompose it by F= X + Y, 
where 


000 . 020 
[xj ]=] 000], [y,]=] 000 
001 000 


X and Y are commutative since XY = YX = 0. Hence, 
exp (F) = exp (X + Y) = exp (X) exp(Y). 


Noticing that X has the form of D and Y that of E we can write 


. 100 . 120 
[exp (X)',] = O10], [exp (¥)',] = 010 
O00e 001 
Finally, we obtain 
100 120 120 
[exp (F)',] = [exp (X)‘,] [exp (¥)‘,] = 010!/!o010}/—1!010 
00e 001 00e 


1.38 Equation (1.124): (ABCD) = (CD)' (AB)' = D'C'BTAT. 


1.39 Using the result of the previous Exercise we can write 
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(AA...A)™ = ATAT...AT = (AT)‘. 
SS eS 


k times k times 


1.40 According to (1.128) and (1.129) B’ = A”, By = Aji, BZ = A’, and BY, = 
A js so that (see Exercise 1.27) 


001 


6 724 
[BY] =[A"]'=|-100], [Biy]=[A,]’=]| 0-3 9], 
000 20 24 78 

| -302 6 8 21 
[B/]=[A, =] 903], [Bil=[a/] =] -2-3 -6 
-8 06 00 0 


1.41 Equations (1.124), (1.130), (1.135): 
T= =(AA7!)' = (AT!) AT. 


1.42 (A‘ y is the tensor satisfying the identity (A‘ y A* =I. On the other hand, 
(a7). Ak = AT!AT!,.. AT! AA... A = 1. Thus, (A7!)* = (A*) 
ti ee 


k times k times 
1.43 An arbitrary tensor A € Lin” can be represented with respect to a basis for 
example by A = Ag; @ g;- Thus, by virtue of (1.145) we obtain: 
c@d:A=c@d: (A"g; ®g;) =A" (c-g;:) (g;-4) 
= c(A"g; @g;)d =cAd =dA'e. 


1.44 The properties (D.1) and (D.3) directly follow from (1.145) and (1.147). Fur- 


ther, for three arbitrary tensors A, B = Bg; @g j and C= Clg; @g j we have 
with the aid of (1.146) 


A: (B+C) =A: [(B’ + C”) (g, ®g,)] = (BY + C”) (g;Ag;) 

= BY (g;Ag;) + C” (9;Ag;) 

=A: (Bg, @g;) +A: (C’g, @g;) =A:B+A:C, 
which implies (D.2). 
1.45 By virtue of (1.111), (1.92) and (1.146) we obtain 


[(a @ b) (c @d)] :1=[(-c)(a@d)] :I1 
= (b-c) (ald) =(a-d)(b-c). 
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1.46 By virtue of (1.15), (1.25) and (1.153) we can write 
trA = tr (AY g; ® g;) = Ai (9; -9;) = A" gi; 
= tr(Aijg' @ g’) = Ai (g' - 9’) = Aig” 
=tr (Agi &® g’) = Ai, (9: -g') = Alo = re 
1.47 Using the results of Exercise 1.10 (c) and by means of (1.163) we obtain 


w= g(W*g' + W'3g? + W?'g’) 
1 1 
=-—5 |- (—a, + 2a2) — 35 (a, — az — 2a3) + 5 (2a, — 2a +a)| 
= —4a, + 9a2 — 7Ta3. 


1.48 We prove this relation on the basis of (1.165) . For the right hand side of (1.166); 
we thus obtain by (1.28), (1.81) and (1.174) 


1 [9 * (Ag’)] x= [le-a,) (Ag) - (eda) 9] 


= tha (x;9/) —g;[@A) -gi/l}= ; (Ax — xA) = (skewA)x, Vx € 


For the right hand side of (1.166)2 we can similarly write by (1.175) 


1 1 a 
5 (bx a) x x = 5 (aS b—b@a)x = skew (a @b)x = (a@b) xx 


73 


again Vx € 


1.49 First, we calculate the skew-symmetric part of A as 
. a ome 
[ (skewA)’ ] =5 1 0 0 
1 0 0 


Inserting this result into (1.163) we get by (9.1) 
A 32,01 13,2 21,3 55 493 
A=g(A g +A°g +A 7) = 59 50: 
1.50 Equation (1.151); M:W=M': W' =M: (-W) =—(M: W) = 0. 


1.51 W* is skew-symmetric for odd k. Indeed, (w')" = (w)‘ = (—W)* = (-1)* 
W*‘ = —W*. Thus, using the result of the previous Exercise we can write: trW* = 


Wi -1=0. 
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1.52 By means of the definition (1.157) we obtain 


sym (skewA) = [skewA + (skewA)"] 


: 
2 
171 ten. nt 
3[5(4 AN) +5 (A ay] 
1 
2 


The same procedure leads to the identity skew (symA) = 0. 


1.53 On use of (1.169) we can write 


sph (devA) = sph E _ At (A) 7 = Te E - a (A) 1 I=0, 


n 


where we take into account that trI = n. In the same way, one proves that dev (sphA) 
= 0. 
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2.1 The tangent vectors take the form: 


Or 


g, = —— =rcosysin de; —rsinysin des, 
Op 
Or . F 
go = a6 =rsinycos ge; — r sin Peg + r cos pcos ges, 
OF ne ; 
93 = a sin y sin de; + cos ez + cos y sin Ge3. (9.5) 
» 


For the metrics coefficients we can further write: 


91°91, = (rcospsin ge; —r sing sin ¢e3) 
-(rcos ysin ge, — r sin y sin ¢e3) = r sin? &, 


91°92. = (rcosypsin de; —r sing sin ¢e3) 
-(r sin ycos de; — r sin ez + r cos ycos de3) 


= r’(sinycos ysin¢d cos  — sinycos y sin cos ¢) = 0, 


232: 


91°93= (rcosysin de; —rsiny sin ¢e3) 


- (sin y sin ge; + cos de2 + cos y sin de3) 


=r (sin pcos yp sin? ¢ — sin pcos yp sin? ¢) = 0, 


92°Gx= (rsinycos de; —r sin dex + r cos pcos e3) 


-(r sin pcos ge; —r sin der + r cosy cos e3) 


=r (sin? y cos’ ¢ + sin? ¢ + cos pcos” d) =r’, 


92°93= (rsinycos de; —rsin de, +rcos pcos ¢e3) 
- (sin y sin de; + cos deo + cos y sin de3) 
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=r (sin? y sin pcos d — singcos ¢ + cos” ysin dcos o) = 0, 


93°93;= (sinysin de; + cos deo + cos y sin ge3) 
- (sin y sin ge; + cos der + cos vy sin Ge3) 
= sin’ ysin? d+ cos? ¢ + cos” ysin? ¢ = 1. 


Thus, 
r’sin’ ¢ 0 0 
[a J=[9-9)]=] 9 10 
0 01 
and consequently 
1 
00 
if r2 sin? d 
[9] = [a] 0 +0 (9.6) 
r2 
0 01 
Finally, we calculate the dual basis by (1.21): 
ie 1 _ 12087 pte 
r2sin2 b° | sing sind ~’ 
2 1 -l¢ -l¢ -1 
7 = 39.="r sinycos ge; —r singe, +r cos ycos ¢e3, 
r 
g= g3 = sin ysin de, + cos ez + cos y sin de3. (9.7) 


2.2 The connection between the linear and spherical coordinates (2.219) can be 


expressed by 


x'=rsinysing, x?=rcos¢, x7 =rcosysing. 
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Thus, we obtain 


233 


ax Ox! Ox , 
— =rcosysing, — =rsinycos¢, —  =sinysindg, 
Oy Od Or 
Ox? 0 Ox? ig De b 
— =0, — =-rsing, — =cos¢, 
Oy Ob Or 
Ox? . iin 2 $ ox in 
—=-rsinysing, x =rcosycos¢?, — =cosysin¢g. 
We : ae . Or . 
Inverting the so-constructed matrix ae: further yields according to 
on Op Of Or 
Op _ cosp Oy = Op sing 
dx! ~ rsing’ Ox2 0x3 rsing’ 
Od _ sinycos¢ 0g sing Od _ cospcosd 
Ox! r "Ox? yp * Oa r , 
0 3) ) 
oul = sinysin @, a = cos ¢, -_ = cos ysin ¢. 


Alternatively, these derivatives result from (9.7) as components of the dual vectors 
g' = 1,2,3) with respect to the orthonormal basis e! (i = 1,2, 3). This is in 
view of (2.33) and due to the fact that the coordinate transformation is applied to 


the Cartesian coordinates x! (i = 1, 2, 3). 


2.3. Applying the directional derivative we have 


d 4 d -1/2 
(a): — |r +sall = —I[(r+sa)-(r+sa)] 
ds s<9 CS 


s=0 


d = 
= —[r-r+2sr-a+s’a-a] is 
ds 


1 2r-a+2sa-a 
2[(r +sa)-(r+sa) Pi? 


Comparing with (2.54) finally yields 
grad ||r ||"! =-—,. 


(eee =a-w. 
ds 


s=0 


d 
= —(r-wt+sa-w) 
so. 0S 

Hence, grad (r- w) = w. 


d d 
(c): —(r+sa)A(r+sa) = — (rAr + saAr + srAa + s°aAa) 
ds s=0 ds s=0 


— 3° 
s=0 II7| 
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= aAr+rAa = (Ar)-a+(rA)-a= (Ar+rA)-a, 
Thus, applying (1.119) and (1.157); we can write 


grad (rAr) = Ar + rA = (A+A")r = 2(symA)r. 


d d 
(d): —A(r+sa) = — (Ar+sAa) = Aa. 
ds so. «<0 
Comparing with (2.57) we then have 
grad (Ar) = A. 


(e): In view of (1.65) and using the results of (d) we obtain 
grad (w x r) = grad (Wr) = W. 
With the aid of the representation w = w‘g; we can further write (see Exercise 1.23) 
0 —w? w? 
W=Wij9' 8g’, [Wy]=g| wi 0 -w! 
—w? w! 0 


2.4 We begin with the derivative of the metrics coefficients obtained in Exercise 
Zl: 


000 2r? sin dcos ¢ 00 
0 ij 0 ij 
(aia b= Gi =1000], (a2) = Ij = 0) O00], 
2 000 OP 0 00 
2rsin?d 0 0 
O9Gij 
(a3) = au = 0 2r 0 
aE 0 00 


Thus, according to (2.88) 


1 
Earn = E (g1i5j +91) 51 ~Gijrl | 


0 r? singcos¢ r sin? d 
=] r*sindcosd 0 0 F 
r sin? b 0 0 


—r*singdcos¢ 0 0 


1 
[Ti2] = | 5 (2.7 +9235 —94j.2) | = 0 or|, 
2 
0 r 0 
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1 —rsin?¢ 0 0 
[Tis] = E (931. +93 ji -a3)| = 0 —r 0 
0 0 0 


With the aid of (2.81) we further obtain 


Tiji a 
Hahn =o Tinto? ipte?ns == if =1,2,3, 
r? sin 
0 cotd r! 
[Mi]=] cote 0 0 |, (9.8) 
ry oO 60 


yo. , 
Leg ipso Tate late les 3 , i,j =1,2,3, 


—singcosd 0 0 
[7] = 0 0 rl, (9.9) 
0 r-' 0 


=P Nn HP Nato hnt opal, 7 =1,2,3, 


—rsin?d 0 0 
eral 0 -r0|. (9.10) 
0 00 


2.5 Relations (2.100) can be obtained in the same manner as (2.98). Indeed, using 
the representation A = Aj;;g' ® g/ and by virtue of (2.86) we have for example for 
(2.100);: 


Ay. = (Aijg' @ 9’) 4 
= Aij.ng' @g! + Aig’. g! + Aijg' @ gx 
=Aj.ng' @g! + Ai (—Tig') @ g/ + Aig’ ® (-ris') 
= (Aijn —Ai Te — Aili) g' ®g!. 
2.6 Equations (1.94), (2.76): 
0=14= (gij9' 8 9') «= Gilke 9 @G! = (99; @9;) «= 9" lk Gi @G;- 


2.7 Using (2.100); we write for example for the left hand side of (2.105) 
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Aijle= Aijsk Ay Ty, — Ail je 


In view of (2.97). the same result holds for the right hand side of (2.105) as well. 
Indeed, 


ailk bj + aibjlk = (aise —ai Dy) bj + a; (Dj. —bTi,) 
= aj,xbj + ajbj,x —ajb; Tj, _ ab Di, 
= Ain -Ay DT, - Ailig- 


2.8 By analogy with (9.2) - 
t= ekg tg, @ gj. 


Inserting this expression into (2.134) and taking (2.116) into account we further write 
curlt = —divé = — (ekg "tig, ® gj) ig. 


With the aid of the identities (9~'9;) ag =0 (j = 1, 2, 3) following from (2.80) 
and (2.111) and applying the product rule of differentiation we finally obtain 
ik 


curlt = —e! g tis; 9K eg ti OK. 


ijk 1 ijk —1 ik —1 
TG tisj Ge = OG til) geal" til; Oe 


=-e 
keeping (1.36), (2.82) and (2.97). in mind. 


2.9 We begin with the covariant derivative of the Cauchy stress components (2.122). 
Using the results of Exercise 2.4 concerning the Christoffel symbols for the spherical 
coordinates we get 


13 
. ; o 
I 1 lj pl u ll 12 13 12 
ol |j=o!,j; toll +o ry =o sto%,2+0°°,3 +30 cola 


27). — n2j . lj p2 2 pl 
o j;=o »j+o ioe Ty; 
ae 
= ae ate aso sin d@cos 6 + ao” cotd +4—, 
- 
37). _ 237. lj p33 31 pl 
o' |; =O pro [pore Ty; 


33 
=o! ,, +07, +07 ,3-—o!!r sin? 6 — or + 0 cot d + 2—. 
r 


The balance equations (2.120) take thus the form 


13 
on 
pa! =o", 40” ,. +023 +30! cot ¢6+4— + fi, 
r 
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23 
. o 
pa’ = oo oe, oe Ee aoe 207 sin @cos @ + o” cot ¢ + 4— + f*. 
: 


33 
; or 
pa’ = o°!,, +0°?,. +0°* 3 —o'!r sin? 6 — or +o cot +2— + f?. 
r 


2.10 The tangent vectors take the form: 


Or gs os .S§ ss s 
n= z= (cos ~ + ~ sin~) e) + (sin = _ ~ cos ~) e2, 
Or r or r ror r 
Or _ Ss ii K) Or 
= — =-—sin-e COS —@2, =p = 23. 
a Os r | po Oz : 
The metrics coefficients can further be written by 
2 
ia ag 1 2 0 
a a ij -1 . 2 
[J=[9-9J=| 5 5 9} le’ l=lul = vere 
r r 
0. 0 0 1 
For the dual basis we use (1.21);: 
1 Ss Ss . s 
g =9,+ -92 =CcOos —€; + Sin —@2, 
r r r 
> Ss s? 
Gg =-9 +(1+>5) 
r r 
_s Ss Ss Ss os . § 
= (—sin~ + ~cos~)e) + (cos ~ + ~ sin ~) eo, 
r or r r or r 
g = 93 = 63. 
The derivatives of the metrics coefficients become 
2 2 1 
an a = 0 
3 2 rf Ff 000 
i — sis = 1 - = 
leer |= ey 0041’ lero |= ——~ 0 0] [97.3] = 000 
r 000 
0 0 0 0 0 0 


AY S 

rs 2 000 000 
[mal=|} © _19]- Liv] =] 900], [Ma] =] 000], 

_ y 000 000 

0 00 
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Ss AY Ss Ss 0 
Pre ort 3 000 
[ml=| * 19] [l=] & _* 9 |. [i=] 900 
peor rp pe 000 
0 00 0 0 0 


2.11 First, we express the covariant derivative of the Cauchy stress components by 
(2.122) using the results of the previous exercise: 


so” 5 
lj ul 12 13 ia 124 
gi j=¢ EO sg 4g —O 3 +20 7” 
3 
us’ 22 8 


: Ss 
os = oy +o”, +o", oO r4 —o re + 2005, 
o| j= o! 40%, +0%,,. 
The balance equations (2.120) become 
2 22 
pa! _ o! 4g! 4033), =o = Ae af", 
r r r 
ee 2 22 230 us 23> 1S? 2 
pa” = 0" =~ to »,, +o” ,,-T =o zr 20 ae 
F r r 
pas _ oto, +03, +f. 
2.12 Equations (2.135), (2.137), (1.32), (2.86): 


div curlt = (g x ti) fi .g/ = (—Nig* x £3 +g' x ti; ) .g! 
=—(Kijg! xg‘) -tit+(g! xg')-t.ij =, 
where we take into consideration that ¢,;; = ¢, ji, qi, = ri, and gi x gi = —g/ x 
g G@A#Aj, i,j =1,2,3). 
Equations (2.6),, (2.64), (2.65): 


grad (u-v) = (w+ v),;g' = (u,v) g' + W-0,;) g' 
=v (u,i @g') +u (v,; 8g') = vgradu + ugradv. 


Equations (2.135), (2.137), (1.32): 


div (u x v) = (ux v),;-g' = (uy; xv + ux v,;)-g! 


= (g' x u,;) “ut (v,; xg') -u=v-curlu —u-curlv. 
Equations (2.6), (2.79),, (2.135): 


grad divt = (¢,;-9') .j 9’ = (ti; -9') 9 + (tii-g'.j) 9’. 
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Using the relation 


(t.i-9'.;) 9/ = [ti-(-Ta*)] 9” 

= (t,:-9°) (—Pig’) = (ti -9") ge = (ti-9’) 9.7, OAD) 

following from (2.86) we thus write 
grad divt = (t,;;-g') g’ + (t,: 9’) g'.;- 
Equations (2.137), (1.174): 
curlcurlt = g/ x (g' x t,:),;=9/ x (9',; xt.) +9! x (g' x ti) 
= (9/-t,:)9'.;-(9/ g's) tat(g’ -ty)g! — oti. 
Equations (2.8), (2.65), (2.135), (1.125), (9.11): 
div gradt = (t,; @g') jg’ = (ti; ®g') g/ + (t.1 @g'.;) 9! 
= gti +(g'.j-9/) ti. (9.12) 


div (gradt)’ = (t,; @g')" sg gi= (g' ® tii; )g! = (9'.; ®t.) g! 
= (ti; -g') gi + (ti -g') ee 


The latter four relations immediately imply (2.146) and (2.147). 
Equations (2.142), (2.143), (2.147), (2.148): 


A grad® = grad div grad® — curl curl grad® = grad div grad® = gradA®@. 


A curlt = grad div curlt — curl curl curl¢ = —curl curl curlt 
= —curl (grad divt — At) = curlAt. 


A divt = div grad divt = div (curl curlt + div gradt) = div At. 


Equations (1.157), (1.175), (2.65), (2.137): 


| —~~ 


skew (gradt) = 5 (t,; @g' —g' @t,;) — af xtyj= 3 curt. 


Equations (2.5), (1.146), (2.116), (2.135), (2.65)1: 


div (tA) = (tA) ,;-9' = (t,, A)- g' + (fA, ) <9! 
=A:t,; @g' +t- (A, g') = A: gradt+t-divA. 


Equations (2.3), (2.64), (2.135): 
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div (@t) = (®t) ,;-g' = (®,; t)-g' + (Pt) -g' 
=t+(G,j g') + @ (t,; -g') =t-grad@ + Ddive. 


Equations (2.4), (2.64), (2.116): 


div (®A) = (PA) ,; g' = (®,; A) g' + (PA,;) g' 
=A(®,; g') + @(A,; g') = Agrad® + PdivA. 


Equations (1.83), (2.8), (2.65);, (2.116), (2.135): 


div (u @ v) = @@v),,g' = (u,, @v) g' + U@,;)g' 
= (u,j @g') v+u (v,; -g') = (gradu) v + udivv. 


Equations (2.3), (2.64), (2.65): 


grad (Pt) = (Pt); @g' = (G1) @g' + (Pt) @g' 
= ®@(,;9') + @ (t,; @g') =t ® grad + Pgrade. 


Equations (2.134), (2.153): 
curl (@t) = —div ($1) = —div ($2) = —tgrad@ — Odivt = —igrad@ + Gcurlt. 
2.13 Equations (1.83), (1.88), (1.174), (2.65)1, (2.137): 


(curlu) x v = (g' x U,; ) Xv= (g' . v) U,; —(u,; -v) g' 


= (it; @g') v—v(u,; @g') = (gradu) v — v (gradu), 
or alternatively by (2.150): 

(curlu) x v = curla v = 2skew (gradu) v. 
Equations (2.65),, (1.66), (1.112)1: 


grad (u x v) = (wx v),, Og! = (u,; Xv) @g' +x v,;)@g' 
= (av,; ) @gi- (ou,; ) ® g' = agradv — dgradu. 

Equations (1.83), (1.174), (2.65);, (2.135), (2.137): 
curl (u x v) =g' x (u X v) = g' x (Uy; xv) +g! xX (UX V,; ) 


= (v-g')u,;— (u,;-g') 0 + (v,;-g')u — (u-g') 0,; 
= (gradu) v — (divw) v + (divv) u — (gradv) u. 
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2.14 Equations (1.166)1, (2.9), (2.28), (2.116): 
div (FA) = (7A): gi =; Ag’ + 7A, 9! 
= g; x (Ag') + ?divA = 2A + PdivA. 
2.15 Equations (2.166), (2.8), (2.28), (1.28): 


div(r@r)=(r@r)ig =(r,, Org +(r@r,i)g! 
= (9 @r)g'+(r@gi)g' =gi(r-g') +15, =r +39 =4r. 


Equations (2.65) , (2.28), (1.94), (2.137): 
grad div (r @ r) = 4gradr = 4r,; @g' = 4g; ® gi = 41, 
curl div (r @ r) = 4curlr = 4g! x r,; = 49"'9; xg, =9. 


Alternatively, one can apply (2.154), (2.150), (2.57) and (2.136) as follows 


: (r + sa) 
— (rr sa =a, 
ds s=0 


so that gradr = I and divr = tr (gradr) = trI = 3. Thus, 
div (r @r) = (gradr)r+rdivr =r+3r=4r, 
grad div (r @ r) = 4gradr = 4I, 
curl div (r @ r) = 4curlr = Seradr = sI=0. 

2.16 Cylindrical coordinates, (2.79)2, (2.97), (2.94): 

gradt = 1;|; g' @ g! = (tj.; —uIj;) g' @ 9! 

=1,;9' ®g/ +rng' @g'—-r'n(g' ®g+g eg’), 
or alternatively 
gradt = t'|; 9, @g! = (¢',; +t“) 9; @ 9g! 
=t' jg, @g' +r'Pg, @g' +t'(r'g, Og —1rg,@g'). 


Equations (2.30), (2.136): 
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1 13 


divt = tr gradt = tj, ; g! +rtzg!! —2r-'tg 


=r ti th +6,34+9r7'b, 
or alternatively 
1,3 _ 


divt = trgradt = ¢',, +r 'P =, 4r7'g =e te 24 3tr ln. 


Equations (2.97), (2.138): 


gd 
curlt = eli Ik 


g' [Ble —hla) 91 + (ils —Bh1) go + (oli —til2) 93] 
=r" [(6,2 -fa.3) 91 + (3 —3.1) 92 + (11 -t1,2) 93]- 


Spherical coordinates, (9.8)—(9.10): 


gradt = (t;,; —1, 0) gi ® g! 
= (4,1 +h singcos¢ + Gr sin’ ¢)g' @g' + (bh. +hr)g° @g 
+639 @g + (t,2—M cotd)g' @g° + (2,1 1 cot 9) g* @g' 
+ (t1,3 —tr')g! @g+(b1—-nr')g’ @g' 
+ (2,3 —tr') g @g + (t3,2 —tr') g Og. 


or alternatively 


gradt = (r',, +10.) g, @ gi = (tt? cotd+er')g, @g! 
+(PotPr |) gm @P+039,09° 
+ (t' +t! cot ¢) 9 @gt+ (4 —t! sin dcos o) 98g! 
+ (t',340'r7') 9, @g? + (0.1 -t'r sin’ 4) g; ® g’ 
+ (7.3407) gy @g' + (P,2—-r) 93 @ 9”, 


Equations (2.97), (2.136), (2.138), (9.5)-(9.10): 


: ij fst 
divt = (t,,; -t4.F°*) gi = —-— 
C : ii) 9 r2 sin? d 


= fy, +f = t!,1 +07,2+0°,3 + cot dt? + 2r 1s, 


+ r7t,.+t3,3 +r? cot bt, + 2r—'t3 


curlt = 9! [(tl2 —hls) 9) + (tls —Bl1) 92 + (bli —til2) 93] 


1 
= iit [ (t3,2 —t2,3) 91 + (41.3 —t3,1) Go + (2.1 -t,2) gs] - 
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Fig. 9.2 Illustration of the 
vector field 


2.17 Using Cartesian coordinates we can write r = xie;. Thus, t(r) =e3 x r= 
—x7e, + x!e2 (Fig. 9.2). By means of (2.139) and (2.140) we further obtain curlt = 
(x!,) +x?,2) e3 = 2e3, divt = —x?,, +x!,) = 0. The latter result follows also from 
(1.131), (2.136) and Exercise 2.3 (e) as divt = div (é3r) = tr grad (é3r) = tre; = 0. 


2.18 (a) The tangent vectors: 
91 =r =e) + 20'Ge + sin de; = e; + e2, 
Qo =f y= 6! cos 7e3 = e3, 
93 =13= (9)” €2 = eo. 
(b) The metrics coefficients 
91°91 = (C1 + €2)- (C1 +2) = 2, G1 G2 = 92° Gi = (C1 + e2)- €3 =O, 
91°93 = 93°91, = (1 +e2)-@2=1, 92-g. = e3-€3 = 1, 
92°93 = 93°92 = 63:2 =0, 93:93 =02°@2 = 1. 


Thus, 
201 
i =| 10-1 
(ol =lo.-9)=|019]. Wl =tal'=[o1 @ | 
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The dual basis: 
g =9'9,=1-92 =. F =I'9; =H =283, 
Ban ad pee a ok Iq. =— 
G9 =9°9;, =—91 + 293 = —€1 + ep. 


(c) Derivatives of the tangent vectors 


91.1 = 20% e2 = €2, 91,2 = Go,1 = C08 07 e3 = €3, G1,3= 93,1 = 20'e2 = 29, 
92,.2= —6' sin@’e3 = 0, 9,3= 93.2 =9, 93.3=9. 


Christoffel symbols of the first kind: 


102 010 
[ha] = [915-91] = 000 » i] = gi.) -92] = 100], 
200 000 

102 

[73] = [g:-;-93] = | 000 

200 


Christoffel symbols of the second kind: 


000 010 
[Oi] =[9:.3-9'] = 000 » Fel =lens-o7] = 100], 
000 000 
102 
[73] = [9:.;-9°] = | 000 
200 


(d) The covariant derivative of the Cauchy stress components (2.122): 
p= ej +o Dj ale on! =o", Se ae +o}3 , +30", 
od | j= oj +o TF? +07 =o?! 40”, 4+073,3 +50!2, 
oF = os, +o%D} a ely = ol +o77 . +073, +01! +7933, 
The balance equations (2.120) take thus the form 


pa! =a'!, +0". +0",3 +30! + fl, 
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pa’ = a! +077, +07 34507 4 , 
pa =a, to 40% 340! +70 + f. 
(e) Equations (2.135), (2.80), (2.84), (2.138), (1.44), (2.65): 
divt = t,;-g' = g,,i-g' = ge = 3, 


ikj 
Ting; 
g 


curlt = gi x tj = gi XIQi= g' x (Kixg*) = 


= 9! [23 — M32) 91 + Mai — W3) go + M2 — M21) 93] = —9, 
where g = [919293] = [(e1 + €2) e3€2] = —1. 
102 


gradt = t,; @g' = 9): 8g' = Ning’ @gi =| 010 |g @g'. 
102 


Alternatively, one obtains the same result by setting t = t'g; and noticing that r! = 1, 
t= 1? =O and consequently as = 0, j = 1, 2,3). Thus, according to (2.135), 
(2.97), (2.138) and (2.79), 

divt = ¢|;= 


ib 
curlt = ‘|; gi X gi = Tij;g’ Xgi= Nijig! x gi, 
gradt = t'|; 9, @g/ = 9 @g!i =Mijig' @g’. 
2.19 According to the result (9.12) of Exercise 2.12 
At = div gradt = gityij + (9'.j -g') t,;. 
By virtue of (2.77), (2.86) and (2.97). we further obtain 
At= (tg Tig teao" (ta Tite) =o tala all « 
In Cartesian coordinates it leads to the well-known relation 
div gradt = t,,; +t,22 +¢,33 . 
2.20 Specifying the result of Exercise 2.19 to scalar functions we can write 
A® = g'! (® 


ij Ty P.n) = @,) . 
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For the cylindrical coordinates it takes in view of (2.30) and (2.94) the following 
form 


1e?d Pb FS 106 


A® =r7O,4, + O79 + O33 +77 | 6,3 = + + + : 
" a = sere a Og? ~—- Oz? Or? sr Or 


For the spherical coordinates we use (9.6)—(9.10). Thus, 


A®@ = a P11 +r7@ 2 +®,33 4g Oe P > +2r7!@ 3 
resin d ° , mm r?sing ” , 
1 Pb 7b Fb, O® _,0® 
= are oe ie ae Ong ag or 


2.21 According to the solution of Exercise 2.19 
hia" (Gaal tn) 3 (9.13) 
where in view of (2.76); 
ti=tligen ti =t' lis Oe. 
By virtue of (2.97); we further write tk j= t*,; +r t! and consequently 


Os ty At +e Ae ty 


ky ky. k 
t i= t lis j ae mjt mj 


m4 
mj Ly t 


Substituting these results into the expression of the Laplacian (9.13) finally yields 
At =! (Hy FON ADE + Cte — OT) ay 


Taking (9.6)—(9.10) into account we thus obtain for the spherical coordinates (2.219) 
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9.3. Exercises of Chap. 3 


3.1 (C.4), (3.18): a; = dr/ds = const. Hence, r (s) = b+ say. 


3.2 Using the fact that d/d(—s) = —d/ds we can write by means of (3.15), 
(3.18), (3.20), (3.21) and (3.27): a, (s) = —ay (s), a4 (Ss) = a2 (s), a; (s) = —a3 (5), 
x (s) = «(s) and 7’ (s) = T(s). 


3.3. Let us show that the curve r(s) with the zero torsion 7 (s) = 0 belongs to 
the plane p (', ‘) =r (so) + ta, (s0) + ta (so), where a; (so) and a> (so) are, 
respectively, the unit tangent vector and the principal normal vector at a point so. For 
any arbitrary point we can write using (3.15) 


r(s) Ss 
r (Ss) =7r (So) + / ar =r (50) + fa (s) ds. (9.14) 

r(So) SO 
The vector a, (s) can further be represented with respect to the trihedron at so as 
a, (s) = a’ (s) a; (so). Taking (3.26) into account we observe that a3,, = 0 and con- 


sequently a3 (s) = a3 (So). In view of (3.23), it yields a, (s) - a3 (59) = 0, so that 
a (s) = a! (s) ay (8) + a? (8) a2 (50). Inserting this result into (9.14) we have 


r(s) =r (so) + a1 (50) / a! (s) ds + ao (s0) i a’ (s) ds 
=r (so) + t'ay (So) + 17a» (50) , 


S 


where we set t! = es a! (s)ds G@ = 1, 2). 


3.4 Setting in (2.30) r = R yields 


—R ; —R-! 
[ooal=| ke b2]=| : a Phar =) f= 1,2. 


Bp a 1 -l1 
Picci, Wet oe Rat (9.15) 


3.5 Keeping in mind the results of Exercise 2.1 and using (9.8)—(9.10), (3.58), (3.62), 
(3.67), (3.74), (3.79), (3.91) and (3.94) we write 
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g, = Rcos t! sin te; — Rsint! sin te3, 
go=R sint! cos te; — Rsin te> + Roost! cos te3, 


93 


R? sin? t? 0 Rsin’ t? 0 ? Rr g 
lal ep lel el AR 5 pal 
ly. 0 cott? 27 — sin?” cost? 0 
Pal ere 0 F (r3.]=| 0 0}’ 


Kellar, B= soe = RO (9.16) 


—sint! sin te; — cos te — cost! sin (7e3, 


3.6 Equations (3.62), (3.67), (3.162): 


ll +7 = +7! 
— =e, e3, = = eo e3, 
9 at! 92 Or 
x 1 = 
ae ( Pe t'er +3), 


g — — 
: gi x 92| [p+ (7')” 4 (72)° 


= te 

where t' = — (i = 1, 2). Thus, the coefficients of the first fundamental form are 
c 

aye =172 =1\? 

gui=gi-gi =14 (7 ) »>92=91=G9i-gaqtr, 92 = 92°92 =1+(7 ) . 

For the coefficients of the inversed matrix [9] we have 
= [146 FF), 
ee (7)? +(P/ | -fP 14+() 


Derivatives of the tangent vectors result in 


1 
g1=9, 91:2= Gai= —@3, 92.2= 0. 


The Christoffel symbols are calculated by (2.81) and (3.69), as 


2 


0 = o£ 
[Pasi] = [9a.6-91] = E | » [Lae] = [96-92] = E | ; 


Cc 


9.3 Exercises of Chap. 3 249 


— 
+ 
—™~ 
_ 
WS 
iS) 
+ 
~~ 
baal] 
N 
— 
°| 
Osltt 
Ls, 
ll 
=n 
+ 
o™~ 
baal 
SS 
NR} 
+ 
—~ 
~ 
nN 
— 
fe) 
a | 
alwBO 
ool’ 
Ld 


By (3.74), (3.79), (3.91) and (3.94) we further obtain 


bit = 9151-93 = 9, biz = ba = 91,293 = 7 2” 
ey1+(#)° + (P) 


bx = gz,2°93 = 9, 


I PF 14) 
bz. |= 
[b2°] =| (7)? 7p : 


cfl+@y’+ry] Ltt 
B) _ 1 = 2 1! 2 2 2 
“= Pe C2 [1+ (7!) + oul | A) ey 
ye ie tf? 


3.7 Equations (3.62), (3.67), (3.163): 


_ Or 
~ Or! 


on = —ct? sint!e, + ct? cos tle, 


r : 
= 5 = ccostle; + csint'e + es, 


91 X 92 


1 
3 Taxg@) Vite 


(cos t'e +sintle, — ce3) . 
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Thus, the coefficients of the first fundamental form are calculated as 


2 
gi =91-°9 = (t’) > 912 = 921 = 91°92. = 9, 922 = 92° go =14+e°, 


a (1 coy] | 


Derivatives of the tangent vectors take the form 


so that 


Ji= pt cos t!e, Er sint'es, 91,.2=9.1= —csint!e; +ccost'e, 


92,2>= 0. 


The Christoffel symbols become by (2.81) and (3.69); 


0 ¢?t? _ 0 
[a1] = [9056-91] = E os » [Lae] = [90.6 -92] = | . °| 
= 0 242 0 12 -1 
[Tua = [Tasp9”'] a (ct’) E _ ~ ! ( } ; 
—-45, 0 
[re] = [Taaeg” | = ri ql . 


By means of (3.74), (3.79), (3.91) and (3.94) we further get 


2 


ct 
by = 91.1'93 = array by. = bat = g1,2°93 = 9, bx = Qo,2:g3 = D, 
Cc 
1 
[ee] =| cPVIFe2 : K=|)|=0, He py = : 
" 0 0 . co? 2ct2./1 + c2 
3.8 Equations (3.62), (3.67), (3.164): 
or 2 _ 1 1 
j= apt = (Ro + acost ) (=sint e; + cost e2), 
Or 1 pe. 32 Bo ed ie UD 2 
go = => = —acost sint’e,; —asint sint“e, + bcost*es, 
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= 9X9. _ b 
= = 
lo x 9o| Va? sin? t2 + b? cos? 2 
a 
x (cos t! cos te} + sint! cos te> + b sin es) . (9.17) 


The coefficients of the first fundamental form are further calculated as 
9\2 
91 = 91°91 = (Rot+acost’)”, gr = 91 = 91: G2 = 9, 
922 = 92+ Go =a’ sin’ t? + b* cos’ t?. 
Thus, 
~2 
[o°°] = (Ro + acost*) 0 
= . 1 | 
0 (a? sin? t? + b? cos” t*) 
Derivatives of the tangent vectors take the form 
91.1 = — (Ro +a cos 1’) (cos t'e, + sint'es) , 
_ _ «1. 2 1 ase 42 
91.2=9.1=asint sinte; —acost sint*éo, 
92,2 = —a cos t! cos te; —asint! cos te> — bsin te3. 


The Christoffel symbols (2.81) and (3.69); 


a) —a (Ro + acos ?t?) sin t? 
[Meat] =[90.8-91] = E (Ro + acos t*) sin t? Me 0 : 
a (Ro + acost?) sin t? 0 
[Pop2] = [90.92] = — 0 ) (a? — b*) sin t? cos | , 


1) _ pl] _ 0 — noe 
[Tua] = [Taseg ]= __asint? 0 , 


Ro+a cos t? 
a (Ro +. acost?) sin t? 
[ria] -_ [Paspg” | ee ee sin’ t2 + b? cos? t? 
0 


0 
(a? _ b?) sin t? cos t? 


a2 sin? t2 + b? cos? rt? 


Using (3.74), (3.79), (3.91) and (3.94) we further obtain 


b (Ro + a cost?) cos t? 


Va? sin? t2 + b? cos? 12 


bu = 9151-93 = » 12 = by = 91,293 = 9, 
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ab 


Va? sin? 12 + b2 cos? 12 


bo = 92.2°93 = 


bcos t? 0 

B B Ro+a cos t2) 4/ a? sin? t?-++b? cos? 12 

[o"] = [bog ] = c ) 0 ab : 
(a? sin? 12+? cos? py? 


bcos t? 

Kl = ; 

(Ro + acos t) Va? sin t2 + b2 cos? t2 

sl (9.18) 

K2 = 7 7 

(a? sin? t2 + b? cos? 2)? 

P b? cos t? 
K = |b5| = ss ; 
(Ro + acost?) (a? sin’ t2 + b? cos? P) 
1 


b (a? sin’ t? + b? cos” -) cos t2 
= yn +a]. 


: 2 
2 (a? sin? 12 + b2 cos? r2 Ro + acost 


One can observe that the above results coalesce with the solution for the circular 
torus (3.97)-(3.104) in the special casea = b = R. 


3.9 For the elliptic torus vessel the force equilibrium condition (3.161) becomes 
Tp [ (Ro + acos 7) = 5] — oP? h2r (Ro + acos a) cos @ = 0, 


where the angle 6 between the direction of the hoop stress and the vertical axis results 
from (9.17)2 as 


92°33 Go & bcos t? 
cos 9 = = = . 
9 | AV 922 Va2 sin? t2 + b2 cos? r2 


Inserting this expression into the above equilibrium condition yields 


Q) __ P a 2Ro +.acost? 


= a? sin? t2 + b? cos? r?. 
2h b Ry + acost? : 


oO 


Substituting this result into the Laplace law (3.150) we finally obtain by virtue of 
(9.18) 
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a) _ P a? — 2cost? (a? — b*) (Ro + acost*) 
a= : 


2h bv a? sin? t2 + b? cos? 12 


3.10 Taking (3.108) into account we can write 


Git Giz 0 , 1 | 92 79219 
[gi] =] 999}. I] =[9i] = pS 
0 01 Gij 


which immediately implies (3.114). 


3.11 Using definition of the covariant derivative (3.76); we first write 


Fly = Fy APPT S = (F% ag + 9°93) 1 + (F969 +. 9°93) FS 
= fy ga + FP 9p. +9017 93 + 9° G37 +f Oars, +: 4°93 e. 


On the other hand, by applying the product rule of differentiation and using (3.75)- 
(3.78), (3.80) we finally obtain the same result as follows 
fly = (F 95 + a as)l= Fly 95 + FO daly +4 ly 93 +9" Gly 
= (fy LTS, + FPP) Ga + £° (G57 Th, 9) 
+ (q%y +4? Ty) 93 + 4°9357 
=f 93+ PUTS Os + f° 99.) +4% 7 93 + PT 93 + 4° 9304 - 


3.12 Equations (1.40), (3.78), (3.80), (3.119), (2.105)-(2.107): 


fla = (£93 + 4° Gs)lo= fla Ga + f°’ Gala +9% la 93 + 9° G3la 
= fla gat f° bpa93 +4 la 93 — 9°89, 


ap 


a= (m 93 X 93)la 


ap a ap 
=m" | 93 X Gg +m" 93la X9g +m'Gs X Dela 


m*| 
— 88 ab pp ap ; 
=m" la G3 x Gg—m “DEG p X Gg tm" gs X (3093) 


ap ap : 
=m" |a 93 X Gg — gm bh ep 3393, 


9a X f° =Go x (fF 99 +. 9°93) = 9f 05393 — 9°93 X Ga 


Inserting these expressions into (3.125) and (3.127) and keeping (3.120) in mind we 
immediately arrive at (3.128) and (3.129), respectively. 


3.13 For a cylindrical membrane equilibrium equations (3.143)-(3.144) take by 
means of (2.94), (3.77), and (9.15) the form 
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Pit pfeatp!=0, fey +f .+p?=0, —Rf + p> =0. 
For a spherical membrane we further obtain by virtue of (9.16) 
fitf?.2+3cott? fl? +p! =0, 
fe ath.2—sint? cost? f"!' + cots? f+ p? =0, 


Rsin’ t? f!' + Rf? + p>? =0. 


9.4 Exercises of Chap. 4 


4.1 In the case of simple shear the right Cauchy-Green tensor C has the form: 


| —s Dlg 
C=Ce@e’, [C]=[Cyl=| 7147 0 
0 1 
The characteristic equation can then be written by 
1-A ay 0 
y 14+7-A 0 |=0 S> (-A)[A?-A(24+7’)4+1]=0. 
0 0 1-A 


Solving the latter equation with respect to A we obtain the eigenvalues of C as 


Aip2=1+ 


2 
ey ete Aqpae 
Pt Va? +7 -(2 cia 1) 4 hanes (9.19) 


2 2 
The principal invariants of C can be obtained by the Vieta theorem (4.34) as 
Ic=34+7, Uc=34+7, Wc=1. 


The eigenvectors a = a'e; corresponding to the first two eigenvalues result from the 
equation system (4.20), 


2 2 4 
— V4 
VF = +7 Pl +ya? i. 
2 4 2 4 
ya! ms FVAV TY Pe: 40); 


2 


- = en a = 
5) : 
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Since the first and second equation are equivalent we only obtain 


= 4 2 
Pe aca cane ea. 


2 


so that a2 = /Aja! or a? = —JAza!. In order to ensure the unit length of the 
eigenvectors we also require that 


(a')’ + (a7)? + (2)? =1. (9.20) 


This yields 


1 Ay 1 Ag 
a,= eyt+ QC, a= e €>. 9.21 
‘ J/TtAi VltAr” * Ji+dn Yl+An” ad 


Applying the above procedure for the third eigenvector corresponding to the eigen- 
value A3 = | we easily obtain: a3 = e3. 


4.2 In the case of picture frame test the right Cauchy-Green tensor C has the form: 


1 0 0 1 sing O 1 sing 0 
C=Cie; Ge’, [Cc] = | siny cosy 0 Ocosp0 |=] sing 1 O 
0 O A 0 0 X 0 oO » 


The characteristic equation of C takes thus the form 


1—A sing 0 
sng 1-A 0 |=0 => (°-A)[(— A)? sin’ y] =0 
0 O W-A 


and yields the following eigenvalues 


Ay2=14siny, A3= . 
The principal invariants of C can be obtained by the Vieta theorem (4.34) as 
Ic =2+, Ic =cos?y+2X, Ie = 7 cos’ y. 


The eigenvectors a = a'e; corresponding to the first two eigenvalues result from the 
equation system (4.20), 


Fsinyga! sinya? = 0, 
sin ya! + sin ya? = 0, 
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and from (9.20) as 


a ad 


1 1 1 1 
= 61+ Ke, = —e| — =e. 
Jz V2 ia if 
Applying the above procedure for the third eigenvector corresponding to the eigen- 
value A; = \” we easily obtain: a3 = e3. 
For the left Cauchy-Green tensor b = bi e; ® e/ we obtain 


1 sing 0 1 0 0 1+sin’?y sinycosy 0 
[bi | =| Ocosy 0 siny cosp0|=| sinycosy cos*y 0 
0 0 X 0 0 A 0 0 i 


The third eigenvector does not change while the eigenvectors a = a'e; corresponding 
to the first two eigenvalues result from the equation system 


(sin? y + siny) a! sin y cos ya? = 0, 
sin ycos ya! (- sin? y = sin ¢) a’ = 0, 
(? —1- sin r) a =0. 


Accordingly, we can write a? = a a which by (9.20) yields 


cos yp = 1-—sing 
aq, = ——————-e ———e2, 
N (20a (NCO 
cos /1+ sing 
a2= - e| 2. 
J/2 (1 + sin y) 2: 


One can see that the directions of the eigenvectors of C and b coincide with the direc- 
tions of the frame diagonals in the reference and current configuration, respectively. 


4.3 Since the vectors g; (i = 1, 2,3) are linearly independent, they form a basis in 
‘3. Thus, by means of the representation A = A! j9i ® g/ we obtain using (1.39) 


[Ag, Ago Ags | = [Aisi Abg; Agi | = AAAS [gi gj 9x | 


= AL AAG 9 = |Al;| 9 = deta g. 


4.4 Using (4.30))_3 we write 
Ih = trA, 


Ia = = [(trA)? — trA’], 


Nile 
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I, = = [UatrA — ItrA? + trA’]. 


wl 


Inserting the first and second expression into the third one we obtain 
1fl 2 2 2 3 
WI, = 312 [ (tr) —trA | trA — trAtrA* + trA 


1 3 
= [ta® — 5 —trA*trA + — 5 (tA) ‘). 


4.5 Since r; = t; for every eigenvalue A; we have exactly n = )°;_, r; eigenvectors, 
say a” @ =1,2,...,5;k =1,2,...,7;). Let us assume, on the contrary, that they 
are linearly dependent so that 


Ss rj 


> aMa® = 0, 


i=l k=1 


k ‘ ee 7 k) _(k 
where not all as are zero. Linear combinations a; = Lae as } a‘ : 


“ 


of the eigen- 
vectors a; associated with the same eigenvalue ; are again eigenvectors or zero 
vectors. Thus, we atrive at 

Ss 

) Ejaj = 0, 

i=l 


where ¢; are either one or zero (but not all). This relation establishes the linear depen- 
dence between eigenvectors corresponding to distinct eigenvalues, which contradicts 
the statement of Theorem 4.2. Applying then Theorem 1.3 for the space C” instead 
of V we infer that the eigenvectors a‘ “) form a basis of C”. 


4.6 Let a = a'g;. Then, a-a=a' '(a-gi). Thus, ifa-g, =0 @ =1,2,...,n), 
then a - a = 0 and according to (4.9) a = 0 (sufficiency). Conversely, if a = 0, then 
according to the results of Exercise1.5 (also valid for complex vectors in C”) a - g; = 
0 (i =1,2,...,7) (necessity). 


4.7 Equations (4.44), (4.46): 


P;P; = - ® H) 3 a & »?) = x » 6,54 a ® bY 
k=1 [=1 


k=1 


a P, ifi=j 
(k) (k) i J> 
= 6ij y a; @b; = i ae 


= ifi Aj. 


4.8 By means of (4.44) and (4.46) we infer that Pia’ = 0; ja”. Every vector x 


in C” can be represented with respect the basis of this space a®) = 1,2, 2585 
k=1,2,...,7r;)byx = es pat ‘are. Hence, 


258 9 Solutions 


(So) = Soy Dama 


i=1 i=l j=l k=1 
KY ‘Tj 
= aM a = Pa ar, vee 
i=l j=l k=1 j=l k=1 


which immediately implies (4.50). 


4.9 Let Ay, A2,..., An be eigenvalues of A € Lin”. By the spectral mapping the- 
orem (Theorem 4.1) we infer that exp (\;) (i = 1,2,...,m) are eigenvalues of 


exp A. On use of (4.28) and (4.30) we can thus write: det [exp (A)] = [] exp); = 
i=l 


n 
exp (= ) = exp (trA). 
i=l 
4.10 By Theorem 1.8 it suffices to prove that all eigenvalues of a second-order tensor 
A are non-zero (statement A) if and only if Ax = 0 implies that x = 0 (statement 
B). Indeed, if Ax = 0 then either x = 0 or x is an eigenvector corresponding to a 
zero eigenvalue. Thus, if A is true then B is also true. Conversely, if A is not true, the 
eigenvector corresponding to a zero eigenvalues does not satisfies the statement B. 


4.11 Let a; be a (right) eigenvector corresponding to an eigenvalue \;. Then, Aa; = 
\ia;. According to (1.133) A~! (A;a;) = a;, which implies that AG is the eigenvalue 
of Av. 


4.12 Let for example M be positive-definite. Setting in (4.72) a = 1/2 and a= 
—1/2 we can define M'/” and its inverse M~!/?, respectively. Now, consider 
a symmetric tensor S = M!/7NM!/? = S™ with the spectral representation § = 
dy, Aid: ® d;, where d; -d; = 6; Gi, j = 1,2,...,). Then, a; = M'/"d; is the 
right eigenvector of MN associa’ with its eigenvalue A; (i = 1, 2,..., 7). Indeed, 


MNa@; = MN (M'/?d;) = M!’?Sd; = dM! d; = d;a;. 


In the same manner, one verifies that b; = M~!/?d; (i = 1,2,...,m) is the corre- 
sponding left eigenvector of MN, such that a; -b; = 6;; @, j = 1,2,...,n). The 
eigenvectors d; (i = 1,2,...,n) of S € Sym” form a basis of E”. This is also the 
case both for the vectors a; and b; (i = 1,2, ...,m) since the tensor M!/? is invert- 
ible (see proof of Theorem 1.8). This implies the spectral decomposition of MN by 
(4.43) as 


MN = as @ b;. 


i=1 


4.13 Let us consider the right hand side of (4.59) for example for i = 1. In this case 
we have 
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i ee ee 
At — Aj 7 Ai — 2 AL — A3 
j#l 


On use of (4.47), (4.48) and (4.50) we further obtain 


3 3 
vi — X P; A; — Az Pp 
A-dTA—dt 2! 2) x0 3) 


eee he ne Ce Ce = 


3 3 
Oi = A2) (Aj — As) bP yd Oi = 2) Qi — Aa) P; 
_ ijel _ i=l 
(Ar — A2) (Ar — A3) (Ar — Az) (Ar — A3) 
— Ar=Ad Ar = As) Pr 


(Ay — A2) (Ar — A3) 


In a similar way, one verifies the Sylvester formula also for i = 2 andi = 3. 


4.14 By (4.46), (9.19) and (9.21) we first obtain 
P| =a; Qa 
1 4 Ay @ 1 4 Ay 
= | ————e ——e ————e e 
[= ar hg Jia fay 


Ay J Ay 
fe Tea ee 


ne pee a +4 Vy +4 
2 
P+ 4—y/P+4 


0 0 


1 
= inn 


— 


0 e; Ge, 


259 
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1 Ao 1 m4) 
= e er] ® e | e 
(a ; 1+ A> :) (a= : 1+ A> :) 


1 Ao a/ Ao 
= e ey+ e e e ea +e e 
ay el i472? ipa ee 2 @ 1) 


1 
2 1 
—« Vy +4 
2 


= e, @e!, 
yee a WP bay bt 
0 0 0 
000 
P3 = a3 Q@a3=e3Q0e3=)] 000 Je; Ge’. 
001 


The same expressions result also from the Sylvester formula (4.59) as follows 


_ (C= Ad (C= ASD) 


P, = 
(Ai — Az) (Ai — Az) 
2 1 
+44 y/72 +4 Vy +4 
= 1 2 e; @e!, 
VP +4  — P+4—-wP+4 
0 0 0 
p, — (€=AsD (C= AD 
(Ag = A3) (Ag = Ay) 
2, 1 
P+4— wl? +4 Vit 
= 1 2 e; @e!, 
Vy +4 +44 yl? +4 
0 0 0 
P; = Se aoe e @e/. (9.22) 


© (A3— Ai) (As— Ar) | 991 
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4.15 The characteristic equation of the tensor A takes the form: 
—2-r 2 2 

2 1-A 4 |=0. 

2 4 1-xX 
Writing out this determinant we get after some algebraic manipulations 

N — 27-54 =0. 
Comparing this equation with (4.32) we see that 


Iy=0, Tyg =—27, Ig = 54. (9.23) 


Inserting this result into the Cardano formula (4.35) and (4.36) we obtain 


jee E — 91yIIy + | 


2(K — 3a)” 
27.54 


ed = arccos (1) = 0, 


= arccos 


Mée= 


1 
{ts + 2,/1, — 3Il, cos ; [0 + 20 (k — vi} 


2 2 
V3 -27 cos (Gra- ») = 6e0s ($= (k - »). pS 125, 


WIN Wle 


Thus, we obtain two pairwise distinct eigenvalues (s = 2): 
Ay =6, Ag =Az3=-3. (9.24) 


The Sylvester formula (4.59) further yields 


2 122 
AHA A= A+3E 1 . 
P.=T] ae eee aed ea, TD 
j=1 Ni — Aj At — 2 9 9 244 
i#! 
2 a2 3 
A-\I A-XAI A-6O 1 
P, = — = = 2 5-4 ]/e; @e! 
2 In eae ee SO ee 
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4.16 The spectral representation of A takes the form 


A= 0 A,P; = AP) + A2P2 = OP) — 3P>. 


i=1 


Thus, 


expA = >» exp (\;) Pi 


i=1 


= exp (\;) Pj + exp (Az) P2 = exp (6) P| + exp (—3) Po 


eo 122 e3 8 —2 —2 
=> 244 ao ade —2 5-4 €; Be; 
244 —2-4 5 


e® + Be 2e® — 2e-3 2e® — 2e73 
2e® — 2e-3 de6 + 5e-3 4e® — 4e3 €; @ ej. 
Qe® — 2e3 4e® — de} de® + Se 


4.17 Components of the eigenvectors a = a‘e; result from the equation system 
(4.20) 
(Aj = 55) a’ =0, i=1,2,3. (9.25) 


Setting \ = 6 we obtain only two independent equations 


—8a! +2a? +2a3 = 0, 
2a! —5a* +4a3 = 0. 


Multiplying the first equation by two and subtracting from the second one we get 
a” = 2a! and consequently a* = 2a'. Additionally we require that the eigenvectors 
have unit length so that 


(a!)’ + (a2)" + (a)? =1, (9.26) 


which leads to , 
a, = 31 + 3° + 3°: 
Further, setting in the equation system (9.25) X = —3 we obtain only one independent 


linear equation 
a 42a 42a =O (9.27) 


with respect to the components of the eigenvectors corresponding to this double 
eigenvalue. One of these eigenvectors can be obtained by setting for example a! = 0. 
In this case, a? = —a? and in view of (9.26) 
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Requiring that the eigenvectors as) and ay? corresponding to the double eigenvalue 


\ = —3 are orthogonal we get an additional condition a* = a? for the components 
of ay” . Taking into account (9.26) and (9.27) this yields 


a  4,,1,,1 
— e e 
a2 Ba” 


With the aid of the eigenvectors we can construct eigenprojections without the 
Sylvester formula by (4.46): 


P} =a, 8a, 


pd oe el ad oe ve @ 
=|{-e ~e —e e e e = ej ej, 
G07 3 Be ge ge BG 4A j 


1 1 
P, a," @ as + a? eal = (e- a) ® (= ——e ) 
Va” a a 


4 I 1 1 
+ ey+ @o+ e3 |] ® ey+ @o+ e 
ran 372° 5%) Ga 3/2 a) 


1 8 —2 —2 
=-—|--—2 5-4 €; @ e;. 
el 5 


4.18 Since linearly independent vectors are non-zero it follows from (4.9) that ¢; - 
¢; #0 @ =1,2,...,m). Thus, the first vector can be given by 


such that a; -a,; = 1. Next, we set 
a, = Co — (€2-@) a1, 


so that a’, -@, = 0. Further, a, 4 0 because otherwise cp = (cz - @) a) = (€2 - a) 
(cy - @) 1! : c; which implies a linear dependence between c, and cz. Thus, we can 
set dy = a',/,/a’, - @,. The third vector can be given by 


/ 
a = _ 
= —, where a = ¢3 — (€3- Gz) ay — (€3- 4) a1, 
a,: a, 
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so that a3 -@; = a3 - dy = 0. Repeating this procedure we finally obtain the set of 
vectors a; satisfying the condition a; -@; = 6;;, (i, j = 1,2, ..., m). One can easily 
show that these vectors are linearly independent. Indeed, otherwise 7", aja; = 
0, where not all a; are zero. Multiplying this vector equation scalarly by a; 
(j = 1,2,...,m) yields, however, aj = 0 (j = 1,2,...,m). 

4.19 Comparing (4.73); with (4.78); we infer that the right eigenvectors a” 
(k= 1,2,...,%;) associated with a complex eigenvalue A; are simultaneously 
the left eigenvalues associated with \;. Since \; 4 \; Theorem 4.3 implies that 
Ga) SOUR 1, 22h), 


4.20 Taking into account the identities trw‘ = 0, where k = 1,3,5,... (see 
Exercise 1.53) we obtain from (4.33) 


Iw = trW = 0, 
[ (tw)? = trW? | 


Ilw = 


i | oer 
=-—-t =>-= x a : = 
5 rWw 5 (Ww WwW ) 5 (W: W) 5 | WII- , 


1 
Iw = 3 


ee 1 3 
trw> — aw trW + 5 (trW)- | = 0, 
or in another way 
IlIw = detW = detW' = det (—W) = (—1)* detW = —IIIw = 0. 


4.21 Eigenvalues of the rotation tensor (Exercise 1.24) 


cosa — sina 0 
R=R'je Ge, where l= l= sina cosa 0 


0 0 1 
result from the characteristic equation 
cosa—A —sina 0 
sina cosa-—A O |=0. 
0 0 1-A 


Writing out this determinant we have 
(1 — A) (A? — 2Acosa t+ 1) =0 


and consequently 


Ay=1, A273 = cosa +tisina. 
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Components of the right eigenvectors a = a‘ e; result from the equation system (4.20) 

(Ri, -d)A)a’ =0, i= 1,2,3. (9.28) 
Setting first \ = 1 we obtain a homogeneous equation system 


a‘ (cos a — 1) —a’ sina = 0, 


a' sina +a’ (cosa — 1) = 0, 


leading to a! = a? = 0. Thus, a= ares, where a? can be an arbitrary real number. 
The unit length condition requires further that 


a, = @3. 


Next, inserting A = cos a + isin a into (9.28) yields 


a=Fia', a=0. 


Thus, the right eigenvectors associated with the complex conjugate eigenvalues 2/3 
are of the form a2/3 = a! (e; = ies). Bearing in mind that any rotation tensor is 
orthogonal we infer that @/3 = 43/2 = a! (e, t ie2) are the left eigenvectors asso- 
ciated with 2/3. Imposing the additional condition a2 -@. = az - a3 = | (4.42) we 
finally obtain 


2 /2 ; 
ay = > (€1—1€2), a3 = — (€1 + ie2). 
2 2 
The eigenprojections can further be expressed by (4.46) as 


P| =a; @ a, = €3 8 e3, 


ms - ae J2 
Py = a2 © a) = 5 (e; — i€2) ® 3 (e; + ieo) 


1 1 
ig er ert Ee Oien) hy Mer Oia — ey ei), 


_ 2 J2 
BP; = G3 @ G3 = —- (€1 +ie2) @ —— (e1 — te) 


1 1 
m er ei 1x @ er) — er ey — e709 ei): 


266 9 Solutions 


4.22 First, we write 


., (222z(22 12 6 6 
[(ay,J=] 214] ] 214) =] 62112], 
241]| 241 6 12 21 
| 12 6 6) [-222 0 54 54 
[yj ]=] ©2112] | 214] =| 54 81 108 
61221]| 241 54 108 81 
Then, 
0 54 54 
pa (A) = A? — 27A — 541 = | 54 81 108 | e; @e; 
54 108 81 
2032 100 000 
—27 214 e; @e; —54 010 Qe; Ge, = 000 €; © e;. 
241 001 000 


4.23 The characteristic polynomial of F (2.70) can be represented by pa (A) = 
(1 — \)3. Hence, 


3 


0-70] . 000 . 
pe(F)=A-F=|0 00] e, @e =| 000 le @e/ =0. 
0 00 000 
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5.1 By using (1.109), (D.2) and (5.17) one can verify for example (5.20); and 
(5.21); within the following steps 


A@(B+C):X =AX(B+C) = AXB+ AXC = (AQ@B+AQC):X 


AO (B+C):X=A[(B+C):X]=A(B:X+C:X) 
= A(B: X)+A(C: X) 
=(AOB+AO0OC):X, VXe Lin’. 


The proof of (5.20). and (5.21). is similar. 


5.2. With the aid of (5.16), (5.17) and (1.149) we can write 


(Y:A@B):X=Y:(A@B:X)=Y:AXB=A'YB' :X, 
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(Y:AOB):X=Y:(AOB:X)=Y:[A@:X)] 
= (¥:A)(B:X)=[(Y: A)B]:X, VX,Y€ Lin". 


5.3 Equations (5.17), (5.31), (1.149): 
(A @B): (COD): X = (A@B): C(D: X) 


= ACB (D: X) = (ACB) OD: X, 


(A©B): (C@D): X= (AB): (CXD) = A(B: CXD) 
= A(C'BD' : X) =A (C'BD') : X, 


(AGB): (COD): X=(AOB): C(D: X) 
=A(B:C)(D:X)=(B:QCAOD:X, VX e Lin". 


5.4 Using the definition of the simple composition (5.40) and taking (5.17) into 
account we obtain 


A(BOC)D:X=A(BOC:X)D=A(BXC)D 
= (AB) X (CD) = (AB) @ (CD): X, 


A(BOC)D:X=A(BOC:X)D=A[B(C: X)|D 
= ABD(C: X) = (ABD) OC: X, VX € Lin". 


5.5 By means of (1.151), (5.17), (5.22) and (5.45) we can write 
(A @B)':X=X: (A@B)=A'XB' = (A’ @B'): X, 
(A©B)':X =X: (AOB) = (XK: A)B=(BOA):X, 


(A©B)':X = (AQB): X' =A(B: X’) 
= A(B': X) =(AOB'):X, YXe Lin’. 
Identities (5.51) and (5.52) follow immediately from (1.125), (5.23), (5.24) (5.49), 
and (5.50) by setting A =a @b,B=c@dorA=a©@d,B=b) @c, respectively. 


5.6 Using (5.51) and (5.52) we obtain for the left and right hand sides different 


results: 
(a@b@c@d)' =(a®c@be@d)'=cQa@d@b, 


(a@b@c@d)'=(b@a®d®c)'=bQdGBa®e. 
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5.7 Equations (5.31), (5.32), (5.45): 


(A: B)':X=X:(A:B)=(X:A):B 

SB se ASS 2A 2X) a's A) ex 
(A: B)':X=(A:B):X'=A: (B: X') 

=A: (B':X)=(A:B'):X, VX eLin". 


5.8 In view of (1.124), (5.17) and (5.45) we write for an arbitrary tensor X € Lin” 
(A @B)': (C@D):X = (A @B)': (CXD) = (A@B): (CXD)" 
= (A @B): (D'X'C’) = AD'X'C'B 
= [(AD")  (C"B)] : x" = [(AD") @ (CB) x, 


(A@B)':(COD):X= (A @B)': [D: X)C] 
= (A @B):[(D: X)C"] = (D: X) AC'B = (AC'B) OD: X. 


5.9 By virtue of (5.51) and (5.52) we can write 
ij T ij 
eT = (Cg, 89, 8g. 8G) =C"Gg, 8g, O89 OH 
= Cg, @g,® 9, B91, 


C= (Cg, @g, ®@G, B91) = CG, @H, BG; BH 
= Cg, ®g; @ 9 @9- 


According to (5.60) and (5.61) C’ = @' = @. Taking also into account that the tensors 
9, 99,99, Og, i, j,k, = 1,2,...,n) are linearly independent we thus write 


eiskl = euilk = eikil 


The remaining relations (5.70) are obtained in the same manner by applying the 
identities C = C™ ande@ = e™. 


5.10 With the aid of (1.151), (5.16) and (5.81) we get 
(Y:3):X=Y:(0:X)=Y:X'=Y':X, VX,YeLin". 
5.11 On use of (5.81), (5.45)2 and (5.81) we obtain 


(A:T): X=A:(7:X)=A:X'=A':X, VX E Lin”. 
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The second identity (5.85) can be derived by means of (5.54), (5.80) and (5.83) as 
follows 


AM = (J: A™ =(AT:I)" = (ATI) = (ATT) HTS A. 
The last identity (5.85) can finally be proved by 
(J:T):X=7:(0:X)=T7:X'={XK=I:X, VX E Lin’. 
5.12 C possesses the minor symmetry (5.61) by the very definition. In order to prove 
the major symmetry (5.60) we show that C : X = X : C, VX € Lin”. Indeed, in view 


of (5.17), (5.22); and (5.48) 


C:X = (M; @ Mo + M2 ® M,)*:: X = (M; ® Mp + Mp ® M)) : symX 
= M;, (symX) Mp + Mp (symX) M;, 


X:@€ =X: (M,; @M+™M) @®M))° 
= sym[X : (M; @ M,. + Mp @M,))] 
= sym (M; XMp + M2XM)) = M; (symX) Mo + Mb (symX) M;. 


5.13 (a) Let e; (i = 1,2,3) be an orthonormal basis in E*. By virtue of (5.52), 
(5.77), (5.84) and (5.86) we can write 


3 
T= Do 50 04+ 94) 04 
3 34 
=) (€; ®e) © (e; @ ej) + a 5 (i @ ej + ej Bei) O (¢, ®ej +e; Bei). 
i=l i,j=l 
i>j 


Using the notation 


Macey 2128 Mme ere 


J/2 
Ms = STS My = SE eens (9.29) 


and taking (5.23) into account one thus obtains the spectral decomposition of J* as 


6 
J*= )°M, OM). (9.30) 


p=1 
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The only eigenvalue | is of multiplicity 6. Note that the corresponding eigentensors 
M, (p = 1,2, ..., 6) form an orthonormal basis of Lin’ and according to (1.95) 


M,+™M.+M;3 =I. (9.31) 


(b) Using the orthonormal basis (9.29) we can write keeping (9.31) and (5.89), 
in mind 


1 
Pspn = 3 (M; + M2 + M3) © (M; + Mp + Ms) 


111000 
: 111000 
11111000 

—_ Pq PI] _ 
= 2 aM OM where [Pm] = 3 | 900000 
a 000000 


000000 


Due to the structure of this matrix the eigenvalue problem can be solved separately 
for the upper left and lower right 3 x 3 submatrices. For the latter (zero) matrix all 
three eigenvalues are zero and every set of three linearly independent vectors forms 
eigenvectors (eigentensors). The characteristic equation of the upper left submatrix 
is written by 


1 1 1 
ae a = 
3 3 3 
I ao 30.3 =" 4072 
3 3 3 
1 1 1 
A 
3 3 3 


and yields the following eigenvalues 
A, = 1, A273 = 0. 


The eigenvector (eigentensor) M, = A'M; corresponding to the first eigenvalue 
results from the equation system (4.20), 


ye thee Pee) 
3 3 300C~S 
1 2 1 

~A! =A? 4_-A3=0, 
3 3 

1 

3 
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which leads to A! = A* = A>. Thus, the unit eigenvector (eigentensor) correspond- 
ing to the eigenvalue A; = | is M, = A (M, + M2 + M3) = al Components 
of the eigenvectors (eigentensors) corresponding to the double eigenvalue Az/3 = 0 
satisfy the single equation 


MAtac ae AG (9.32) 
3 3 , ; 


One of the eigenvectors (eigentensors) can be obtained by setting for example A? = 0. 
Thus, A! = — A? which results in a unit eigenvector (eigentensor) MD = —-2M, + 


2D. For the spectral representation the third eigenvector (eigentensor) should be 
orthogonal to the second one so that 


a +20 -0 3s A‘=A?, 


Solving this equation together with (9.32) we obtain the third unit eigenvector (eigen- 


tensor) of the form M; = vom, YOM, + YOM. Summarizing these results the 
solution of the eigenvalue ee bien for the tensor P.pn can be represented in the fol- 
lowing form. 


os 1 1 
A, =1, = WE Re 
oe 2 2 
(ee Cee tee er can) Nit, = -~2, + 2m, 
. ; é — 
wy = mr, — “on + Yous, M,=M,, p=4.5,6, 6.33) 


where the tensors M,, (g = 1, 2,..., 6) are defined by (9.29). 
(c) For the super-symmetric counterpart of the deviatoric projection tensor (5.89) 
(n = 3) we can write using the results of (a) and (b) 


2 1 l o00 
3 3 3 
1 2 1 
-~ =--000 
3 3 3 
Pocy = pa PiwMp OM,, where [PiZ]=| _1 _! - 000 
p.q=l 3 3 3 
0 0 0100 
0 0 0010 
0 0 0001 
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The eigenvalues and eigentensors of P%.,, can thus be obtained again by solving the 
eigenvalue problem for the matrix pea Alternatively, we can rewrite (9.30) in 


terms of the eigentensors M, (p =1,2..., 6) (9.33) as 
6 
J*= )°M, OM). 
p=1 


Inserting this result into (5.89). we get 


where A, (p = 1,2...,6) are given by (9.33). Thus, the eigenvalues of P§., rep- 
resent linear combinations of those ones of Psp, and J* and are expressed by 
A, =0, Ai =1 (q =2,3,..., 6). They correspond to the eigentensors M, (p= 
1,2..., 6) given by (9.33). 

(d) With respect to the orthonormal basis (9.29) the elasticity tensor (5.93) can be 
represented by 


6 
C= >) CIM, OM, 


p.q=1 


where 
2G+A r r 0 0 0 
A 2G+r A 0 0 0 
[era] = r A 2G+X0 0 0 
0) 0 0 2G0 0 
0 0) 0 0 2G 0 
0 0 0) 0 0 2G 


The eigentensors of C are the same as of P,p, and P§,, and are given by (9.33). The 
eigenvalues are as follows: Ay = 2G + 3A, Ag = 2G (q = 2,3,...,6). They can 
be obtained as linear combinations of those ones of P.p, and Py. 
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6.1 (a) f (QAQ’) = aQAQ'b F aAb. 


(b) Since the components of A are related to an orthonormal basis we can write 


f (A) =A" 4A" 4A? = AL 4+ A54A3, = Al =trA. 


9.6 Exercises of Chap. 6 273 


Trace of a tensor represents its isotropic function. 

(c) For an isotropic tensor function the condition (6.1) f(QAQ') = f (A) must hold 
on the whole definition domain of the arguments A and VQ € Orth’. Let us consider 
a special case where 


100 010 
A= 000 e€; @ ej, Q= —100 €; @ ej. 
000 001 
Thus, 
000 
A’ = QAQ™ = | 010 | ¢ @e; 
000 


and consequently 
f(A) ” All +A? +48 —] # 0= All +A 4 alls = f (QAQ') , 


which means that the function f (A) is not isotropic. 

(d) detA is the last principal invariant of A and represents thus its isotropic tensor 
function. Isotropy of the determinant can, however, be shown directly using the 
relation det (BC) = detBdetC. Indeed, 


det (QAQ*) = detQ detA detQ™ = detQ detQ*detA 
= det (QQ’) detA = detI detA = detA, VQ € Orth’. 


(e) Eigenvalues of a second-order tensor are uniquely defined by its principal invari- 


ants and represent thus its isotropic functions. This can also be shown in a direct way 
considering the eigenvalue problem for the tensor QAQ’ as 


(QAQ') a = da. 
Mapping both sides of this vector equation by Q? yields 
(Q'QAQ’) a = AQ*a. 
Using the abbreviation a’ = Qa we finally obtain 
Ad’ = da’. 
Thus, every eigenvalue of QAQ! is the eigenvalue of A and vice versa. In other 
words, the eigenvalues of these tensors are pairwise equal which immediately implies 


that they are characterized by the same value of Amax. The tensors obtained by the 
operation QAQ! from the original one A are called similar tensors. 
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6.2 Inserting 
_! T ool py et 
M=5(A+A’), W=5(A A‘) 


into (6.17) we obtain 
1 
trM = 5 (trA + trA") = trA, 


uM? = Fir(A +A)? 
=5 [ta? + (AA) + tr(ATA) + tr(A7)’| 
=5 [trA? + tr(AA™)], 
trM? = et (A + At)’ 


= ; [trA? +tr(A7A7) + tr(AATA) + tr[A (47) | 

+ (ATA?) + r(ATAAT) + tr[(A7)"A] + r(AT)'| 
= ; [trA* + 3tr(A7A™)], 
trW? = —tr(A — AT)” 
=; [trA? — (AAT) — tr (ATA) + tr(A7)’| 


[tA? —tr(AA™)], 


Seer 


1 [(A+a7) (A-a7)’| 


= ; [trA? — tr (A2A7) — r(AATA) + tr] A(A7)’| 


tr (MW’) 


3 fp (ATA2) = (ATAAT) = [(at)’ Al +tr (at)’| 


= ; [trA* — tr(A7A™)], 


(Mew?) = er [(a + a7)’ (A—aty | 


= = at [a?+AAT+ ATA + (AT)'][A?- AAT— ATA + (A7)'] 
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= a [At — ASAT — A?ATA + A?(AT)’ + AATA?— AATAAT 
— A(AT)’ A+A(A™)’ + ATA? — ATAZAT— ATAATA 
+ ATA (AT) + (AT)’A? — (AT)’ AAT — (AT) A+ (A7)"] 


[at = (Aaty’], 


col 


tr (M°>W’MW) 


1 
= ur{[A‘— ASAT — A?ATA + A? (AT)” + AATA? — AATAAT 
— A(AT)’ A +A (AT)? + ATA? — ATAZAT— ATAATA 
+ ATA (AT) + (AT) A? (AT)’ AAT — (AT)? A+ (A7)"] 
[a?- AAT +a7A - (A7)’] | 
1 
= sgt [(aTy AzaTA — A?(AT)* AAT], 
Finally, trA* should be expressed in terms of the principal traces trA‘ (i = 1, 2, 3) 
presented in the functional basis (6.18). To this end, we apply the Cayley—Hamilton 
equation (4.102). Its composition with A yields 
At — I, A? + IA? — A = 0, 


so that 
trA* = IqtrA? — II,trA? + II,atrA, 


where Iq, I, and II], are given by (4.33). Thus, all the invariants of the functional 
basis (6.17) are expressed in a unique form in terms of (6.18). 


6.3 Equation (6.52): 


d 
— f (A+tX)g(A +X) 
dt 1=0 
d d 
= qi Ate) g (A) + f (A) q 7 At ® 
t=0 t=0 


=[f (A).a: X]g (A) + f (A) [g (A) a: X] 
= [9 (A) f (A).a+f (A) g(A)a]: X. 
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6.4 By Theorem 6.1 7 is an isotropic function of C and L; (i = 1, 2, 3). Applying 
further (6.15) and taking into account the identities 


LL; =0, LE=L,, tl} =1,i4j,i,j7 =1,2,3; k=1,2,... (9.34) 
we obtain the following orthotropic invariants 


trC, tC’, tc’, 


tr(CL;) = tr(CL{), t(CL2) = tr(CL3), tr(CL3) = tr(CL3), 
tr (CL) =tr (C°L{) , tr (C’L») =tr (C7L5) , tr (C7L;) =tr (C°L3) ; 


Using the relation 


= L; =I (9.36) 


one can further write 


tr(C) =C:1=C: (L,+1,4+1L) 
=C:L,+C:1L,4+C:L; =tr(Ch,) + tr(CL,) + tr(CL3). 


In the same manner we also obtain 
tr(C’) = tr(C’L;) + tr(C7L») + tr(C’Ls). 


Thus, the invariants trC and trC? are redundant and can be excluded from the func- 
tional basis (9.35). Finally, the orthotropic strain energy function can be represented 
by 


w =o [tr(CL)), (CL), tr(CLs), 
tr (C°L;) , tr (C*L») , tr (C*Ls) , rC*] . (9.37) 
Alternatively, a functional basis for the orthotropic material symmetry can be 
obtained in the component form. To this end, we represent the right Cauchy-Green 
tensor by C = Cll; @ 1;. Then, 
(CL =(CL el) eL=C’, 1=1,2,3, 


tr(C2L;) = (Cc)? + (C2)? + (c8)’, i= 1,2,3, 
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r(C¥) = (C")’ + (C”)* + (C8)? 4.3(C)’ (Cl +07) 
+3(C¥) (Cl +0) 4.3 (C2) (C7 4.0%) + 6CP CBC”. 
Thus, the orthotropic strain energy function (9.37) can be given in another form as 
S| [elas Soar caste (Oi) re (Cant re (Gag) oun oLs oad 


6.5 Equations (6.60), (6.62), (6.88), (6.144), (6.148), (6.152) (6.160), (9.37): 


Ob oo any Oo on 
= Ot eG a A), 
S=6 cis 2 Be Ae 2 i (cry © + LC) 


3 


Oy 
Coc’+4 7 
: PD dtr (CL;) Otr (CL;) OL; 


Py 


= 307 one 


Py 
= x Otr (C?L; ) Otr (C?L;) 


Py 
= By Otr (CL,) OtrC3 ( 


(CL; + L;C) © (CL; +L,C) 
L; oC’?+C’ OL) 


: 2 
7 2 or) ues [CO (CLi + LiC) + (CLi + Li) OC] 


Py 
L, © (CL; +L;C) + (CL; +L,;C) OL; 
be Leer e ( jth; ) + ( jth; KO) | 
op an | 
12 I+I si 4)°—_—* __ (1, @I1+I1@L,)’. 
+ PE CelH9O +49) 5 (CL, ‘ @1+1@L;) 


6.6 Any orthotropic function S (C) is an isotropic function of Cand L; (i = 1, 2, 3). 
The latter function can be represented by (6.125). Taking (9.34) and (9.36) into 
account we thus obtain 


3 
S= »- [aiL; + G (CL; +L;C) + 7; (C’L; + L:C’)], 
I 


where a;, 3; and y; (i = 1, 2, 3) are some scalar-valued orthotropic functions of C 
(isotropic functions of C and L; (i = 1, 2, 3)). 
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6.7 Applying (6.15) and taking into account the identities Li” = L;, trLi” = 1 
(i = 1,2; m = 1,2,...) we obtain similarly to (9.35) 


trC, tC’, tre’, 
tr(CL,) = tr(CL{), tr(CL») = tr(CL5), 
tr (Ly Lo) = tr (L)L3) = tr (L712) 
= (1 @h): 2 @h) = -h)’ = cos’ 6, 
tr(C7L)) = tr(C°L{), te (C*L2) = tr (CL), tr(L) CL), 
where ¢ denotes the angle between the fiber directions 7; and 72. Thus, we can write 
w = w[tC, tC’, tC’, tr (CL)), tr(CL2), 
tr(C7L)) , tr (C7Ly) , tr (Li La), tr (Ly CLy)]. 
6.8 Equations (1.154), (4.30), (6.147) and (6.152): 


iy 


d ; . 
qdeta = 1 = 10 4:A=I@A7: A= deta (AA). 


6.9 Using (6.67), (6.145), (6.147) and (6.152) we obtain 


0 
c= 2 + pC! = 2c\Ie,¢ +2ce21le,e +pC! 


= 2c 1 + 2cp IcI — C) + pCo! = 2 (cy + ele) I— 2e2C + pC," 


€ = 258 = 4e, (lo S)-2p(Cecy. 


6.10 Using the abbreviation A; = »? (i = 1, 2, 3) for the eigenvalues of C we can 
write 


v(C)= ee (AT? + Ag? + Ag"? 3). 


r=1 On 


Assuming further that Ay # Ax A A3 € A, and applying (6.82) we obtain 


m 


sa 208 = do (i Aol Tha se Seg tele ‘eacar 'As.c) 


9.6 Exercises of Chap. 6 279 


m 


=e A? tp, + AS? + AS? Ps) = SC, 0.38) 


Note that the latter expression is obtained by means of (7.2). 


6.11 Using the identities 
QLQ=QL,Q'=L;, VQeg, 
and taking (1.155) into account we can write 


tr (QCQ™L;QCQ"L;) = tr (CQTL;QCQ"LQ) 
tr (CL;CL;) VQ E Qo- 


Further, one can show that 
tr(CL;CL;) = tr’ (CL;), i = 1,2,3, (9.39) 


where we use the abbreviation tr? (e) = [tr (e)°. Indeed, in view of the relation 
tr(CL;) = C: @; @1;) =1,Cl; and by (1.112) we have 


tr (CL;CL;) = tr (Cl; ® 1;Cl; @1;) = 1;Cl;tr (Cl; @1;) 
= 1,Cl;tr(CL;) = tr’ (CL;), i =1,2,3. 


Next, we obtain 
tr(C°L;) = tr(CICL;) = tr[C (L; + Lo + Ls) CL, ] 


3 
= Late (CL;CL;), i=1,2,3 


and consequently 
tr (CL2CL)) + tr (CL3CL)) = tr (C7L)) — tr (CL)), 
tr (CL3CL») + tr (CL) CL) = tr (C*L2) — tr’ (CLa), 
tr (CL, CL) + tr (CL2CLs3) = tr (C7L3) — tr’ (CLs). 
The latter relations can be given briefly by 


tr (CL; CL;) + tr (CL; CL;) 
=t(CL;)-—w(CL), iA j Ak Fi; i, j,k =1,2,3. 
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Their linear combinations finally yield: 
tr (CL;CL;) = = [tr(C°L;) +  (C°L,) — r(C’L,)] 


NLR Ne 


[tr? (CL;) + tr? (CL;) — tr? (CL,)], 


wherei A j AK Ai; i, j,k =1,2,3. 


6.12 We begin with the directional derivative of tr (ELEL 4): 


t=0 


ie [(Eos)t(@m)1 


| a. 


iI 
t=0 


[EL EL, +1 (XLiEL; + EL;XL,) + ?XL;XL;] 


Qa 


t 


= (XL)EL; + EL;XL;) 1 = (XL;EL; +LjEL;X) :1 


= a = a T 
= (LBL; + L/BL;) : x" = (UBL) +L/BL)) : x. 


Hence, 
tr (EL:EL;) E= L,EL; + L,EL;. 


For the second Piola-Kirchhoff stress tensor S we thus obtain 


ay 1< i ta 3 
S=—= 2 ajjLjtr (EL) + pe ajjtt (EL) L 


3 
+>) Gy (LiEL, +L,EL;) 
i,j=l 
jz 
3 3 
= >. a,j Ltr (EL;) +2 os G;,L;EL;. 
ij=l ij=l 
iti 
By virtue of (5.42), (6.145), (6.148) and (6.152) the tangent moduli finally take the 
form 


os 3 3 : 
C= OE = ye aijL; OL; +2 > Gi; (L; @L,;) A 
ij=! i,j=l 
i#i 
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6.13 Inserting (6.179) into (6.178) yields 
 (B) = Sant? (BL1) + San [tw (2) + w? (BLs)] 
2 2 
+ a [tr (BL1) tr (EL2) +t (EL1)  (BLs) | 
+ do3tr (E12) tr (ELs) + (az = a3) tr (EL:EL,) 
+ 2G. [tr (ELiEL:) + (BL ELs) J. 
Thus, we can write keeping in mind (9.39) 
w (é) = ae (EL,) + Lie [« (EL2) + tr (i1,)] 
2 2 
Eaiate (EL,) [« (EL2) +tr (ELs) 
1 7 a \2 a, 2 
+ 5 (a2 — a3) tr (EL: + BLs) + 2Gjotr [BLE (L2 + Ls)] . 
Using the abbreviation L = L, and taking (9.36) into account one thus obtains 
2 1 = 1 a a 2 
wb (é) = saute (EL) + 5403 [i tr (EL)] 
+ ajotr (EL) [wi —tr (EL) | + 2G) [« (EL) =r (EL) | 
1 = 2 e 
+ 5 (ana ~ a3) [8 — te (E°L) +r (EL) | 
Collecting the terms with the transversely isotropic invariants delivers 


a ee : . 
b (é) = 5anstE + 5 (ang — ayn) ti? + (aay — ax + 2G 9) t (EL) 


1 1 . ae 
i (a0 + 5an —an 26,2) tr (EL) 4 (ayo — a3) teEtr (EL) 


It is seen that the function ~(E) is transversely isotropic in the sense of the represen- 
tation (6.37). Finally, considering (6.180) in the latter relation we obtain the isotropic 
strain energy function of the form (6.124) as 


(BE) = suk + Grk?, 


6.14 The tensor-valued function (6.128) can be shown to be isotropic. Indeed, 


9 (QA;Q*, QX ,Q*) = Q'"g (Q"QA;Q'Q") Q”, YQ E€ Orth’, 
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where Q” is defined by (6.47). Further, we can write taking (6.49) into account 

Q"9 (Q’QA;Q'Q") QD" = Q'%g (VQA;Q™Q") Q’ 

= QO 9 (VA:Q") QQ" = QQ%y (VA:Q") VQ" 
= Qg (Ai, X;) Q', 

which finally yields 

9 (QA;Q", QX;Q) = QG(A;, X;)Q™, VQ Orth’. 
Thus, the sufficiency is proved. The necessity is evident. 


6.15 Consider the directional derivative of the identity A~*A* = I. Taking into 
account (2.9) and using (6.141) we can write 


k-1 
A‘ + a+ (x wxae) =0 


d 
— (A+ 1x)" 
dt a= 


t=0 


and consequently 


d 
— (A+ tXx)* 
oa + 1X) 


k-1 
= —A* (x waar) AK 
t=0 


i=0 
k-1 
=— SUA EXATS, 
i=0 
Hence, in view of (5.17); 
k 
At y=-) Are AT, (9.40) 


j=! 


6.16 Equations (2.4), (2.7), (5.16), (5.17)2, (6.136): 


Aes 
(PC). = | [fats A+) 


t=0 


d . d 
= —f(A+tX —g(A+tX 
{fat | Gt frg(AtiX) 


t=0 t=0 


(fia: X)G+ f (Gia: X) 
= (GO fuat+fG,a) : X, 
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d 
(G:H),a:X gp PATE ChAT OO] 


t=0 


d 

:H+G: — 
=0 dt 
(G,a: X):H+G: (H,a: X) 


= (H:G,,+G:Ha):X, VX Lin’, 


h(A+ ¢tX) 


d 
—qg(A+tX 
a! | + tX) 


t=0 


where f = f (A), G = (A) andH =h (A). 


6.17 In the case n = 2 (6.170) takes the form 
2 k ; 
0= SoA * YS HIE” [tr (AB) I - BAI] 
k=1 i=1 
= A [tr (B) I — B] — 1? [tr (B) I — B] + tr (AB)I— BA 


and finally 


AB + BA — tr(B) A — tr(A) B + [tr (A) tr (B) — tr (AB)]I = 0. (9.41) 
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7.1 By using (4.90) and (4.92) we can write 
R(w) =P, +e’Pp +e“ P3. 
Applying further (7.2) we get 


R¢ (w) = 1°P, + (el”)" Py + (ce) " P3 
=P, +e’P, + e@P; = R(aw). 


7.2. Equations (7.5);, (9.19), (9.21): 


U= AP = Vina @a; = 65865 
i=1 i=1 


V e e ———@ e 
TA isha 1 Ay ie> a ee te 


rae 7 ee a @ : = 
e e e e 
*\ VIF AD 1+ Az” Jtehe La Ay 
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2 +2 
= | Bei + (€; @ ez +e2 @ ei) + €2 @ €2 
Vy +4 = +4 Jy+4 


+ €3 & @3. 


7.3 The proof of the first relation (7.21) directly results from the definition of the 
analytic tensor function (7.15) and is obvious. In order to prove (7.21). we first write 


_ oi 4 ot A fee a\—l ae 
FA = 55 6 FOM-A) ac, WAY = 55h h(C) (C1 A) dc’, 


where the closed curve I’ of the second integral lies outside [ which, in turn, 
includes all eigenvalues of A. Using the identity 


(I-A) (61- A) =(- 9) '[@t-ay = ¢T-A) || 
valid both on I” and I’ we thus obtain 


A)h(A A)“ (¢’ = j 
FAW) = af. FLOM e (C1 A)! acdc 


= db Ogg Mecca 
LA pet th One ee 
sa PHO) a5 6 Pac (cra) tac. 


271 


Since the function f (¢) (¢ a cy is analytic in ¢ inside I” the Cauchy theorem 
(see, e.g. [5]) implies that 
£@© 


Qni Sr C-C 


d¢ =0. 


Noticing further that 


a gs La! =h(6) 


we obtain 


parnra= i$ Ogg Mac aan 
te = -l 
=f FOO CIA ag 


1 
=F sa f 90 = Ay d¢ = g(A). 
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Finally, we focus on the third relation (7.21). It implies that the functions h and 
f are analytic on domains containing all the eigenvalues 4; of A and h ();) 
(i = 1,2,...,n) of B= Ah (A), respectively. Hence (cf. [28]), 


1 
f (A(A)) = f (B) = = f(Q(I-B)' dé, (9.42) 
Tl Jp 
where I" encloses all the eigenvalues of B. Further, we write 
ES = _ 
(E- By! = I-AA) = =P (6-4(6)) '(61- A)" de’, (9.43) 


where I” includes all the eigenvalues A; of A so that the image of I’ under / lies 
within J”. Thus, inserting (9.43) into (9.42) delivers 


2 1 _ N\—! par aml ager 
FU) = sh $ £O( h(c’)) (I-A) de’d¢ 


= / —l , 
= ta bf POH (CI ac (o1— ay tac 


= so § fhe) I= ay ac 


271i 
§ a6) (CIA) ae’ = 9 A). 


2mi 


7.4 In view of (9.38) we can first write 
S(C)=9(C) = Do CrP". 
Equations (6.160) and (7.49) further yield 


C = 2S,c= 29 (C),c=2 | GijPi OP, 


ij=l 


where P;, (i = 1, 2, 3) are given by (9.22) while according to (7.50) and (9.19) 


9 Solutions 


286 
2G: = 2g! (Ai) = Y~ pr (Op — 2) APP 
r=1 
Wh A re a,—4 
=m (a, »( at =2) , §=1,2, 
2 
r=1 
2G33 = 2g' (As) = Yo pr (ap — 2) AS? = Ye pry ( — 2), 
r=1 Z 
g (Ai) — g (Ad) 2 “ a, /2-1 a, /2—1 
2G12 = 2Gy = 2 = (ar — Ae ) 
— Ai — A2 a : 
m 7 —2 a,—2 
= aaa (oS = (ae) 
wWPt+4 e 
g(Ai)—9(A3) _ 2 (part par l2Ht 
6.36) => (A fl _ Qo ) 
3 3 oe e mae =a e db i 3 


a,—2 
Dn vase = |< ee 
an 


7.5 Inserting into the right hand side of (7.54) the spectral decomposition in terms 
of eigenprojections (7.1) and taking (4.50) into account we can write similarly to 


CA 


-1 
1 e i - 
i = ap oe 2s dé 
-1 


1 : 1 = = 
= 2 (6- A) «= sah U6-A) Pjd¢ 


271 r; 


5 1 ; 
= A;) d¢|P 
ys lea f (¢- i) (| 
j= 
In the case i ~€ j the closed curve I; does not include any pole so that 


: maf, (6- dj) dO = 6, i f= 1,2... 


Ini 


This immediately leads to (7.54). 
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7.6 By means of (7.43) and (7.83) and using the result for the eigenvalues of A by 
(9.24), A; = 6, A = —3 we write 


- p 1 


1 1 
P| = AP = I A=-I A, 
ey oo) ee 


2 1 
P, =I-P,; = =I- -A. 
3 9 


Taking symmetry of A into account we further obtain by virtue of (7.56) and (7.84) 


2 
Pi. = x Vi pq (A? @ A‘): 


p.q=0 
2XrXj . AHA ' 2 
= I+ I@A+AQD* — ——,, (A@A)* 
C= ‘Oe eae aed 
ge 2 AI@A+AQD* : (A @ A)* 
81 243 729 
The eigenprojection P, corresponds to the double eigenvalue 4 = —3 and for this 


reason is not differentiable. 


7.7 Since A is a symmetric tensor and it is diagonalizable. Thus, taking double 
coalescence of eigenvalues (9.24) into account we can apply the representations 
(7.77) and (7.78). Setting there Az = 6, \ = —3 delivers 


e® + 2e3 e& —e 


A) = I A, 
exp (A) 3 aa 
13e° + 32e3,  10e° — 19e~3 
exp (A) ,a = si I+ re (A@I+I@A)‘ 
Te® + 11e? 
——— (A@A)*. 
af 739 (A @ A) 
Inserting 
—222 
A= 214 |e @e; 
241 


into the expression for exp (A) we obtain 


e® + Be? 2e® — 2e-3 2e6 — 2e73 
2e° — 2e-3 4e6+ 5e3 4e® — 4e3 | ce; @ ej, 
2e® — 2e~3 4e® — de 4e® + 5e73 


1 
exp (A) = 5 


which coincides with the result obtained in Exercise 4.16. 
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Table 9.1 Recurrent calculation of the coefficients ai? 


r ay Wo ay Wy Gr Wy 

0 1 0 

1 0 0 

2 0 0.5 

3 9.0 0 

4 0 2.25 1.125 

5 12.15 075 0.45 

6 4.05 4.05 1.0125 
23 (-10~°) 3.394287 2.262832 0.377134 
Pp 44.96925 29.89652 4.974456 


7.8 The computation of the coefficients series (7.89), (7.91) and (7.96), (7.97) with 
the precision parameter ¢ = 1 - 10~° has required 23 iteration steps and has been car- 
ried out by using MAPLE-program. The results of the computation are summarized 
in Tables 9.1 and 9.2. On use of (7.90) and (7.92) we thus obtain 
exp (A) = 44.96925I + 29.89652A + 4.974456A”, 
exp (A) ,a = 16.20582I* + 6.829754 (I@ A+ A @I)* + 1.967368 (A ® A)° 
+1.039719 ([@ A? + A? @I)’ + 0.266328 (A @ A? + A> @A)° 
+0.034357 (A? @ A’)’. 
Taking into account double coalescence of eigenvalues of A we can further write 
A? = (\y + AVA — AAT = 3A + IBD. 
Inserting this relation into the above representations for exp (A) and exp (A) , 4 finally 
yields 
exp (A) = 134.50946I + 44.81989A, 
exp (A) ,4 = 64.767379* + 16.59809 (I1@ A + A @ I)* + 3.87638 (A @ A). 


Note that the relative error of this result in comparison to the closed-form solution 
used in Exercise 7.7 lies within 0.044%. 
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Table 9.2 Recurrent calculation of the coefficients aw 


289 


ay ey? 


ar ef 


ar §i4 


r roo 

1 1 

2 0 

3 0 

4 4.5 

5 0 

6 4.05 

23 (-10-°) | 2.284387 
"pq 16.20582 


0 

0.5 

0 
1.125 
0.9 
1.0125 


1.229329 
6.829754 


0 
0.166666 
0 

0.225 
0.15 


0.197840 
1.039719 


0.166666 
0 

0.45 

0.15 


0.623937 
1.967368 


0 0 
0 0 
0 0 
0.041666 0 
0 0.008333 
0.075 0 
0.099319 0.015781 
0.266328 0.034357 


9.8 Exercises of Chap. 8 


8.1 By (8.14) we first calculate the right and left Cauchy-Green tensors as 


5-20 . 520 . 
C=F'F=|-—2 80]e@e/, b=FF' =| 280 |e @e’, 
0 Ol 001 


with the following eigenvalues A; = 1, Ap = 4, A3 = 9. Thus, A; = V/A; = 1, 
Ag = J Az = 2, A3 = V Az = 3. By means of (8.23)-(8.24) we further obtain yo = 
3 = 9 ees | 

5, Y1 = jz $2 = —g and 


3 5 \ 11-2 0 . 
US at 5o >a" = —2 140 /e Ge’, 
0 05 
11 20 
3 5 1 
Y= oP = 2140 |e; @el. 
005 


Equations (8.28)-(8.29) further yield ¢ = 2, = —t,0 = < and 
340 . 

—430 |e Se. 
005 


37, 1 1 
R=Fl _—f=-c4_C@}< 
(5 4a~* 60 ) 5 
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8.2, Equations (4.48), (5.33), (5.47), (5.55), (5.85)1: 
Pi: Pu = (P) OP) +P; @Pi): POP +P, @P)° 
=[(P;@P;+P;@P;):(h@P +P, @P,)] 
{[Pi@P/ +P) @Pi+(P@P;))' +(P)@P) | 


:(P, OP, +P, @P,)} 
(S:e6j1 + 5:15 jx) (Pi @P; +P; @P:), TAG, KAL. 


1 
2 


In the case i = j or k =/ the previous result should be divided by 2, whereas for 
i = j andk =1 by 4, which immediately leads to (8.77). 


8.3 Setting f(A) = In J in (8.62) and (8.68); one obtains 
. . : : a In Xi —IndA; : 
E° = (nU)'= 5) —5P,CP;+ >> ar Pi. 
J 


i=l i i,j=l i 
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